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Abstract—Fast and accurate unveiling of power-line outages is
of paramount importance not only for preventing faults that may
lead to blackouts, but also for routine monitoring and control tasks
of the smart grid, including state estimation and optimal power
flow. Existing approaches are either challenged by the combinatorial complexity issues involved and are thus limited to identifying
single and double line-outages or they invoke less pragmatic assumptions such as conditionally independent phasor angle measurements available across the grid. Using only a subset of voltage
phasor angle data, the present paper develops a near real-time algorithm for identifying multiple line outages at the affordable complexity of solving a sparse signal reconstruction problem via either
greedy steps or coordinate descent iterations. Recognizing that the
number of line outages is a small fraction of the total number of
lines, the novel approach relies on reformulating the DC linear
power flow model as a sparse overcomplete expansion and leveraging contemporary advances in compressive sampling and variable selection. This sparse representation can also be extended to
incorporate available information on the internal system and more
general line-parameter faults. Analysis and simulated tests on 118-,
300-, and 2383-bus systems confirm the effectiveness of identifying
sparse power line outages.
Index Terms—Cascading failures, compressive sampling, identification of line outages, Lasso, matching pursuit.

I. INTRODUCTION

I

T is well appreciated that major blackouts have occurred
partly due to lack of comprehensive situational awareness
of the power grid [22]. This speaks for the importance of timely
monitoring the status of generators, transformers, and transmission lines. Identifying outages and, generally, changes of lines
is particularly critical for a number of tasks, including state estimation, optimal power flow, real-time contingency analysis,
and, thus, security assessment of power systems.
To appreciate the opportunities and challenges facing the
line-change identification problem, it is prudent to think of
the grid as a graph comprising topologically interconnected
power systems. Phasor measurement units (PMUs) provide
voltage and power data per local (a.k.a. internal) system in real
time. Likewise, real-time data are telemetered internally per
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system to offer topology-bearing information on the connectivity status of local circuit breakers and switches. On the other
hand, power flow conservation across interconnected systems
allows for identifying changes even in external system lines—a
critical task for comprehensive, wide-area monitoring. This
would have been a nonissue if intersystem data were available.
Unfortunately, the system data exchange (SDX) module of the
North American Electric Reliability Corporation (NERC) can
provide grid-wide interarea (i.e., basecase) topology information on an hourly basis [23], but the desiderata is near real-time
monitoring of transmission lines. In a nutshell, the need arises
for each internal system to identify, in a computationally
efficient manner, line outages (and, generally, line changes)
in its external counterpart relying only on basecase topology
information and local PMU data.
Existing approaches typically formulate external line-outage
identification as a combinatorially complex (integer programming) problem, which can be computationally tractable only
for single or, at most, double line outages [5], [17], [18]. However, it is becoming increasingly crucial to cope with multiple
line outages in the face of cascading failures in recent blackouts.
This has really motivated several existing works [8], [9], which
consider how to handle multiple line-outage distribution factors
(LODFs) as compared with coping with a single LODF. In addition, an alternative recent approach to line-outage identification
adopts a Gauss–Markov graphical model of the power network
and can deal with multiple outages at affordable complexity, but
assumes conditionally independent phasor angle measurements
and requires intersystem PMU data to be available in real time
across the grid [11].
This paper contributes a computationally efficient algorithm
for near real-time identification of multiple external line outages
(and generally changes) using only hourly basecase topology
information and local voltage phasor angle data available by
PMUs. It relies on the standard DC linear power flow model
and leverages the fact that the outaged lines represent a small
fraction of the total number of lines. The novel approach views
the topology-bearing basecase information as the weighted
Laplacian matrix of the grid-induced graph (Section II). This
leads to an overcomplete representation of the outage-induced
innovation, which in turn enables casting line-outage identification as a sparse vector estimation problem (Section III).
Solving the latter draws from recent advances in compressive
sampling and variable selection in linear regression problems
[3], [4], [19], [20] and adopts the greedy orthogonal matching
pursuit (OMP) and the convex least-absolute shrinkage and
selection operator (Lasso) to identify line outages at affordable
complexity (Section IV). Simulated tests corroborate the merits
of the novel algorithm (Section V). Interesting extensions of
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the sparse representation are also offered (Section VI), and the
paper is wrapped up with a concluding summary (Section VII).
Notation: Upper (lower) boldface letters will be used for
matrices (column vectors);
denotes transposition, is the
all-one vector, is the all-zero vector, is the identity matrix,
is the vector -norm for
,
is the magnitude of a
is the sign operator,
variable or the cardinality of a set,
is the relative complement of the set in the set .
and
II. MODELING AND PROBLEM STATEMENT
Consider a power transmission network consisting of buses
, and transmisdenoted by the set of nodes
sion lines represented by the set of edges
. Collect all of the voltage phasor angles
, one
, in the vector
and, correspondingly,
per bus
in
. The network
the injected power variables
with
,
buses comprise the union
denotes the subset of observable buses in the internal
where
stands for the unobservable buses of the exsystem, and
ternal system. Accordingly, comprises two subvectors and
, collecting phasor angles of voltages at
and
buses,
and
partitions of .
respectively, and similarly for the
Supposing that the network-wide injected-power vector only
changes gradually across time, the present work aims to unveil
line changes, including (possibly multiple) line outages anyacquired in real time from
where in the network, using data
PMUs. Before the problem formulation, it is important to understand how the network topology dictates the relationship between and .
A. Linear DC Power Flow Model and Its Graph Laplacian
Power flow models are useful for determining how injected
power flows along all transmission lines. Providing a linear
approximation of the actual ac system, the DC power flow
model turns out to facilitate a variety of power system monitoring tasks under normal operating conditions, including
security-constrained contingency analysis, and system state
estimation; see, e.g., [25, ch. 11–12]. In the linear DC model,
balances all of the line flows
the power injected to bus
originating from it, that is,
(1)
denotes the reactance along line
, and
where
is the set of neighboring buses linked to bus . Writing (1)
in vector-matrix form yields
(2)
where the

matrix

has its

th entry given by
if
if

(3)

otherwise.
Matrix , relating the voltage-phasor angle to the injected
power as in (2), is uniquely determined by the line reactance
of the network
, and topology-bearing
parameters
information, namely , provided by the SDX. At this point, it is

reactance is present in only four enworth noting that each
,
,
, and
. This obtries of , namely,
presence in intuitively describes
servation about line’s
the selective effect topology changes due to line outages can
have on the angle vector in (2). To formulate this topological
effect concretely, can be viewed as the weighted Laplacian
. To this end, consider the
matrix of the graph
bus-line incidence matrix ; see, e.g., [24, p. 56], formed by
of length . With subscript corresponding
columns
, the column
has all its entries equal to 0
to the line
, respecexcept the th and th, which take the value 1 and
has nonzero entries
tively. Clearly, the rank-one matrix
and
, which equal 1, and
on its diagonal positions
and
positions, which equal
. Thus,
also on its
when summing such rank-one matrices for distinct lines, those
having common or are superimposed on the diagonal, while
. This arguthose off the diagonal still have values equal to
ment and (3) establish readily the following representation of
the network topology matrix:
(4)
has its th diagonal entry
where the diagonal matrix
equal to the inverse reactance
, if corresponds to the line
. In addition, matrix is symmetric and has rank
if the power network is connected, since its null space is only
spanned by ; see, e.g., [24, p. 469]. Rank deficiency of gives
rise to multiple solutions for in (2). To fix this ambiguity, one
generation bus is typically chosen as reference with its phasor
angle set to zero, case in which phasor angles of all other buses
denote their differences relative to the reference bus; see e.g.,
[25, p. 76]. Clearly, with the reference bus convention, the
matrix has full rank and can be formed by
as in (4) after removing the corresponding row of the incidence
matrix.
B. Unveiling Power Line Outages
Given the linear DC power flow model (2) and the aforementioned reference bus convention, the pre-event phasor angles
can be uniquely characterized by the injected power vector
and the topology-dependent matrix . Suppose that, due to
changes in the grid, e.g., cascading failures in an early stage,
.
several outages occur on lines, collected in the subset
Line outages on the transmission network yield the post-event
, with1
.
graph
As in [17], it is assumed that fast system dynamics are well
damped and that the system settles down to a quasi-stable
state following the line outages. The possibility of poor system
damping can be accounted for by low-pass filtering of the measured sequential phasor angle data to smooth out any system
oscillations, as detailed in [17]. Furthermore, as assumed in
will not result in islanding of
[18], the outaged lines in
the post-event system; that is, the underlying graph will not
become disconnected. This precludes considerable changes
between pre- and post-event bus power injections, such as
1As a mnemonic, post-event quantities are denoted with prime, and the differences relative to their pre-event counterparts are denoted with tilde.
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those caused by generator outages or radial line outages. Under
these considerations, the linear DC model for the quasi-stable
post-event network is given by [cf. (2)]

2217

, and
Consider now the phasor angle change vector
and the unavailable
, each
partition it into the available
and
. With these notational
corresponding to buses in
conventions, substituting (6) into (7), yields

(5)
is the post-event weighted Laplacian of
, and
where
noise vector accounts for the small perturbations between
and due to, e.g., variations in the bus loads, which can usually be modeled as zero-mean (possibly Gaussian) vector with
; see e.g., [15].
covariance matrix
Voltage phasor angles are only available at the subset of internal buses . Thus, unveiling outages amounts to identifying
lines in , given the pre-event network-wide topology matrix ,
as well as pre- and post-event internal phasor angle vectors
and . It will turn out that solving this problem incurs combinatorial complexity. Fortunately, using (2) and (5), the ensuing section leverages (3) of as the weighted Laplacian of
the underlying graph to derive an overcomplete representation
for line outages, allowing for tractable solvers of the identification problem at hand. However, before this, it is important to
point out the difference between the linear DC power flow model
here and the probabilistic dependence graph model in [11]. The
Gauss–Markov random field (GMRF) approach pursued in [11]
requires the less pragmatic assumptions on the conditional independence among bus phasor angles, as well as the availability
of across the network. In contrast, these assumptions are not
required for the DC model adopted here and in [5], [17], and
[18].
Remark 1 (Nonrandom Errors Due to the DC Power Flow
Model Approximation): Being an approximation of the real, ac
physical system behavior, the linear DC flow model may introduce sizeable nonrandom errors on top of the random errors captured by , which are due to power injection variations. Bounds
on the non-random errors have been derived in [12], and tested
extensively in [16]. If sizeable, such errors will render the DC
model less accurate, and thus challenge all approaches to line
outage identification that rely on the DC model. Fortunately, effective remedies are available to decrease these errors, such as
using “hot-start” modeling along with unequal branch sending
and receiving flows [16]. In lieu of analytic means, the effect of
DC approximation errors will be assessed in Section V via numerical tests.
III. SPARSE OVERCOMPLETE REPRESENTATION
Here, the line-outage identification task is formulated as that
of recovering the coefficients of a sparse overcomplete representation of the pre- and post-event phase difference of the internal
system’s PMU data. To this end, the difference
denoting the weighted Laplacian for the outage lines in , is
written as [cf. (4)]
(6)

(8)

where
. Solving (8) with respect to
(wrt) , and extracting the rows corresponding to the buses in
leads to the following expression for the internal post- minus
pre-event phase difference vector:
(9)

where
is constructed from the rows corresponding to
of the inverse matrix
.
buses in
,
Suppose that the number of line outages, namely
is given. The number of possible topologies, each having
outages, is clearly the number of combinations
. Let
denote the sets of line outages corresponding to these
candidate topologies. Existing approaches exhaustively check
the -norm of the least-squares (LS) error in the internal phase
, and select the mindifference vector for each candidate
imum, that is, given and , the chosen topology index is

(10)
Such an approach incurs combinatorial complexity and has limited existing methods based on exhaustive enumeration of all
[17] or
combinations to identifying single line outage
[18]. Also, it will become
at most double line outages
clear soon that the covariance information of is not exploited
optimally in (10).
To bypass this combinatorial complexity, the fresh idea here
is to consider an overcomplete representation capturing all possible line outages. However, notice that the inversion in (9) introduces colored perturbation. To account for this, consider the
compact singular value decomposition (SVD) of the fat ma, where the square diagonal matrix
trix
comprises all of its
nonzero singular values. Upon defining
, the data model in (9) can be reduced to a sparse
linear regression one with unknown regression coefficients convector , whose th entry equals , if
,
tained in the
and 0 otherwise. Thus, (8) can be written as

Substituting the pre-event power flow model (2) into the postevent one in (5) leads to
(7)

(11)
(12)
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where the transformed incidence (a.k.a. adjacency) matrix
, now viewed as a regression matrix, captures all of the
pre-event transmission lines.
Remark 2 (Perturbation Whitening): After transforming to
, the effective perturbation
in (12) is still zero-mean with
. However, the enumeration-based approaches in
covariance
[17], [18] or the mixed-integer programming one in [5] compute the -norm LS error for each candidate topology with line
outages relying on the pre-whitened inverted linear system, and
do not account for the nonwhite perturbation therein. Since optimal estimation (in the unbiased minimum variance sense) of
linear regression models with nonwhite noise calls for weighted
LS solvers, ignoring the noise color leads to suboptimal performance of the LS-based enumeration approaches that rely on
(10), especially when the power perturbation is large. This will
be illustrated further in the simulation results of Section V.
In essence, the overcomplete representation in (12) allows
one to cast the problem of recovering the subset as one of estimating the sparse vector . Different from (9), the line-outage
set is no longer present in (12), which eliminates the need
for exhaustive search. The key premise is that the number of
line outages is a small fraction of the total number of lines, i.e.,
. This holds even for multiple line outages such
as those occurring during cascading failures, at least in the early
stage when only a small number of lines start to fail. The same
premise is adopted for contingency analysis, where usually
single and double line outages are of primary concern; see, e.g.,
[25, ch. 11]. Under this sparsity constraint, the lines in outage
are few, meaning that the vector has only a few nonzero entries. In turn, this suggests recovering line outages by exploiting
the sparsity in , which falls under the realm of sparse signal
reconstruction approaches. Reconstruction of sparse signals has
become very popular recently, especially after the emergence of
compressive sampling (CS) theory; see, e.g., [3], [4], [20] and
references therein, wherein several efficient algorithms have
been proposed. A related sparse overcomplete representation
has been used in [7] to address the fault estimation problem for
electrical circuits, under a completely different system model
based on Kirchhoff’s laws.
Compared to previous works constrained to at most double
line outages [5], [17], [18], the proposed formulation overcomes
the inherent combinatorial complexity with a virtual “outage” at
every possible transmission line. By leveraging the sparse signal
representation framework, Section IV will focus on algorithms
offering the potential to achieve high accuracy in recovering
faults even with more than two line outages, while bypassing
the exhaustive search which is computationally prohibitive.
IV. SPARSE LINE-OUTAGE IDENTIFICATION
Approaches to reconstructing sparse coefficient vectors of
linear regression models can be broadly grouped into two categories: those relying on greedy approximation schemes and
those minimizing the -norm of the sparse vector.
The first category is rooted on the matching pursuit (MP)
algorithm for signal approximation [13]. MP has undergone
improvements which led to the orthogonal matching pursuit
(OMP) algorithm [20], that draws its popularity from its computational simplicity and guaranteed performance. The second
category relies on the -norm of the wanted vector offering a

convex relaxation of the -norm based minimization problems,
which are known to be NP-hard but can yield the sparsest solution to an underdetermined linear system of equations; see e.g.,
[3], [4]. Popular solvers of the resultant optimization problems
are variants of the basis pursuit (BP) algorithm [4], or the Lasso
[19]. Albeit approximating the optimal -norm, this relaxation
has been shown to exhibit guaranteed performance of recovering sparse signal vectors; see e.g., [3] and references therein.
As a convex quadratic program (QP), the global minimizer
of the -norm regularized Lasso problem can be efficiently
obtained under various sparsity levels using coordinate descent
(CD) iterations [21].
A. Greedy Line-Outage Identification Via OMP
and , the greedy OMP
Given vector obtained from
algorithm will be outlined next for finding sparse solutions to
(12) wrt a fixed number of nonzero entries (i.e., sparsity level)
of the sought solution to (12). The number can be directly
, and its
related to the number of lines in outage, namely
choice will be discussed in Section IV-C.
Greedy schemes generally aim to approximate the vector
by successively selecting columns
of to superimpose
with weights given by the wanted nonzero entries of . The selection criteria may be different but all share the common idea of
choosing the next column as the one that correlates “best” with
the current approximation error. Updating the sparsity level
one by one, the approximation error vector per step is given by
(13)
denoting the subset of indexes correFurthermore, with
is
sponding to nonzero entries in , once a new column
, the th entry of
will
chosen at step for inclusion in
. The orthogonality in OMP
be nonzero compared with
via LS fitting of
is manifested by updating the estimate
using all of the columns in
, such that
in (13) becomes
. The OMP based
orthogonal to all the chosen columns in
line-outage solution to (12) with maximum sparsity level
is tabulated as Algorithm 1.
Since Algorithm 1 chooses the column by comparing its correlation with the residual error vector, it is useful to normalize all
columns first, so that comparison is in essence performed based
on the correlation coefficient. Also, due to its greedy update,
is nested in terms of their
the sequence of solutions
nonzero entries, but not necessarily in the exact entry values
after the orthogonal LS fitting step. In addition to computational
efficiency, the simulations in Section V will demonstrate that
Algorithm 1 exhibits also quite competitive reconstruction performance. Analytically, the latter depends on the so-termed coherence of matrix that is defined as
(14)
By adapting [20, Thm. B], the following proposition can be established for the present context of identifying line outages.
Proposition 1 (Exact Recovery of OMP): Consider the noisein (12), and suppose that the actual vector
free case, i.e.,
has its number of nonzero entries
satisfying
(15)
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Given the vector
and matrix , the OMP in Algorithm
1 is capable of recovering the unknown exactly, if the greedy
.
steps stop once
Algorithm 1 (OMP): Input ,
Initialize
for

, and

Estimate
entry
Update

(18)

.

do
(arbitrarily breaking ties),
.
, by setting its -th
for all

admits a closed-form solution expressed via a soft thresholding
operator as (see, e.g., [6])

. Output

, and the column subset

Choose
and update
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.
.

end for

B. Lassoing Line Outages via CD
Lasso promotes sparse solutions by regularizing the LS error
criterion with the -norm of . Specifically, the coefficient
vector whose nonzero entries identify line outages is found as
(16)
where
is a tuning parameter whose choice is detailed in
Section IV-C. Thanks to the overcomplete representation (12)
and the -norm relaxation, the line-outage identification is
reduced to the convex QP in (16). Hence, its global minimizer
can be efficiently obtained using general-purpose convex
solvers, such as interior-point algorithms [2, ch. 11]. Instead
of these off-the-shelf solvers, the CD iterative solver [21] will
be adapted, because it has been shown to exploit the specific
problem structure and can yield the so-termed regularization
[6]. This
path of Lasso-based solutions as a function of
approach is advocated especially for sparse unknown vectors
of high dimension, that is, for a large number of lines .
To allow for a sequence of values, consider first (16) with
a fixed . CD optimizes the regularized LS cost (16) by cyclically minimizing over the coordinates, namely, the scalar entries
of . It yields successive estimates of each coordinate, while
is to
keeping the rest fixed. Suppose that the th entry
have been albe found. Precursor entries
ready obtained in the th iteration along with postcursor entries
are also available from the prest iteration. Thus, the effect of these given entries
vious
can be removed from by forming
(17)
where
denotes the th column of matrix . Using (17), the
vector optimization problem in (16) reduces to the following
as unknown:
scalar one with
. This is the popular scalar Lasso problem, which

, if
, and zero otherwise.
where
Cycling through the closed forms in (17) and (18) explains
why CD here is faster than, and thus preferable, over generalpurpose convex solvers. The residual update in (17) is feasible
iteratively, while the soft thresholding operation in (18) is also
very fast. Following the basic convergence results in [21], the
CD iteration is provably convergent to the global optimum
of (16), as asserted in the following proposition.
Proposition 2 (Convergence of CD): Given the parameter
and arbitrary initialization, the iterates
given by (18) converge monotonically to the global optimum of the line outage
identification problem in (16).
The identification path is further obtained by applying the CD
method for a decreasing sequence of values. Larger ’s in
to be nulled. Hence, if a suffi(18) force more entries of
will
ciently large parameter is picked, the corresponding
eventually become . With a decreasing sequence of ’s, for
a large can be used as a warm start for solving (16) with the
second largest . This way, the CD based line-outage solution
path of (16), as tabulated in Algorithm 2, exploits both the efficient scalar solution in (18) as well as warm starts, to ensure
reduced complexity and algorithmic stability.
Algorithm 2 (CD): Input , , and a decreasing sequence of
values. Output
in (16) for each
Initialize with
for each

and

.

value from the decreasing sequence do

repeat
Set
for

.
do

Compute the residual
Update the scalar

as in (17).
via (18).

end for
until CD convergence is achieved.
Save
Initialize with
for the next .

for the current
and

value.
as the warm start

end for
Remark 3 (Computational Complexity): As mentioned in
Section III, enumeration incurs combinatorial complexity while
with a fixed .
checking all possible topologies
, which grows exponentially
Hence, its complexity is
. In contrast, the recursive OMP Algorithm 1 has
with
, which is bilinear in and
. For
complexity
Algorithm 2, each CD iteration entails only scalar operations,
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while further acceleration is possible by exploiting sparsity
and warm starts across CD iterations. Numerical running time
comparisons will also be given in Section V to corroborate the
linear complexity of the proposed algorithms.
C. Selection of Tuning Parameters
Algorithms 1 and 2 both yield a sequence of line-outage identification solutions. Selection of the parameter or , however,
becomes a critical issue, as it either directly or indirectly relates to the underlying sparsity level, and thus the (generally
unknown) . With additional prior information, existing statistical tests can be adopted in order to choose the actual number
of lines in outage.
is Fixed or Upper Bounded
1) Number of Line Outages
: If
is given, the greedy OMP algorithm can
by
. As for the Lasso
automatically find the solution with
is
Algorithm 2, the parameter can also be determined if
known. In fact, by directly inspecting the regularization path
has the number of
one can determine , so that the solution
nonzero entries equal to the given . The indexes of nonzero
also correspond to the identified lines in . Note
entries in
is assumed known and fixed
that the number of line outages
in all existing works [5], [11], [17], [18].
If the maximum number of line outages is prescribed, i.e.,
, Algorithm 1 can output all of the greedy solutions
from
to
. Likewise, Algorithm 2 can yield solution along the identification path with the number of nonzero
. In order to determine the actual carentries not exceeding
dinality, one can adopt a minimum description length (MDL)
type test; see, e.g., [10]. Considering the OMP solutions
for example, the MDL test will specify a rating score per sparsity level , given by

(19)
. Based on (19), the chosen number of line
where
, thus yielding the identified
outages will be
obtained from .
lines in outage in the set
When computing the MDL score for the Lasso solutions
along the path, the LS fitting error in the first summand of
by . Instead,
(19) is obtained not by simply replacing
are retained and the minimum LS cost
the zero entries of
corresponding to the nonzero entries is used in the -norm
term in (19). This is because the -norm in the Lasso cost (16)
introduces bias in the estimate , and this bias can be removed
using the aforementioned LS fitting.
2) Variance of Injected Power Noise is Known: If only the
of entries in is known, one can handle even an
variance
unknown number of outage lines as follows. Consider again
for each and find the equivalent LS reconstruction error to
obtain the sample variance of given by
(20)
This test selects the desired sparsity level as the one yielding
the most accurate variance estimate as
. The latter is used to identify the outage lines in
as described in Section IV-A. A similar method also applies to the

Lasso approach after removing the bias in estimates
plained earlier.

, as ex-

V. NUMERICAL TESTS
The proposed sparsity-exploiting fault diagnosis algorithms
are tested in this section using first the IEEE 118-bus and
300-bus benchmark systems [14]. Both systems are initially
tested with phasor angles available at all buses, in order to illustrate the merits of the proposed overcomplete representations in
comparison with the optimal exhaustive search. Subsequently,
line-outage identification relying on a subset of phasor angles is
tested on the 118-bus system partitioned as in [5]. Specifically,
the internal system contains buses with indexes in the set
, and the external one with
. The software toolbox
those in
MATPOWER [26] is used throughout to generate the phasor
angle measurements as well as the pertinent power flows.
1) Test Case 1: The 118-bus system with the complete information on phasor angles available is considered first. AC
power flows are generated for both pre- and post-event systems. All possible candidate topologies with a single line outage
, and 500 randomly chosen topologies with double
are tested. For each line-outage topology
line outages
tested, ten realizations of the perturbation noise in (5) are generated. Three methods are compared: Algorithms 1 and 2 and a
statistically optimal exhaustive search (ES) using (8). Specifin (9) and using the criterion
ically, instead of solving for
(10) as proposed in [17] and [18], the optimal ES here utilizes
the complete information of and picks
(21)

which is optimal because the noise in (8) is white. (Contrast this with the enumeration in (10) used by [17] and [18],
which is suboptimum because the color introduced by the mamultiplying is not accounted for.) The number
trix
is assumed to be known to all three algorithms. For both single
and double line-outage tests, the standard deviation of is set
either equal to zero, corresponding to a noise-free case, or, equal
to 1%, 2%, or 5%, of the average pre-event power injection.
The percentage of correctly identified line outages is listed2 in
Table I. Clearly, even under the ac flow model, Algorithms 1
and 2 exhibit performance comparable to the benchmark enumeration-based schemes of (21), while both incur complexity
that grows linearly in , as opposed to the combinatorial search,
, is
. This complexity comparison will
which, for
be numerically demonstrated soon in Test Case 4.
For any fixed noise level, the performance of double lineoutage tests does not degrade appreciably when compared to
that of single line-outage tests. As the injection noise level increases, all three approaches experience performance degradation, which is expected. The OMP algorithm’s performance resembles the optimal ES one thanks to its exact recovery asserted
in Proposition 1. Interestingly, the ES method is not always the
best one, while the Lasso solution of Algorithm 2 in certain
2In all tables, “ES” stands for the exhaustive search algorithm, and the number
in boldface font indicates the best performance per row.
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TABLE I
118-BUS SYSTEM WITH ALL BUS PHASOR ANGLE MEASUREMENTS

TABLE III
118-BUS SYSTEM WITH PHASOR ANGLE MEASUREMENTS FROM
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N

TABLE II
300-BUS SYSTEM WITH ALL BUS PHASOR ANGLE MEASUREMENTS

cases exhibits improved noise resilience. This can be attributed
to two reasons. First, the empirical identification rates in Table I
depend on the random line-outage topology and injection noise
realizations and may not be identical with the exact rates. This
explains why results for all three approaches are numerically
comparable. Second, statistical optimality of the ES criterion
is uniformly dis(21) implicitly assumes that the variable
tributed. However, it corresponds to the post-outage power flow
[cf. (8)] and differs from line to line. Hence, it is
for any
possible that the -norm in the Lasso cost (16) aids discerning
the wrong nonzero entries induced by the noise.
2) Test Case 2: The IEEE 300-bus system is tested here,
keeping all other parameters identical to those of Test Case 1.
The percentage of correctly identified line outages is listed in
Table II, which also shows that the proposed algorithms are quite
competitive wrt the enumeration based benchmark. Similar observations are also made when comparing different noise levels
and the results of single and double line-outage cases. This effect of injection noises to performance degradation becomes
more pronounced, and should be attributed to the approximation
induced by the linear DC model for larger systems (cf. Remark
1).
3) Test Case 3: Based on the aforementioned internal and
external grid partition, the 118-bus system is tested here using
only part of the phasor angles in . All other settings are as in
Test Case 1, and the results are listed in Table III. The suboptimum exhaustive search in (10) without whitening the colored
noise is also included for comparison, and performs much worse
than other (near-) optimal algorithms, especially when the noise
level is high (5%). On the contrary, the exhaustive search based
on the whitened system (12), given by
(22)

is optimal in the unbiased minimum variance sense, and for
this reason it is used to benchmark the performance of others.

Table III speaks for the importance of the whitening step (11).
With partial phasor angle measurements, performance of the
three (near-) optimal algorithms degrades relative to the ones
in Test Case 1. This is expected because observability for the
118-bus system is compromised if only angle measurements
are available. It is also worth stressing that
from buses in
the proposed schemes, especially the OMP Algorithm 1, still
perform comparably to the benchmark scheme based on (22).
To further illustrate the performance of the proposed algorithms, the lines in outage were considered drawn from the set
, corresponding to lines in. Notice that two of these three lines
dexed by
at
are linked to buses in the unobservable external system
both sides. The noise level is set equal to 2% of the average
pre-event power injection. Algorithm 1 is simulated with the
, and outputs the sequence of identified
maximum
. Clearly, the set is
lines in
. Subseidentified exactly from the first three elements of
quently, Algorithm 2 is applied to obtain the line outage identiwith an exponentially decreasing sequence
fication path for
of 20 values of .
is unknown, the tests based on the MDL and the
When
sample variance deviation criterion are implemented with the
number of outaged lines ranging from 1 to 5. The test scores are
obtained by scaling relative to their respective maximum ones,
and are plotted in Fig. 1(a). The plot demonstrates that the min. Clearly, this is also the
imum scores are achieved at
correctly identifies
right for the OMP, which confirms that
. For Algorithm 2, Fig. 1(b) depicts the absolute value of the
entries, corresponding to a value that yields three line outages. All entries in are numerically equal to zero, except for
three positions, coinciding exactly with lines in . This clearly
demonstrates the effectiveness of the proposed algorithms.
4) Test Case 4: To gauge computational complexity of
the proposed algorithms, their running times are provided for
the 118-, 300-, and 2,383-bus systems. While the first two
are the aforementioned IEEE benchmark systems from [14],
the last one is from the Polish power system provided by
MATPOWER “case2383wp” casefile. All algorithms are run
using the MATLAB R2011a software, on a typical Windows XP
computer with a 2.8-GHz CPU. The running times for both
single and double line outages averaged over 500 Monte Carlo
iterations are listed in Table IV. The OMP Algorithm 1 clearly
outperforms the rest in running time, and scales well with the
number of buses. For both Algorithms 1 and 2, running time for
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A. Incorporating Information on Internal Noise
It is often the case that the internal system in
can acin real time, using PMU data and state estimates obquire
tained from legacy meters; see, e.g., [5]. As the noise vector
accounts for the perturbations present in the post-event power
vector relative to the pre-event power vector, the internal system
is able to recover exactly the part of this noise vector, since it
and
at the buses in
. Upon forming
can measure both
, this internal noise vector can be removed from
both sides of (8). After this “internal noise” cancellation, is no
in (12) is colored too. While the
longer white, and likewise
, the external one
is still
internal noise is absent
.
zero-mean white with covariance
deTo account for the absence of internal noise, let
formed by rows and columns from
note the submatrix of
and
, respectively. Using the latter, consider rebuses in
in (9) with
.
placing the transformed noise
It now becomes possible to employ a similar whitening proceto obtain the
dure using the SVD
data vector
(23)

Fig. 1. (a) Scaled scores versus a variable L for MDL and variance tests. (b)
Absolute value of entries of s^ versus the index `, for the  value yielding three
line outages.

TABLE IV
AVERAGE RUNNING TIMES IN SECONDS

double line outages is about twice that for single line outages.3
However, the combinatorially complex ES approach does not
scale well with the system size and the number of line outages,
resulting in hundreds of times more computational time for
double line-outage tests with the 118- or the 300-bus system.
As this increase grows to be in the order of thousands for the
2383-bus system, it is omitted here.
VI. GENERALIZING THE OVERCOMPLETE REPRESENTATION
This section generalizes the novel notion of sparse overcomplete representation for identifying line outages, along with Algorithms 1 and 2, to three directions of practical interest.
3Although Algorithm 2 may not appear as attractive, there are tailored programs in [6] to compute the entire identification path within 1 second for systems
involving as many as 5000 unknowns.

Apart from a different regression matrix, the modified data
model (23) entails again a sparse overcomplete representation,
and thus Algorithms 1 and 2 can be readily applied. It is
expected that, by incorporating the extra information on the
internal system, noise will markedly enhance accuracy without
sacrificing computational efficiency.
B. From Line Outages to Line Changes
A second extension of interest is to allow for more general
line faults including transmission line parameter changes. As
suggested by the expression of
in (6), changes in the inof lines in outage manifest themselves
verse reactance
in changes of the difference matrix in the pre- and post-event
network Laplacians. Suppose that instead of having only line
outages, a subset of lines experiences change in reactance pa. Clearly,
rameters, giving rise to a modified set of lines
can also capture line outages which correspond to line reactance parameters going to infinity. Suppose that the th line
experiences a sudden change in its reactance from to , for
all
. This can be also captured by the matrix
(24)
.
where the difference in the inverse reactance
Clearly, a line outage is a special type of a line change, since,
, and thus
if the th line is in outage, it holds that
. However, it is worth noticing that the system model (12)
for
. Thus, the general
still holds with
line change identification problem can again be solved under the
sparse signal reconstruction framework [cf. (16)].
C. Decoupled Power Flow Model
The DC power flow model discussed so far actually coincides
with the system obtained by linearizing the decoupled nonlinear
ac power flow model obtained after the appropriate parameter
simplifications; see, e.g., [1, Sec. 10.7]. To handle nonlinear
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power flows, iterative approximations are typically employed.
Among the most popular approximation methods, the fast decoupled power flow model is preferred as an efficient linearization method as it only needs four to seven iterations to converge
in practice; see e.g., [1, Sec. 10.7]. Compared with the DC power
flow involving phasor angles and real power injection, the fast
decoupled model includes an additional system of equations, relating the phasor amplitudes to the reactive power injection. Interestingly, both transformation matrices in the fast decoupled
model are also related to the Laplacian , and thus they can be
used to infer changes in the grid topology.

VII. CONCLUSION AND CURRENT RESEARCH
Novel line-change identification algorithms were developed
in this paper through overcomplete representations capturing
the sparse innovation manifested by line changes on PMU measurements. The proposed approach allows for identification of
multiple (even cascaded) power line outages using two schemes
with complementary strengths. The first one entails successive
(greedy) inclusion of the lines in outage and is computationally
efficient. The second scheme regularizes the LS criterion with
the -norm of the sparse vector comprising the overcomplete
representation coefficients, thus enabling a coordinate descent
based solver to compute the entire identification path. Practical statistical tests were also adapted to identify the actual
number of line outages. The framework developed for linear DC
power flow models was shown capable to accommodate available internal system noise information and cope with generic
line changes. Numerical tests demonstrated the merits of the
proposed schemes in unveiling multiple lines in outage, even
when those reside at the external system for which phasor angle
data are unavailable.
Future research directions include applying the sparse overcomplete representation to enhance the current power system
rule” to a general “
contingency analysis from the “
rule,” where
stands for a multiple line-outage contingency case.
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