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Blind Carrier Frequency Offset Estimation in SISO,
MIMO, and Multiuser OFDM Systems
Yingwei Yao, Member, IEEE, and Georgios B. Giannakis, Fellow, IEEE

Abstract—Relying on a kurtosis-type criterion, we develop a
low-complexity blind carrier frequency offset (CFO) estimator for
orthogonal frequency-division multiplexing (OFDM) systems. We
demonstrate analytically how identifiability and performance of
this blind CFO estimator depend on the channel’s frequency selectivity and the input distribution. We show that this approach can
be applied to blind CFO estimation in multi-input multi-output
and multiuser OFDM systems. The issues of channel nulls, multiuser interference, and effects of multiple antennas are addressed
analytically, and tested via simulations.
Index Terms—Carrier frequency offset (CFO), kurtosis,
Multi-input multi-output orthogonal frequency-division multiplexing (MIMO-OFDM), multiuser OFDM, orthogonal frequency-division multiplexing (OFDM).

I. INTRODUCTION

O

RTHOGONAL
frequency-division
multiplexing
(OFDM) has found applications in various digital communication systems, such as digital audio/video broadcasting
(DAB/DVB) and wireless local area networks (WLANs). Compared with single-carrier systems, OFDM is more sensitive to
carrier frequency offsets (CFOs), so accurate estimation and
compensation of CFO is very important [23].
Most CFO estimators rely on periodically transmitted pilots
[20], [25]. However, pilot-assisted methods are less attractive
for continuous-transmission OFDM-based systems, such as
DAB and DVB. Along with the potential benefit of improving
spectral efficiency, this motivates blind CFO estimation in commercial systems. Furthermore, in noncooperative (e.g., tactical)
links, blind estimators are the only option, since training-based
ones cannot even be implemented. One class of blind CFO
estimators takes advantage of null subcarriers existing in
many OFDM systems [2], [11], [14], [17]. These estimators
are robust against channel multipath, but have relatively high
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computational costs. On the other hand, blind estimators using
the cyclic prefix (CP) or the cyclostationarity (CS) of OFDM
transmissions [4], [12], [13], [29] have lower complexity, but
their performance degrades as frequency selectivity becomes
more pronounced. The CP-based scheme proposed in [16] is
robust against channel multipath, but requires that the CP is
strictly longer than the channel delay spread, and that the exact
channel order is known.
Multi-input multi-output (MIMO) systems, which rely on
multiple antennas to provide spatial diversity and capacity
gains, have received a lot of attention in recent years [10].
MIMO-OFDM offers a low-complexity means of achieving
channel capacity in a frequency-selective MIMO channel
[24]. Pilot-based CFO estimation for MIMO-OFDM has been
addressed only very recently [19], [27].
While many blind CFO estimation algorithms have been proposed for single-user OFDM, few can be applied to multiuser
multicarrier transmissions. A CP-based approach and a nullsubcarrier-based method were developed in [28] and [2], respectively. These algorithms assume that different users have been
separated using bandpass filters, which is rather unrealistic unless the frequency offsets for all users are very small.
In this paper, we derive a low-complexity blind CFO estimator based on the optimization of a kurtosis-type cost function. We demonstrate that it outperforms existing blind CFO
estimators. In Section II, we consider blind CFO estimation in
single-input single-output (SISO) OFDM. We derive the identifiability conditions and analyze the mean-square error (MSE)
performance of this new CFO estimator. Criteria similar to kurtosis have been advocated for blind CFO estimation only for
SISO-OFDM systems in [6] and [15]. We relate and comment
on their differences and similarities with this paper. In Section III, we pursue blind CFO estimation for MIMO-OFDM.
The effects of multiple transmit and receive antennas on CFO
estimation are investigated. The problem of blind CFO retrieval
in a multiuser OFDM-based uplink transmission is addressed in
Section IV. We show that the kurtosis-based estimator is able to
retrieve CFOs of all users without prior user separation. We also
develop frequency-hopping schemes that considerably mitigate
the effects of channel nulls and multiuser interference (MUI).
Finally, we present our conclusions in Section V.
Notation: Upper- and lower-case bold symbols will be used
to denote matrices and column vectors, respectively;
will
Hermitian transpose;
transpose;
denote conjugation;
is the -point fast
denotes the
identity
Fourier transform (FFT) matrix;
is a block diagonal matrix with
diagonal
matrix;
blocks, each of which is the matrix .
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II. SISO-OFDM SYSTEMS
A. Input–Output Matrix-Vector Model
Consider OFDM transmissions of block length , with CP
no less than the channel order. After removing the CP, the th
received block (OFDM symbol) can be written as
(1)
where
, is the frequency offset,
is the th block of frequency-domain symbols,
represents the
is the channel
channel noise, and
matrix whose elements are the discrete-time channel impulse
. We will assume that the entries
response samples
of
are independent and circularly symmetric complex
is circulant,
random variables. Because the channel matrix
,
it can be diagonalized by FFT matrices, i.e.,
is a diagonal matrix whose
st diagonal
where
element is
. We thus obtain

When there is no frequency offset,
, we then have
forming FFT on

Functions that can be used to measure non-Gaussianity include kurtosis, Fisher’s information, and Kullback–Leibler divergence metrics. The normalized kurtosis [26]
kurtosis

(6)

will be used in this paper, for its simplicity and because it leads
to a low-complexity closed-form blind CFO estimator. Under
the assumption of circularly symmetric complex source symbols, (6) suggests the following objective function to be used in
practice:
(7)

(2)

where
is the
st entry of
, and
is the number
is indeed
of blocks used in the estimation. To see whether
, we examine the behavior of
. For
an extreme point of
sufficiently large, we can show that (details can be found in
Appendix I)

. Per-

(8)

(3)
confirming that in the absence of CFO, a single-tap equalizer
can be used to estimate the symbols in
. Now consider the
case where
. We will assume that the frequency offset is
less than half of the subcarrier spacing. For more general cases,
the proposed algorithm can be combined with null-subcarrierbased algorithms to extend the acquisition range, or, we may use
separate algorithms (e.g., those in [21] and [25]) to estimate the
, the FFT output block is
integer part of the offset. When
(4)
is not diagonal, unless
. Hence, the
Matrix
presence of CFO destroys the orthogonality among subcarriers
and introduces intercarrier interference (ICI).
B. Kurtosis-Type Cost Function
Let

denote a candidate estimate of the CFO . Using
to compensate the CFO, and Fourier transforming,
we obtain [c.f. (2)]

(5)
, and
.
where
, the noise-free entries of
will equal (within a
If
scale) the source symbols; otherwise, they will be linear combinations of the source symbols. In [9], Donoho shows that a
linear combination of independent random variables is closer
to Gaussian than the original variables, unless these random
variables are Gaussian or the combination is trivial (only one
nonzero weight). Since symbols transmitted on different subcarriers are independent and non-Gaussian, the distribution of
is more non-Gaussian when
than when
. This
is the key idea behind our blind CFO estimator.

where and
independent of , and

are constants

(9)
with
. When
, it
is a unique global maximum
follows readily from (8) that
,
is a unique global minimum.
of . Likewise, when
If the channel order
, we have
for
neighboring subcarriers and , which allows us to write

(10)
For most constellations, e.g., quaternary phase-shift keying
(QPSK), or square 16-quadrature amplitude modulation
, which implies that
(QAM), we have that
corresponds to a global minimum of .
For more general cases, when the symbols (e.g., after pre,
coding) are approximately Gaussian, super-Gaussian
in
or when the channel order is large, the behavior of
(9) is less clear. To gain more insight, we rewrite (9) as follows:

(11)
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Since

[3], we have

to obtain a sequence
brevity)
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, where (dropping

for

(14)
(12)
Equation (12) reveals that for super-Gaussian symbol constel. When transmitting sublations, we always have
Gaussian symbols, however, we will have
, if the
channel gains do not change rapidly from subcarrier to subcar.
rier, which corresponds to orders
An interesting special case occurs when the symbols are
Gaussian. It is well known that for a blind source-separation
problem to be solvable, at most one source (here, symbol)
can be Gaussian [5]. However, (12) suggests that blind CFO
estimation is possible even when all sources are Gaussian, as
long as the channel is frequency selective. In this case, we no
longer rely on the source non-Gaussianity to retrieve the CFO;
but instead, we exploit the power difference between pairs of
subcarriers.
C. Low-Complexity Blind CFO Estimator
As discussed previously, a CFO estimate can be obtained
. While this can be performed
by minimizing the function
using line search, the regularity of
as suggested by (8)
makes it possible for us to design estimators with lower complexity. For example, we may use a steepest-descent approach
to update iteratively, or use stochastic gradient-descent alternatives to develop symbol-by-symbol adaptive algorithms. Surprisingly, a closed-form solution is possible using curve fitting.
on several points, and then try to find the
We can evaluate
, , and that satisfy (8). For example,
values of
if we choose to evaluate
at
, it is easy to
see from (8) that an estimate can be obtained as follows:
if
if

and

if

and

(13)

where

, and
. Compared with exhaustive line search,
this algorithm has a much lower complexity. Simulations verify
that it achieves almost identical performance to that of the more
expensive line search.
D. Relation With [6] and [15]
In [15], Luise et al. introduced a low-complexity blind CFO
estimation algorithm (which we will call LMR). They recognized the duality between CFO estimation in OFDM and timing
recovery in a single-carrier system, and proposed a modified
version of [22]. Although simulations showed excellent performance, no analytical justification was given. In the LMR
in (2) with entries
scheme, each received OFDM symbol
is first oversampled in the frequency domain by a factor

,
A CFO estimate is then obtained as
. While the absolute
where
can also be used in
,
value and third-order powers of
we will focus on the fourth-order powers, since they provide the
best performance [15].
, where
Define
and
. Then
(15)
Recall that in our scheme, we have [c.f. (5)]
(16)
With

, it follows from (15) and (16) that
,
where
is the numerator of our cost function
. Since the denominator of
does not depend
that
on in SISO-OFDM, we have for

(17)
and
are positive constants independent
where
of . An estimate of the CFO can thus be obtained as
.
Defining
, and based on
is a unimodal function of ,
the observation that
Chung and Johnson considered the following cost function [6]:
(18)
They proved that
can uniquely identify the CFO, provided
that channel and symbols satisfy certain conditions [6, Th. 1].
is related to the numerator of our cost function,
Although
our closed forms are different (there seems to be an error in [6],
as one can verify by considering the special case of Gaussian
symbols).
Basically, both [15] and [6] exploited the fact that higher
order statistics of the received OFDM symbols contain a spectral line corresponding to the CFO. We, on the other hand,
rely on the distance from Gaussianity. Not only does this perspective lead to more insights on the strengths and limitations
of this scheme, but also lends itself naturally to multiuser
OFDM and MIMO-OFDM generalizations not addressed in
[6] and [15]. Furthermore, this perspective reveals possible
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ways of improving CFO estimation performance by adopting
more sophisticated measures of non-Gaussianity at the cost of
increased complexity.
E. Performance Analysis and Simulated Comparisons
While performance analysis based on either asymptotic (in
) or perturbation analysis is straightforward, the resulting
MSE expression is highly complicated, because the cost
function is itself a fourth-order statistic. Limiting the channel
to be frequency nonselective, we obtain a relatively clean
closed-form expression, which sheds light to the performance
of the kurtosis-based estimator at high signal-to-noise ratios
(SNRs). In particular, we have the following lemma.
Lemma 1: If: 1) the channel is frequency nonselective; 2) the
symbols are zero-mean, circularly symmetric complex random
is large; and 4)
variables; 3) the number of OFDM blocks
the SNR is high; then the MSE of the CFO estimator is approximately

(19)
where
(19) to

. If

is large, we can further simplify

(20)
Equation (20) reveals that the MSE of the CFO estimator is inversely proportional to the SNR, the OFDM block size , and
the number of blocks . We also verify that the performance
of the blind CFO estimator deteriorates when the symbols’ distribution gets close to being Gaussian.
Remark 1: It would be interesting to compare the MSE
performance of the proposed CFO estimator with theoretical
bounds on blind CFO estimation. Because of the existence of
nuisance parameters, namely, the channel coefficients and the
source symbols, the bounds available are either the conditional
Cramér–Rao bound (CRB) conditioned on channel and source
symbols, or the modified CRB (a much looser bound). It was
shown in [7] that both the conditional CRB and the modified
CRB are equal to infinity when there are no null subcarriers.
Since our approach does not rely on null subcarriers, these
bounds are not good performance indicators of our algorithm.
We simulate an OFDM transmission over a frequency-selective fading channel. The channel has five independent
Rayleigh-fading taps with exponentially decaying powers;
,
in particular, we set
. We assume that the channel fading is slow
enough so that the channel does not change much while CFO
estimation is performed. The size of the OFDM block and the
length of the CP are 128 and 4, respectively. In each OFDM
block, 128 randomly drawn QPSK symbols are transmitted.1 In
Fig. 1, we plot the performance of the kurtosis-based exhaustive
search algorithm, the kurtosis-based curve-fitting algorithm
(13), the original CP-based algorithm of [29], and the CS-based
1This

setting will be used throughout this paper unless noted otherwise.

Fig. 1. Performance of different blind CFO estimators in a SISO-OFDM
system.

algorithm of [4]. For comparison, we also plot the performance
of the modified CP-based algorithm in [16], using a sufficiently
long CP of length five. For each algorithm, we perform the
1, 10 OFDM
simulation using two different sample sizes:
blocks for kurtosis-based and CP-based algorithms; and
10, 100 blocks for the CS-based algorithm. We observe that
the kurtosis-based algorithms markedly outperform all other
algorithms. Interestingly, the low-complexity curve-fitting
algorithm performs as well as the exhaustive search algorithm, which also confirms the validity of (8). Among the two
CP-based methods, the modified CP-based algorithm outperforms the original algorithm, especially at high SNR. Since the
modified CP-based method requires knowledge of the channel
order, and a longer than necessary CP, we will use only the
original CP-based algorithm as a benchmark in the ensuing
simulations. The CS-based algorithm performs much worse
than other algorithms, and will not be simulated further.
The bit-error rate (BER) performance of a SISO-OFDM
system using the kurtosis-based curve-fitting algorithm to
block
retrieve and compensate for the CFO based on
is given in Fig. 2. For comparison, we also plot the BER
performance of the same system with perfect CFO compensation, with no CFO compensation, and with CP-based CFO
blocks. As
estimation and compensation based on
expected, without CFO compensation, the system performance
suffers serious degradation because of ICI. While the CP-based
estimator exhibits a floor in the BER curve at high SNR, the
kurtosis-based CFO estimator using (just) one OFDM block
achieves almost optimal BER performance.
Remark 2: In order to isolate the ICI effects on BER performance, we have assumed that the channel has been perfectly estimated in our simulation. In practice, the effects of channel-estimation errors and aggregate phase shift across blocks due to
the residual CFO must be taken into account. For methods mitigating these effects, we refer the readers to [18] and [30].
In Fig. 3, we compare the MSE of the CFO estimate obtained
using Monte-Carlo simulation with the approximation given by
Lemma 1. A frequency-nonselective channel is assumed. The
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Fig. 2. BER performance of blind CFO estimator in a SISO-OFDM system.
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Fig. 4. Performance of kurtosis-type CFO estimator with Gaussian-distributed
symbols.

III. MIMO-OFDM SYSTEMS

Fig. 3. MSE performance of kurtosis-based estimator: Simulation versus
approximation.

number of OFDM blocks used is
, and three different
) are simulated. We obOFDM block sizes (
serve that the analytical results fit the numerical results quite
well at medium-high SNR values.
Blind CFO estimation with Gaussian symbols is very interesting because of the difficulty in separating blindly multiple
Gaussian sources, and Gaussian codes are known to achieve
Shannon capacity [8]. The performance of the proposed blind
CFO estimator when the symbol distribution is Gaussian is
studied in Fig. 4. We simulate two extreme cases: when the
channel is frequency-flat, and when different subcarriers experience independent fadings. We verify that, as predicted by our
analysis, the proposed CFO estimator fails when the channel
is flat-fading, while in a frequency-selective channel, it is able
to retrieve the CFO information even though the transmitted
symbols are Gaussian.

In this section, we will apply the kurtosis-based CFO estimator to MIMO-OFDM transmissions. We assume that there
transmit antennas and
receive antennas. Theoretiare
cally, each transmit–receive antenna pair may have a different
CFO. In practice, however, the difference among these CFOs
is usually negligible, because: 1) even if collocated antennas
do not share a radio frequency (RF) oscillator, achieving
frequency synchronization among collocated oscillators is
relatively easy; and 2) in a number of applications, the Doppler
shifts between all transmit–receive antenna pairs are approximately the same. For this reason, similar to [18], [27] and
[30], we focus on MIMO-OFDM systems experiencing a single
common CFO among transmit–receive antennas. On denoting
,
,
and
, the output at the receiver after CP removal can be written
as

where the channel matrix
..
.

(21)
subblocks

consists of
..

.

..
.

(22)

and the subblock
is an
circulant matrix representing the channel between the th transmit
and the
th receive antenna; i.e., its first column is
. Using the property of
the circulant matrices

(23)
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Performance of kurtosis-based CFO estimator in MIMO-OFDM.

Fig. 6.

where
..
.

The subblocks of

and

..

.

..
.

are diagonal matrices:
, and
. On denoting
,
, we have

(24)

,

(25)
We can verify that for
, the ICI disappears only
. Similar to SISO-OFDM, we introduce the following
if
kurtosis-type cost function for MIMO-OFDM:
(26)

where
is

BER performance of blind CFO estimator in MIMO-OFDM.

applying this method to systems with many (e.g.,
)
transmit antennas and space–time coding.2 We also compare
the performance of the line search with the curve-fitting algorithm. We observe that they have almost identical performance,
suggesting that the low-complexity curve-fitting algorithm can
also be applied to MIMO systems.
In MIMO systems, space–time codes are often used to improve rate and/or error performance. The kurtosis-based CFO
estimator is applicable to MIMO-OFDM systems regardless of
the underlying space–time code that may be employed. We simulate the BER performance of a MIMO-OFDM system (
,
) when there is no CFO, and when
and
OFDM blocks are used for CFO estimation, respectively. The
kurtosis-based curve-fitting algorithm is used for CFO estimation, and Alamouti’s code [1] is employed to effect diversity
gains. From Fig. 6, we observe that, unlike the SISO case, significant BER performance loss is incurred if only one OFDM block
is used for CFO estimation. However, we also observe that when
, the BER performance loss caused by imperfect CFO
estimation is negligible. So, although kurtosis-based CFO estimation exhibits a MSE floor when there are multiple transmit
antennas, this MSE floor does not translate to a BER floor. For
comparison, we have also plotted the performance of CP-based
and
). Again, the kurtosis-based
estimator (
CFO estimator outperforms the CP-based estimator.

obtained as follows:
(27)
Fig. 5 shows the performance of the kurtosis-based CFO
estimator in MIMO-OFDM systems with different numbers
blocks.
of transmit and receive antennas, based on
Channels between different antenna pairs are independent. As
expected, multiple receive antennas improve CFO estimation
performance, thanks to receive diversity gain. When there
are multiple transmit antennas, the MSE performance of the
CFO estimator exhibits an error floor, because the coupling
between different transmit antennas brings the symbol distribution closer to Gaussian. Hence, we must exercise caution in

IV. MULTIUSER UPLINK OFDM
Blind CFO estimation in multiuser uplink OFDM transmissions is a challenging problem, because different users experience different channel fadings and may have different CFOs.
The CP-based method of [28] is sensitive to MUI, because different users’ CPs overlap. When using the null-subcarrier-based
method of [2], large guard bands are needed to alleviate the energy leakage from neighboring users. In this section, we extend

2Systems using transmit beamforming do not face this limitation, because the
same data symbols are transmitted by every antenna element.
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Fig. 7. Performance of blind CFO estimator in a multiuser uplink OFDM
system.

the kurtosis-based method to the multiuser case. We will demonstrate that it works even when the guard bands are relatively
small.
Suppose there are users, each transmitting on a set of
contiguous subcarriers. Between two neighboring users, there
null subcarriers serving as guard bands. Assuming that
are
user occupies the band from subcarrier to subcarrier , the
kurtosis-based cost function for estimating user ’s CFO can be
written as
(28)
Since one user occupies only a portion of the frequency
band, he/she is more susceptible to the effects of channel nulls.
To mitigate this effect, interleaved OFDMA can be used in
place of subband-based orthogonal frequency-division multiple
access (OFDMA). Interleaved OFDMA, however, is more
susceptible to MUI. In [2], frequency hopping was suggested
to achieve channel-independent synchronization. In particular,
during the th block, the th user is assigned the subcarriers
, where
, and
is the frequency-hopping index.
While this scheme, which we will henceforth call sequential
hopping, mitigates the effects of possible channel nulls, it
does not address the near–far effect users may experience
in a multiple-access scenario. This is particularly relevant
in uplink transmissions, because different users may have
different powers, different frequency offsets, and may experience different channel fading. To deal with this problem, our
idea is to combine frequency hopping with user permutation.
Specifically, we divide the entire frequency band into equissubcarriers.
paced frequency subbands, each consisting of
During each block, each user will be randomly assigned one
of the subbands. In the following, we will demonstrate that
this random-hopping scheme makes our CFO estimator more
robust to MUI.
In Fig. 7, we test performance of the kurtosis-based estimator
using different hopping schemes. There are eight users, each
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Fig. 8. Performance of kurtosis-based estimators with variable guard-band
sizes.

subcarriers with
null subcaroccupying
OFDM blocks are
riers between neighboring users.
used for CFO estimation. Since the CP-based algorithm does
not work without first separating the users, we will use the nullsubcarrier-based method [2] for comparison. We observe that
random hopping achieves a large gain over sequential hopping.
Both of these two schemes significantly outperform the scheme
without hopping. Unlike the single-user case, the denominator
of the cost function (28) depends on . From Fig. 7, we verify
that if the cost function contains only the numerator of (28)
(which corresponds to “unnormalized kurtosis” similar to those
in [6] and [15]), the performance of the blind CFO estimator will
degrade significantly. Compared with the null-subcarrier-based
algorithm, the kurtosis-based estimator attains a much lower
MSE.
To see how our algorithm performs with small guard bands,
we simulate the cases when the guard band between two neighboring users consists of zero, two, and four null subcarriers, respectively. For comparison, we again use the null-subcarrierbased algorithm as a benchmark. From Fig. 8, we observe that
the kurtosis-based algorithm significantly outperforms the nullsubcarrier-based method. When the size of the guard bands is
decreased from four to two, performance of the null-subcarrierbased estimator degrades, while the kurtosis-based method suffers only a minor performance loss. When the guard bands are
removed, the kurtosis-based estimator suffers considerable performance loss, but still outperforms the null-subcarrier-based
algorithm with guard bands. In this figure, we also plot the
performance of the low-complexity curve-fitting algorithm, as
described by (13), under all three scenarios. Different from the
single-user case, where its performance is as good as the more
expensive search algorithm, in multiuser transmissions, it performs slightly worse than the search algorithm. Nevertheless,
the gaps are relatively small in all three cases, indicating that
this low-complexity method has great potential.
The BER performance of the kurtosis-based curve-fitting algorithm in a multiuser OFDM uplink transmission is shown in
OFDM blocks are used.
Fig. 9. For CFO estimation,
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the distributed space–time system that has attracted a lot of attention in recent years. Designing blind or even training-based
CFO estimators for these systems is a challenging problem, and
constitutes an interesting future research topic.3
APPENDIX I
DERIVATION OF (8) AND (9)
When
is large, the sample kurtosis approaches its ensemble counterpart

(29)

Fig. 9. BER performance of kurtosis-based estimator in a multiuser OFDM
system.

Because different users have different CFOs, attempting to compensate one user’s CFO at the receiver will cause some other
users’ CFOs to increase. This will increase the ICI coming from
these users. Therefore, CFO compensation at the receiver will
not completely eliminate the ICI. We can verify from Fig. 9
that CFO compensation incurs noticeable performance loss at
high SNR. On the other hand, by feeding back CFO estimates
to users and asking them to adjust their carrier frequencies accordingly at the transmitters, we are able to achieve BER performance very close to that of systems without CFO. For comparison, we also plot the BER performance obtained using the
null-subcarrier-based algorithm. Again, we can verify that the
kurtosis-based estimator achieves much better performance.

Assuming that the source symbols and noise are zero-mean, circularly symmetric complex random variables, we have (after
dropping the block index for brevity)

(30)
, and in establishing the above equalwhere
ities, we used the fact that
is independent of
. Since
is the total energy of the noise-free received signal, and does not change with , we have that
, where
is a
constant independent of . Writing the noise-free part of (5)
component-wise, we have

V. CONCLUSIONS
(31)
We developed a kurtosis-based blind CFO estimator for
OFDM systems. We demonstrated that this novel cost function is able to uniquely identify the CFO within the range of
half-subcarrier spacing, while lending itself to very low-complexity algorithms. A closed-form expression for the MSE of
the CFO estimate was obtained for frequency-flat channels.
We also applied this approach to MIMO-OFDM and multiuser
OFDM systems. For MIMO-OFDM, we investigated the effects
of multiple transmit and receive antennas on the performance
of the CFO estimator. For multiuser OFDM transmissions, we
introduced a random-hopping scheme which robustifies the
proposed CFO estimator against channel nulls and MUI. We
demonstrated that in multiuser OFDM, the kurtosis-based CFO
estimator achieves satisfactory performance, even when the
size of the guard bands is small.
In our study of MIMO-OFDM CFO estimation, we have
assumed that the CFOs for different transmit–receive antenna
pairs are approximately the same. Although this assumption is
realistic in many scenarios, there are some applications in which
different antenna pairs have different CFOs. One example is

Therefore,

can be written as

(32)
3The views and conclusions contained in this document are those of the authors and should not be interpreted as representing the official policies, either
expressed or implied, of the Army Research Laboratory or the U.S. Government.
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The summands in (32) are nonzero only if
, or
. When
we have

,
,
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compensate for the energy leakage and MUI we will encounter
in multiuser OFDM transmissions. Combining (36) and (37)
yields (8).
Remark 3: While we have assumed a deterministic channel
here, it is straightforward to extend our results to fading channels by taking expectation of (8) over channel realizations.

(33)
APPENDIX II
PROOF OF LEMMA 1
where

is a constant independent of , and
. For

are

, we must have
pairs of
that satisfy

. Given

, there
. So

Since in single-user OFDM systems, the denominator in (7)
does not depend on , we will focus on the numerator. Following
arguments similar to those used in [2], we can show that, under
our assumptions, the MSE of the CFO estimation error can be
approximated by

(38)

(34)
Similarly, we can obtain that

where

(39)
(40)

(35)

Since

is a constant independent of .
where
Assuming that source distributions on different subcarriers
, we have
are identical, and letting

(41)

(36)

where
,
,
indicator function, and
Taking the second-order derivative, we readily obtain

is the
.

is a constant independent of .
where
The denominator of (29) can be readily shown to be

(37)

which does not depend on , because it is just the square of
the total signal and noise energy (excluding the CP). Note that,
while this term may appear to be redundant here, it is needed to

(42)
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Now let us examine
tion, we can show that

IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. 53, NO. 1, JANUARY 2005

. Using a first-order approxima-

(43)
Taking the first-order derivative, we have

(44)
After some tedious but straightforward algebra, we arrive at

(45)
Combining (38), (42), and (45), we obtain Lemma 1.
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