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Summary. We investigate the existence and implications of competitive equilibria hen t o
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subscription fee per period the other charges on a per-use basis T o models are examined
hen rms marginal costs are negligible and the can revise prices periodicall oth sho
that competition often leads to ruinous price ars in the absence of collusion o ever, stable
pricing equilibria exist in special cases The ndings are robust even hen customers are

illing to pa a xed-subscription premium
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ntroduction

The purpose of this paper is to anal e competitive pricing for electronicall transmitted
information goods, such as ne s stories, soft are, entertainment items, and databases, that
are o ered b competing rms that have di erent pricing policies With afe exceptions noted
later, it is assumed that potential subscribers are cost minimi ers, marginal costs to the rms
are negligible, and each rm seeks to maximi e its revenues from subscribers We focus on the
simple but revealing scenario of a single good or goods package o ered b t o rms, one of

hich charges a xed subscription fee per unit time hile the other charges a constant cost
each time the good or package is accessed The rms can announce ne prices periodicall |
and subscribers are free to s itch at the beginning of each period Subscriber choices and
competitive price d namics ill be considered ithin t o models ith some hat di erent
emphases that e describe shortl ur primar concern is the existence of a competitive
equilibrium at hich neither rm gains an advantage b changing its price Although situations
that have competitive equilibria ill be noted, most instances of the models lack this propert
and give rise to ruinous price ars in the absence of collusion
ur anal sis of competitive d namics is set against a background of research on strategies
for pricing electronic goods b a monopolist or single rm, for example 1, 2, 3, 8, 10, 11
Summar discussions of that ork appearin ,9 The present research, hich is overvie ed
in , asprompted b the question of hat might transpire hen competing rmso ersimilar
products but use di erent pricing policies A more speci ¢ motivating question arose from the
observation , ,7 that subscribers often prefer xed-fee or at-rate pricing to per-use pricing,
for reasons such as overestimation of usage and avoidance of orr ing about occasional large
bills or hether each usage is orth it, even hen the xed-fee option costs more over time
The speci ¢ question e address in this paper is hether xed-fee has an advantage over per-
use pricing hen the above ps chological factors are disregarded and both subscribers and
rms make economicall optimal decisions under conditions of complete information A broad
ans er that e elaborate on later is that xed-fee pricing sometimes en o s a slight advantage,
but that other considerations such as the lack of competitive equilibria and price ars tend
to over helm an such advantage  oreover, the latter nding persists hen subscribers are
illing to pa a premium for the xed-fee option that is driven b ps chological factors omitted

in the main part of our anal sis



We assume throughout that rms and o er the same information good or package
Firm  charges a subscription fee of per period, and  charges a fee of for each use or
hit Amounts and are =xed in each time period, hose length equals the time unit for

s xed fee, but the rms can change their fees from period to period We assume that such
changes are announced prior to each ne period, simultaneousl and ithout collusion, so that
the d namic pricing situation can be vie ed as a t o-person noncooperative repeated game

ects of collusion on the rms revenues, hich can be dramatic, are considered later in an
example

When the rms fees are announced for the next period, each potential subscriber has three
options choose , choose , choose neither Thus, over a sequence of periods, a potential
subscriber might choose , then again, then | then neither nor ,then |, and so forth

We investigate the consequences of t o models that characteri e the population of po-

tential subscribers and their period-to-period decisions oth models assume that the po-
tential subscriber population is described b a probabilit densit function on 0 ith
1, here is the population proportion ith usage rates bet een and

We assume that is kno n b both rms and is invariant over time The
for a potential subscriber is the number of times it ould access the information provided
b and  in one period if it actuall subscribed and did not curtail its usage for economic
reasons We assume that each potential subscriber kno sits for the next period, hich can
var over time sub ect to the collective restriction that remains unchanged
ur models di er in ho a potential subscriber makes its choice from neither in
each period and hether it curtails its usage if it subscribes  odel 1 is a full-usage model in
the sense that if a potential subscriber ith usage rate chooses or then it ill access the
information times The choice bet een and is made to minimi e cost, and the decision
to subscribe or not subscribe depends on  hether that minimum is belo a illingness-to-pa
threshold We model the latter feature b a probabilit function  on 0, here
denotes the probabilit that a potential subscriber ill actuall subscribe hen it ould pa
if it does so We assume that is kno nb each rm
odel 1 ma be appropriate hen a third part parent, compan pa s for the usage of a
consumer teenager, emplo ee but does not control that usage t neglects situationsin hich
subscribers limit usages to less than their usage rates because of budget constraints or limits

on their illingness to pa more than certain amounts for the service



odel 2 accounts for the latter factor b assuming that each potential subscriber has a

budget constraint , hich is the most it ould pa for the service during each period With
denoting usage rate, our second model assumes that has a oint probabilit densit
function over the population, ith 1 The function used in

the rst model can be thought of as the marginal of on  We assume for odel 2 that both
rms kno

Potential subscribers ho choose neither rm in odel 2 can be characteri ed b a proba-

bilit mass for at 0, but as a technical convenience e ill assume that is continuous
and applies onl to potential subscribers ho choose or ence the default option, mod-
eled b 1 in odel 1, is not used directl in odel 2 although it can be accommodated

indirectl b probabilit mass in the neighborhood of 0 Asin the rst model, the choice
bet een and in the second model is made b each subscriber to minimi e its cost
n both models, denotes the average revenue per potential subscriber paid to rm
, and denotes the average revenue per potential subscriber paid to  over one period
in  hich charges obtain f there are  potential subscribers, earns and
earns during an period in  hich and arein e ect
The rest of the paper is organi ed as follo s Section 2 elaborates on notions of d namic
behavior, competitive equilibria, and price ars Sections 3 and focus on odel 1 Section 3
outlines the basic structure of the model and discusses an extended example that has both
stable competitive equilibria and price ars that are di erentiated b the value of a parameter
in the de nition of  Section presents a modestl general result for the nonexistence of
a competitive equilibrium, compares four pricing schemes designed to avert a price ar, and
notes an example of multiple equilibria Section outlines the basic structure of odel 2,
proves a theorem that accounts in part for the predominance of price ars for the model, and
gives an example of a situation ith a competitive equilibrium Section concludes ith a

brief summar , remarks on xed subscription fee premiums, and challenges for future research

ynamic be avior e uiibria and price ars

Asindicated earlier, e assumethat and can change their fees prior to each period, but
no generalit  ould be lost if changes ere allo ed less often, sa ever fourth period ecause
a rm could gain a competitive advantage if it kne the other rm s ne fee before it set

its o n, e assume that ne fees are announced simultaneousl arring collusion, each rm



must estimate or guess hat the other ill charge hen it sets its ne fee, so price-changing
behavior is modeled as a noncooperative repeated game in  hich the rms pricing strategies
could have various forms
ne of these, referred to as a ,occurs hen a rm setsitsne fee to maximi e
its revenue under the assumption that the other rm ill not change its fee for the next period
A naive strateg is clearl m opic and can result in ver di erent revenues than anticipated
hen the other rm does in fact change its fee  ore sophisticated strategies arise hen the
rms anticipate each other s change  arried to an extreme, the might engage in a succession
of changes and counterchanges on paper before arriving at their to-be-announced ne fees
We ill not assume explicit methods of ne fee determination, but instead ill base our
anal sis on changes and counterchanges to suggest ho the rms fees might involve over time,
or ho the might be a ected b sophisticated computation in a single period  ur approach
begins ith a fee pair and determines a series of optimal ne fees on an alternating basis
under the assumption that the other rm retains its old price for at least one more period
Thus, if  goes rst, it computes  to maximi e , then  computes to maximi e

,then  computes to maximi e , and so forth to produce a sequence

of potential changes and counterchanges

We consider the behavior of as for and  gets large, and rite
if to Thus, if for ever 0 there is an
such that for all When for a unique
that is the same for ever initial position 00, e rite and sa
that to xperience ith an arra of assumptions about and

for odel 1and for odel 2indicates that unique convergence usuall occurs although other
behaviors are possible We comment on exceptions later and focus here on unique convergence

T o forms of unique convergence are possible The rst has
ith 0 and 0

and in this case e refer to as a ,or S P for short tt picall

occurs hen

for all
for all



and is the onl fee pair ith this propert f is the initial position then neither
rm has an incentive to change its fee and if )
then a succession of revenue-maximi ing calculations t picall drives to ard

The second form of unique convergence is

00

Under natural assumptions about and for odel 1, or for odel 2, the intermediate

cases of 0 ith 0, and 0 ith 0, are impossible For example,
0 0b de nition since 0 means that o ers its service free, hereas 0
for small positive  For a similar reason, 0 0 neveridenti es 0 0 asan S P We refer
to 00 asa because its t pical behavior for ith positive  and
has and ith 0 0 n this case, each tm

reduces its fee to increase market share and, hopefull , its revenue, but the long-run result is
that and are driven to ard ero

To avoid the ruinous competitive result of 0 0, the rms might revert to pricing
schemes that b pass our presumption of competitive revenue maximi ation This could involve
covert or overt collusion, perhaps ith a revenue-sharing agreement We ill not speculate on
the legalit of such schemes, but ill note e ects of collusion or cooperation as an aside to
our anal sis of non-collusive competitive pricing

An S P but not a price ar is an example of an equilibrium point in the pricing game

Follo ing usual practice, e de ne as an if, for all nonnegative ,
and

ur ensuing anal ses of odels 1 and 2 generall assume smoothness properties for , and

hich impl that is at least t ice di erentiable ith respect to , and is at

least t ice di erentiable ith respect to  Then the rst-order conditions for an equilibrium

point are
0 and —— 0
The usual second-order conditions for maxima require concavit , ie, 0 and
0 at , but to ensure that the de ning inequalities for an
equilibrium point hold globall and not ust in the vicinit of , it ma be necessar to

look be ond local concavit



ode : ormu ation and e amp e

For convenience here and later e refer to a potential subscriber as a alculations
appl to asingle period unless stated other ise  ontinuit and di erentiabilit properties ill
be noted in context

This section begins our anal sis of odel 1 The next fe paragraphs describe the essentials
of the model We then discuss an example ith speci ¢ formsfor and in hich both S Ps
and price ars arise depending on a parameter used in the de nition of = The latter part of
the section is devoted to proofs of the S P and price ar cases Further observations on the
model appear in the next section

A customer ith usage rate in odel 1 pa s to rm if it uses s service, and pa s

to rm if it uses s service ost minimi ation implies that such a customer

pa s to if and

pa s to if

given that it uses the service We assume that has no mass spikes, or is atomless, so that it
makes no di erence to the rms revenues hether is attributed to , as done here, or
to
n odel 1, is the probabilit that a customer actuall subscribes hen it ould pa
to do so We assume that is di erentiable, and anticipate that the likelihood of subscribing
decreases as the cost of doing so increases, in  hich case 0 t should be noted that
is de ned independentl of , hich is unrealistic ~hen heav -use customers are illing to

pa more for the service The possibilit of such dependence is incorporated in  odel 2

A customer ith usage rate in odel 1 ill subscribe ith probabilit min ,
and ill not subscribe, hence pa nothing to or , ith probabilit 1 min t
follo s that the average revenues to and  for a period in hich applies are

1
2
Assuming that the rms kno and , e areinterested in their choices of the fee under their
control for , for hen the desire to maximi e their o n revenues
i erentiation of ith respect to and ith respect to in 1 and 2



ields the follo ing rst-order conditions for an equilibrium point

- - 3

here f is an equilibrium point then 3 and must hold hen
We have considered a variet of speci cations of  and for hich 3 and have
no positive solution n most of these, 0 0 for a price ar 0 ever, some

speci cations have equilibrium points that are S Ps The follo ing example is illuminating

because it has both S Ps and price ars that are governed b a parameter in the speci cation

of

am le . Let ith 0 Then 0 1 and 0 ith 0 as
gets large  hanges in  allo us to calibrate the probabilit that a customer ill actuall
subscribe For example, if 10, then 10 090 hen 001, and 10 0 07
hen 00

Let be a negative po er function ith parameters and

1
0 and 2
The case of 2 is of limited interest, for then the population s expected usage rate, de ned
b , 18 in nite When 2, 2 For example, if 20
and 2 , the average number of hits per customer during a period is 0
We simplif 3 and b combining scale parameters and ith the decision variables

and tode ne and b

and

Substitution of the speci ¢ forms for and in 3 , integration, and reduction, sho s that

3 is equivalent to

2 1 0 1
eginning from given b 2, e make the variable substitution to change the
limits of integration to 0 to , then di erentiate ith respect to under the integral
sign to obtain
1
0 0




Another change of variable to sho s that is equivalent to

1

ence the rst-order conditions 3 and for an equilibrium point reduce to and ,

hich leave as the onl free parameter ts value determines hether there is an S P or a

price ar
The second-order conditions for maxima ith and also hold for ever 2 n
particular, given 0, there is a unique in 0 1 that satis es , and 0
for the corresponding Similarl , given 0 1, there is a unique 0 that satis es
, and 0 for the corresponding We shall not go into the details
of the second-order conditions but ill verif uniqueness of an equilibrium point as a
function of hen 2 3
heorem
2 3
3 00
We comment on the e ects of in the S P region 2 3 before turning to a proof
of the theorem As increases from 2 to ard 3, rm s equilibrium fee decreases

from approximatel 03 c to 0 This is sho n on the left part of Figure 1 The equilibrium
fee for  also decreases steadil via as e approach the price- ar region of
3 At the same time, the revenue ratio at equilibrium, , favors rm

slightl but approaches parit as approaches 3 see the right part of Figure 1 We note also

that both rms equilibrium revenues go to 0 as 3 Speci c calculations sho that s
revenue at 2 is 2 of its revenue at 2 at 27 , srevenueis 22 of its revenue
at 2

Figure 1 about here

The rest of this section outlines the proof of Theorem 31 We omit several algebraic and
computational details but ill pa close attention to the main steps in the proof

We begin b substituting the value of given b into  , and then change the variable

in to so that the integral goes from 0 to 1 The integral in then

becomes 1 , here




iven and hold for some 0 1 if and onl if 0 for some in 01

ecause 2 and e ant0 1, the bracketed part of the numerator in 7 is
negative for 2 11 and is positive for 2 11
ence 0 onl if1 2 11 ,ie, onl if —, for other ise
0
Since - 0, continuit of in assures the existence of an equilibrium , given
,if 0 0, here 0 lim At 2, here the integral of equals
1 2, ehave 02 In For 2, eset 0in 7 and

integrate to get

0 12 3 1 1 2 2
Let 2, so
0 0 L ! 13
The inequalit here holds hen 0 1, ie hen 2 3, but 03 0 and
0 0 for 3  omnsequentl , e are assured of an equilibrium point hen 2 3

but not hen 3

Support for the nonexistence of an equilibrium hen 3 comes from the derivative of
ith respect to near 0 Let , and let 0 lim At
2, 02 , and at 3, 03 12 2 2 013 For other 2, e
nd that
0 7 7 1 0
When 0 1, the numerator is positive and the denominator is negative  hen 1, the

numerator is negative and the denominator is positive Therefore

0 0 for all 2

n particular, begins at or belo  ero at 0 henever 3, then decreases
We con rm the nonexistence of an equilibrium point for 3 b considering a crude but
informative approximation of the integral in 7 that ignores the exponential factor , hich
equals 1 at 0 and decreases to at 1 for example, 090 and 071
enote b the integral obtained from 7 b replacing b 1 ntegration sho s

that 0 ith 2 0 if and onl if

3 3 1 1 8

10



This applies also to 2 b letting 0 Re riting 8 as

1 3 1 3 1 1 3 1 2 1

and letting 0, egetl The unique solution to this equation for 0 -
is, approximatel , 031 2 We denote this solution value b 2 for 2

We claim that 8 also has a unique solutionin 0 1  that e denoteb for ever
2 3,1ie, for ever 0 1 1 erentiation of the left side of 8 ith respect to
sho s that the derivative equals 0 at t o points, namel 1 and 1 For 0 1,
the left side of 8 equals 1 3 at 0, hich e noted earlier is less than 1 ,
increases to a maximum at 1 , then decreases to 1 at 1 t follo s for each
such  that there is a unique 2 in 01  that satis es 8 see Figure 2

Figure 2 about here

t must be true for 2 3 that 0 because our 0 computation
ignored in 7, and the negative part of for 2 11 is
eighted b larger values of than the positive part for 2 11 t
follo s that the actual equilibrium point for 0 is slightl less than to

correct for the exponential factor Percentage ise, the correction is fairl modest, and is ver

small for near 3, here is near to 0 and there is little variation in as goes from 0
to 1
Suppose 3, here 0 0 and 0 0 Then 0 for no 0 1
For example, hen 3 1 , the left side of 8 increases from at 0 up to a maximum
and then decreases to 1 at 1 alternativel , 8 reduces to 1 1 When
3, the left side of 8 begins above 1 , increases, and then decreases to 1
at 1 f 3 had an equilibrium  for 0,0 1 , then the inverse of the

argument in the preceding paragraph sho s that there must be a  slightl larger than  at

hich 0 Since nosuch  exists, e conclude that and have no equilibrium
point  hen 3

For 2 3, ehaveseen that thereis a unique in 01 at hich 0

We have not et proved, ho ever, that 0 for a for 2 3 To

11



prove uniqueness, e consider the ratio of the t o main pieces of 7 as follo s

Point  is an equilibrium point if and onl if 1 We claim that 0 for
2 3 and 01 , hich is clearl su cient for uniqueness i erentiation sho s
that 0 if and onl if
1 1 1 1 1 1
1 1 1 1 11 1
here 2 and 1 mitting , hich is understood to
be part of ever integral eg, denotes , the preceding inequalit rearranges to
1 1 3 2 2
1 1 1 1
1 3 2 2 2 1 1
All coe cient multipliers of the integrals are positive, except that 1 0 hen is
near —  ecause
0
1 1
e have 1 1 ence 0 if it is true also that
1 3 2 2 1 — 1 1 —_—
1 3 2 2 2 1 —— 1 —
here 1, 1, 1, and 1 Anal sis of the
preceding inequalit sho s that it holds for 0 - and 2 3 For example, hen

—, it reduces to

3 1 3 1 — 1 —
8 1 2 —
t is not hard to sho for this special case that - and -,
hich in con unction ith 1 is enough to validate the inequalit for all 23

We omit further details

12



To summari e, e have a unique equilibrium point for each 2 3, here

0 and  is computed from  in There is no equilibrium for and
hen 3 The proof of Theorem 3 1 ill be completed b sho ing that isan S P
in terms of and for 3, and that a price ar occurs if 3
iven , the unique positive solution in  for is
5 1 9
This is the value of that maximi es hen is given As before, 2 When
1 3 , it is easil seen that ith given b 9 The same thing is true for
1, but not for 1 in the 2 3 range
Similarl , given in 0 1, there is a unique 0 that satis es |, and this is the value
of that maximi es hen is given When 3, is
2 0 10
f e set here and replace b 1, the resulting integral equals 0, and because
decreases in it follo s that the left side of 10 is negative hen The sign of the
left side of 10 is the same as the sign of ,80 hen is near e have alread
exceeded the value of that satis es 10 onsequentl
3 hen is given and 10 holds
The same conclusion holds for 3 and, as proved later, for 2 3
Suppose 3, and assume ithout loss of generalit that rm  begins our iterative
process described for  in Section 2 ith Then rm s best response is ,
here isgiven b 9  hen iven , s best response via 10 is Then
s best response to is , here isgivenb 9 hen ontinuation

ields the best response and counter-response sequence

This sequence converges either to 00 orto 00 o ever, it cannot converge to
, for suppose that 0 and, at some ith 0 2 1
Then , SO
1 1 2
ut the right side of this inequalit is less than |, so , a contradiction

13



We conclude for 3 that 0 0 Similar reasoning ields the same conclusion for
ever 3, so there is a price ar henever 3
Assume henceforth that 2 3 We ill ork itha xed 2 and denote its

unique equilibrium pair b

Let be the value of 1 given b 9 that satis es
2
t is easil checked that 0 0, — —, and  is concave increasing ith slope
1 ato
1
0o =

Figure 3 sho s  as the bo ed curve through — —

Figure 3 about here

Let be the unique that satis es learl , 0 0 and is increasing and

continuous as sho n in Figure 3 We verif three other properties of

for 0
0 1 , here 1 is the unique positive solution to
2 1
In 1 — hen 2 11
! 1 1 2 ! 1 1 vt hen 2 12
1 1 1 2

Propert sa s that  sta s to the left of the line on Figure 3 Propert sho s that
the slope of vie ed in the usual artesian orientation is less than the slope of  at the
origin t follo s that  begins belo going out from the origin, then crosses  at )
and lies above  thereafter ecause the equilibrium point is unique, there is exact] one point
above the origin at hich  and  cross our case or touch ithout crossing

Propert is proved as follo s Replace the upper limit of integration b  and replace

b 1in , then integrate to get

1 2 2




hen 2 We omit the calculation for 2 The preceding fraction is negative for

2 3,ie 2 2, and hen is reconsidered, e conclude that

t follo s that the upper limit of integration must be increased for the integral to vanish, or
that
To compute 0 for |, e disregard in because it is virtuall constant in 0
hen is near 0 and has no e ect on the limit as e take to 0 A change of variable from

to gives

The integral on the right, hen set equal to 0, ields 11 for 2 and 12 for 2 The
unique solution to 11 is, approximatel |, 21 i erentiation of the left side of 12  ith
respect to  sho s that it decreases in 1 and hence gives a unique 1 at hich the left
side equals 1 2 ecause the solution approximates , O ,
hich becomes exact in the limit, is approximated b 1 and e have 0 1

Propert is trivial for 2 0 For 2, the decreasing aspect of the left side
of 12 implies if that side is less than 1 2 hen is replaced there b 1
The desired inequalit reduces to 1 1 3 1 As noted earlier, this holds for
0 1

t remains to sho that isan S P,ie that for an 0 is

such that and here

and for 12

Suppose —  We have 1b 9 forall ,and b for all As long as
— , After a nite number of iterations, hich depends on  and , is
su cientl close to — so that —— tsu ces henceforth to suppose that 0 —

f then and for all f —, e get the arro ed
ig ag pattern bet een and  pictured above on Figure 3 0 , e get
the arro ed ig ag pattern bet een  and  pictured belo on Figure 3 We claim
that and for the cases The onl a convergence to could

fail is to get stuck at some Suppose this happens above so that



converges to and converges to Then

and , so continuit implies that and
This implies that is an equilibrium pair, contrar to as the unique equilibrium A
similar contradiction obtain belo ,and e conclude in all cases that

ode : rice ars and co usion

xample 1 demonstrates the sensitivit of equilibrium existence to the forms assumed for
and The present section elaborates on this and related issues in three a s

First, e sho that there is a general condition for  that invariabl implies a price ar

for forms of n particular, if is concave increasing up to a maximum and decreases
thereafter, and if is a negative exponential densit , then 00
Second, e describe four pricing schemes that avoid a ruinous price ar hen 00

n t o of these, one rm announces and maintains a xed fee hile the other maximi es its
revenue given the announcement The other t o schemes involve cooperative and perhaps
covert collusion We compare the four schemes revenues and note that a collusive scheme
maximi es overall revenues

Third, e discuss implications of odel 1 that can occur hen  is positive and con-
stant Although unrealistic in practice, this allo s us to illustrate interesting cases of multiple

equilibria

The follo ing theorem sho s that a price ar can obtain under fairl general conditions

ts assumptions for  hold for a ide variet of speci ¢ forms, including that of xample 1

We let, for all 0

heorem
0
00
Proo . The theorem s assumptions for and impl that , hose derivative for
is 1 , increases from 0 at the origin to ard as , and is
negative thereafter t follo s from 1 that is maximi ed at hen satis es



We denote this value b learl , and 0 as 0 n

addition, our assumptions impl for , SO for all  Thus
min
quation 2 implies that 0 if and onl if
1 0 13
here the sign of is the same as the sign of the left side of 13 The derivative of

the integral in 13  ith respect to equals 1  times

2
This approaches 0 as 0, it is positive for small 0, and it is negative for 2
because 2 0 for all 0 hen 2 We shall not prove that there is a
unique that satis es 13 , given , but note that some such maximi es hen is
given  oreover, such a satis es
2
- 5 1
for the follo ing reasons, assuming that The argument 1 in 13
increases from 1 at 0 up to 2, passing through 0 at ecause s
concave increasing on 0 , e consider the limit of the case for  that forces to be as
close to as possible hen is the largest solution to 13 This limit is , here
is a positive constant, because it makes the negative part of the integral  from 0 to

as absolutel small as possible hile maximi ing the positive part for , given a  xed
value of Set 1 ith no loss of generalit Then, ith , the left side of
13 is

When is replaced b 1, the resulting integral equals 0 if and onl if 2 3 The
derivative of the preceding integral is negative for all 2, and because is larger

for its negative part than its positive part, it follo s that the integral can equal 0 onl if

2 3 ence 1 holds hen maximi es for a given
No suppose that rm  begins our iterative process ith 0, rm counters ith
that maximi es , rm counters this itha that maximi es ,
and so forth We have and 2 3 for 12 ,so 00

ence the conditions of the theorem induce a price ar

17



A particular case of Theorem 1 occurs hen , as in the preceding section We
outline four pricing schemes for the rms that circumvent a price ar, and note their revenue
implications for this and

Scheme 1 Firm  chooses a xed subscription fee per period and announces that it ill
not deviate from this fee When sfeeis , rm  chooses to maximi e and,
kno ingthis, chooses tomaximi e omputations sho that isapproximatel

07 and 07 28 To illustrate these fees, suppose 00 and 110

Then 1 and 0 7, so if revenue in measurement in dollars, charges 1 per period and

charges 70 cents per hit As one ould expect, tm  gets the lions share of the business
the revenue ratio at the solution point is 032

Scheme 2 Firm  chooses a xed per-use fee and announces that it ill not deviate from
this fee  When sfeeis , rm  chooses to maximi e and, kno ing this,

chooses to maximi e n this case is approximatel and 0

When 00 and 1 10, charges 10 per period and charges 2 per hit The revenue

ratio at the solution point is 278
The of the rms revenues per customer is 019  for scheme 1 and 02 for
scheme 2, or 3 80 and 00 respectivel  hen 00 reater sums are possible hen

and  collude, to the detriment of customers This is illustrated b t o collusion schemes
Scheme 3 The rms agree to set so that their revenues are equal and as large as

possible That is, the maximi e

sub ect to The solution here is approximatel 1 38 0 ith
0 303

Scheme  The rms collude to maximi e , hich ould be the monopolist

solution if  and ere the same rm, and agree to split the total revenue equall  The

monopolistic maximum occurs hen is e ectivel and 1 The total revenue per

customer, all of hich comes from s =xed subscription fee, is 038 , hichisa

21 increase over scheme 3 and a 9  increase over scheme 1 When 00, rm charges

20 per period in scheme

The follo ing table sho s the revenues per customer per period for the rms hen

18



00 110

rm A rm total
scheme 1 | 093 2 87 380
scheme 2 | 3 8 132 00
scheme 3 | 303 303 0

scheme 3 8 3 8 73

We conclude our present remarks for odel 1 b considering the unrealistic but anal ticall

informative case in hich  is constant and positive Assume that 0 for all
Then the rst-order conditions 3 and for an equilibrium reduce to
1
1
here The proof of Theorem 1 sho s that if is a negative exponential ith
then 0 0 When is a negative po er function as in xample 1 ith
parameters 0 and 2, a succession of fee changes and counterchanges drives
to ard
n some cases, 1 and 1 have a unique solution 0 An example arises hen is a

particular convex combination of a negative exponential and a negative po er function

ith 2, sa 1 , ith 0 1 The particular de nes a stable
knife-edge situation, for if then the combination 1 ields 0 0,and
if then 1 forces
We consider further the particular case of 1 , here is an equilib-
rium point if and onl if , ith This case has a continuum of equi-
librium points f is not an equilibrium point, then a revenue-maximi ing change b one

rm but not the other creates an equilibrium point at hich neither rm bene ts b a further
unilateral change o ever,if both rmschange naivel and simultaneousl in ever period, e
get an alternating pattern in hich ever other period has and the in-bet een
periods have Finall , because is <xed and hen

, both rms have an incentive to collude and make and arbitraril large
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ode

odel 2 has t o features not shared b odel 1 First, it allo s direct interdependence
bet een a illingness-to-pa budget constraint  and usage rate in its oint probabilit
densit function Second, it allo s restricted usage, as hen a usage-rate- customer
makes onl hits during a period because its cost other ise ould exceed
We assume that is continuous and there is no explicit default option, so  accounts for

all customers  ur cost-minimi ation assumption implies that a customer ith parameter pair

in a period ith fee pair ill
choose and pa to if min , and
choose and pa min to  if min
ecause of continuit , it makes no di erence hether min is attributed to  or

f either the illingness-to-pa amount is less than , or the full-usage per-hit-basis cost

is less than , then and onl then ill the customer subscribe to rm f it does, and
if , then the customer limits its hits to such that Alternativel , a customer
ith min subscribes to , uses its full hit rate , and pa s  Figure describes a

customer s choice and pa ment under odel 2

Figure about here

t follo s from odel 2 that the average revenues per customer to and  for a period

in  hich applies are

17

18

We assume that each rm kno s and ants to maximi e its o n revenue b choice of the
fee under its control
i erentiation of ith respect to  and ith respect to in 17 and 18

gives the follo ing rst-order conditions for equilibrium
- - 19

— - 20

We have examined man speci ¢ forms of |, both hen and are bounded above and hen

the are unbounded, and found in most cases that 19 and 20 have no positive solution

20



The predominant result is 0 0 The simplest examples of a price ar in the normali ed
bounded case of 01 are 1, , and 1 An
unbounded example is

The propensit of odel 2 to induce a price ar is explained in part b considering sit-
uations in  hich  is separable We sa that is if there are probabilit densit

functions for and for such that

Separabilit has the defect that the expected usage rate given , is independent of
We normall expect to increase in  since it seems likel that customers ho are
illing to pa more for the service ill, on average, have greater usage rates o ever, e
assume separabilit in hat follo s because it simpli es the anal sis and still allo s us to

demonstrate ke points

When is separable, 19 and 20 reduce to

1 — 1 -

here and  are the cumulative distribution functions of and |, respectivel Rearrange-

ment of the rst equation and a change of variable to in the second ield
1 - 1 -1 - 21
1 - 1 - 22

hich are tantamount to 19 and 20 , respectivel , under separabilit =~ We refer to separable
as if for each 0, 22 holds for at most one 0 When regularit holds and
is the unique solution to 22 for a given , the left side of 22 is less than the right side
for and exceeds the right side for Regularit holds for man cases of and
although it is certainl possible to specif =~ and that violate it
The follo ing theorem gives fairl general conditions under hich 21 and 22 have no
positive solution and hence no equilibrium n most such cases, 0 0 Apart from

regularit , the theorem focuses on the usage rate densit
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heorem

1 0 23
0 21 22
Proo . iven the initial h potheses of the theorem, e sho that if 21 and 22 have a
positive solution, then 23 is contradicted
Assume that is separable and regular, is di erentiable, and 0 0 satis es 21

and 22 We parameteri e the di erence of the t osides of 22 b replacing b  and rite

1 — 1 —
learl , 0 0 and - 0 regularit ,  does not vanish else here 1t is
easil seen that 0 for small 0 so, as approaches from the left, increases
ith derivative 0 at , here
1 _ _ _ _
Then 0 if and onl if
-1 -1 _

According to 21 , this inequalit is tantamount to

o ever, this contradicts 23
When is bounded ith domain 0 , e have found that 23 holds for a variet of
densities, and it takes some imagination to formulate an  that violates 23 on a subdomain
of 0 ven then there is no assurance that 21 and 22 have a positive solution n fact,
e have no explicit example of an S P for odel 2 in hich is separable and and are
bounded
Plausible failures of 23 are easier to imagine hen is unbounded A case in point

appears in our concluding example
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am le . Assume that

for all 0

1 1
here and have been scaled so that the additive constants in the denominator are both 1
Then 2 in the units used for and For example, if each  unit represents
10, and each  unit represents 7 hits, then the average illingness to pa is 20 per period
and the mean usage rate prior to budget-induced reductions is 1 hits per period
The preceding  admits a unique positive solution for 21 and 22, at approximatel

01 013 ,thatisan S P n the present case,

1 1
hich increases for xed from 0 at 0 up to a maximum hen satis es

1
2

and then decreases The preceding equation is 21 quation 22 is

1 1
1 1 1 1

hich substitution from 21 reduces to

1 1 2 1 3 1
The unique solution to this is approximatel 01 ,and e then obtain 013 from 21
A proof that is similar to aspects of the proof of Theorem 3 1 sho s that the solution is an
S P

With a unit of  representing 10 and a unit of representing 7 hits, the equilibrium

solution 01 013 puts sfeeat 1 0 per period and s fee at about 19 cents
per hit The average revenues are 0038 and 003 ,so hasaslight
edge over

These revenues translate into an average of 38 cents per customer for and 3  cents
per customer for The total of 7 cents per customer seems lo in vie of the average
illingness to pa of 20, but is a consequence of competition f rm  stopped o ering the
service, leaving ithout competition, ould change from 01 to 2, or 20, and reali e
a 10-fold increase in revenue to 3 8 per customer on average n other ords, about 19 of
the original customers ould pa the ne 20 fee and the other 81 ould stop using the

service altogether
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iscussion

ur purpose has been to anal e competition bet eent o rms that o er the same infor-

mation service but use di erent fee arrangements T o models ere emplo ed to investigate
competitive pricing modeled as a noncooperative repeated game A predominant nding for
both models as that competition often leads to a ruinous price ar o ever, there are situa-
tions that have stable equilibrium prices for the rms When that occurs, the total revenues of
the rms are ell belo a monopolist s revenues, and the rm hich uses a xed subscription
fee per period tends to do slightl better than a rm hich charges on a per-hit basis

We noted earlier that potential subscribers often have a preference for the xed subscription
fee arrangement, even hen the ould pa more this a than for a per-hit arrangement
This can be factored into our models b introducing subscription fee premiums For example,
a 20 premium in odel 1 ould change the customer s decision rule in Section 3 to

pa to if 12 and
pa to it 12

given that the service is used Revenue equations 1 and 2  ould then be changed b
replacing b 12 in the integration limits Such changes appear to have
relativel little e ect on the status of competitive equilibrium although the obviousl alter
the revenue ratio in s favor hen an S P exists

We conclude ith several challenges that could be addressed b future research

1 xtend Theorem 1 to usage rate densities other than the negative exponential

2 onstruct a plausible separable for odel 2 that has a bounded domain and an S P

3 onstruct an interesting nonseparable for odel 2 of bounded or unbounded domain

that hasan S P

etermine for either model if it is possible to have at an S P
The S P examples in the paper all have ,and if in xample 2
is replaced b 1 1 1 , egetanS P for hich ut e kno

of no case in  hich
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