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Abstract—Cognitive radio (CR) networks can re-use the RF
spectrum licensed to a primary user (PU) network, provided
that the interference inflicted to the PUs is carefully controlled.
However, due to lack of explicit cooperation between CR and PU
systems, it is often difficult for CRs to acquire CR-to-PU channels
accurately. In fact, if the PU receivers are off, the sensing
algorithms cannot obtain the channels for the PU receivers,
although they have to be protected nevertheless. In order to
achieve aggressive spectrum re-use even in such challenging
scenarios, power control algorithms that take channel uncertainty into account are developed. Both log-normal shadowing
and small-scale fading effects are considered through suitable
approximations. Accounting for the latter, centralized network
utility maximization (NUM) problems are formulated, and their
Karush-Kuhn-Tucker points are obtained via sequential geometric programming. For the case where CR-to-CR channels are also
uncertain, a novel outage probability-based NUM formulation is
proposed, and its solution method developed in a unified fashion.
Numerical tests verify the performance merits of the novel design.
Index Terms—Cognitive radio, power control, network utility
maximization, channel uncertainty, interference modeling, geometric programming.

I. I NTRODUCTION

C

OGNITIVE radio (CR) systems aim to make opportunistic use of the RF spectrum that has been licensed to (but
is not fully utilized by) primary user (PU) systems. Provided
that the interference channels from the CR transmitters to the
PU receivers can be accurately acquired through CR spectrum
sensing, judicious control of transmission powers of the CR
systems can protect the PU transmissions while maximizing
the CR network performance [1]. Such a coexistence strategy
is often termed as spectrum underlay [2].
However, typically due to lack of collaboration mechanisms
between PU and CR systems, reliably detecting the presence
of PU transmissions, and accurately estimating the CR-to-PU
channels require considerable effort. Particularly challenging
is to acquire these channels for “passive” PU nodes during the
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time these nodes do not transmit but just listen. Nonetheless,
those receivers still need to be protected under the PU-CR
hierarchy.
One way to estimate the potential PU receiver locations,
and eventually their fading channel gains, is to rely on the
idea of channel gain cartography [3]. Once the locations of
the PU transmitters are acquired through CR sensing [4], the
channel gain maps can predict the corresponding PU coverage
regions, in which the PU receivers must reside [5].
CR power control in underlay scenarios has been studied
often under the assumption of perfect CR-to-PU channel
knowledge [6]–[8]. Limited-rate feedback from the PU system
on instantaneous channel gains was assumed available, and
exploited for CR resource allocation in [9]. Focusing on a
single CR link and a PU link, [10] analyzed the ergodic capacity under Rayleigh fading using various channel uncertainty
models. The present work deals with multiple CR and PU links
when both log-normal shadowing and Nakagami small-scale
fading are accounted for.
Our approach is to exploit statistical channel knowledge
of the CR-to-PU channels, which may be obtained through
(imperfect) spectrum sensing, or from the channel gain cartography. Since the wireless channel is often modeled through
shadow fading as well as small-scale fading (on top of the
deterministic path loss), both sources of uncertainty are taken
into account. As PU protection must be enforced strictly,
probabilistic constraints are imposed in order to guarantee
that the interference power experienced by PU receivers stays
below a tolerable level within a prescribed probability.
Since exact evaluation of the interference probabilities is
not tractable, approximation techniques are employed. Specifically, the sum of interfering signal powers is approximated
as log-normal using the Fenton-Wilkinson method [11]. Then,
chance-constrained weighted utility maximization problems
are formulated. The problems turn out to be non-convex,
but can be reformulated so that their Karush-Kuhn-Tucker
(KKT) solutions are obtained via sequential geometric programming (GP). Although KKT solutions capture locally
optimal points and do not guarantee global optimality, this
is still remarkable considering the fact that the power allocation problems with perfect channel knowledge are also
typically non-convex and often tackled using a sequential GP
approach [12]. The sequential GP approach can benefit from
the availability of efficient interior-point solvers optimized
for geometric programs. The optimization is executed at a
centralized processor which acquires the necessary channel
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statistics, and feeds back the optimal variables to individual
CR nodes through the control channel.
The proposed approach is also extended to the case where
the channels between CR transceivers cannot be accurately
acquired as well. This may happen due to mobility of the CR
nodes, insufficient time for training owing to prolonged PU
activity, or ad hoc infrastructure of the CR network. To address
such a case, a robust network utility maximization (NUM)
problem is formulated, where the signal-to-interference-plusnoise ratios (SINRs) of the CR links are maintained within
prescribed outage targets. A log-normal approximation of
the SINR statistics proves to be vital for rendering such a
formulation tractable.
The rest of the paper is organized as follows. Sec. II describes the system model and formulates relevant optimization
problems. Sec. III approximates probabilistic interference constraints. Problem reformulation and solution based on sequential GP are described in Sec. IV. The extension to uncertain
CR-to-CR channels is treated in Sec. V. Sec. VI presents the
results from numerical tests, and Sec. VII concludes the paper.

Let {r𝑟 }𝑅
𝑟=1 denote the positions of 𝑅 PU receivers, and
suppose the statistics of the channel gains {𝑔xk →rr } of the
CR-to-PU links {x𝑘 → r𝑟 } have been acquired. One way to
obtain such statistics is to perform spectrum sensing to detect
the PUs and estimate the channels to them via reciprocity
when also the PU receivers transmit. Alternatively, {r𝑟 } may
denote candidate positions of the PU receivers that serve
as reference points for constraining interference to the PU
system. A way to obtain a reasonable set of reference positions
is to rely on the recently introduced notion of RF cartography.
For example, channel gain maps were employed as a means
to obtain an estimate of the PU coverage region in [5]. In [4],
the PU power spectral density (PSD) map was estimated to
reveal “crowded” regions in terms of PU presence. Hence, the
set {r𝑟 }𝑅
𝑟=1 may be obtained by discretizing the boundaries
of the PU coverage region.
Assuming incoherent superposition of CR waveforms [16],
the interference power experienced by PU receiver 𝑟 due to
CR transmissions is given by
𝑖𝑟 :=

Consider a CR network comprising 𝐾 transmitter-receiver
pairs, sharing spectrum bands licensed to a PU system. In
order to make opportunistic use of the spectrum under PUCR hierarchy, the CR system first employs spectrum sensing
algorithms to detect the PU system activity in space and time
domains [3], [4], and identify relevant parameters including
the number of active PUs. Based on the sensing results,
power control is subsequently performed to prevent excessive
interference to the PU system, and to maximize the CR overall
network performance. The focus of the present work is on this
resource allocation task.
Let x𝑘 and u𝑘 , for 𝑘 ∈ {1, 2, . . . , 𝐾}, denote the locations
of the 𝑘-th CR transmitter and receiver, respectively, and
𝑔xk →uk the channel gain of link x𝑘 → u𝑘 , which can be
expressed as
(1)

where 𝑔𝑘 collects the antenna and other propagation gains,
𝜂 is the path loss exponent, 𝑠xk →uk denotes shadow fading,
modeled as log-normal, and ℎxk →uk is the small-scale fading,
which is assumed to be Nakagami-𝑚 distributed, with 𝑚 ≥
1
2 [13, Ch. 2]. It is also assumed that small-scale fading is
independent across different links, and of shadow fading. On
the other hand, shadowing is allowed to be correlated across
links [14], [15].
Let 𝑝𝑘 denote the transmission power of CR 𝑘, and p :=
[𝑝1 , . . . , 𝑝𝐾 ]𝑇 collects the transmit-powers of all 𝐾 CRs.
Also, let 𝜋𝑘 denote the received PU signal power as well as
other interference measured at the 𝑘-th CR receiver. Then, the
instantaneous SINR at CR receiver 𝑘 can be expressed as
𝛾𝑘 := ∑𝐾

𝑘′ =1,𝑘′ ∕=𝑘

𝑝𝑘 𝑔xk →uk
𝑝𝑘′ 𝑔xk′ →uk + 𝜋𝑘 + 𝜎𝑘2

,

𝑝𝑘 𝑔xk →rr ,

𝑟 = 1, 2, . . . , 𝑅.

(3)

𝑘=1

II. S YSTEM M ODEL AND P ROBLEM F ORMULATION

𝑔xk →uk = 𝑔𝑘 ∣∣x𝑘 − u𝑘 ∣∣−𝜂 𝑠xk →uk ∣ℎxk →uk ∣2

𝐾
∑

𝑘 = 1, 2, . . . , 𝐾

(2)
where 𝜎𝑘2 is the receiver noise power at CR 𝑘. Define 𝜸 :=
[𝛾1 , . . . , 𝛾𝐾 ]𝑇 .

The power control problem of interest is to maximize
the network utility of the CR system while constraining the
interference to the PU system. Specifically, upon introducing
nonnegative weights {𝑤𝑘 }𝐾
𝑘=1 signifying the link priorities,
the following network-wide utility functions are of interest.
i) weighted sum-rate
∑ utility:
𝒰1 (𝜸(p)) := 𝐾
𝑘=1 𝑤𝑘 log2 (1 + 𝛾𝑘 (p)).
ii) weighted proportional
fairness utility:
∑𝐾
𝒰2 (𝜸(p)) := 𝑘=1 𝑤𝑘 ln (log2 (1 + 𝛾𝑘 (p))).
iii) weighted harmonic-mean-rate
utility:]
[∑
−1
𝐾
1
.
𝒰3 (𝜸(p)) :=
𝑘=1 𝑤𝑘 log2 (1+𝛾𝑘 (p))
iv) weighted minimum-rate utility:
𝒰4 (𝜸(p)) := min𝑘 𝑤𝑘 log2 (1 + 𝛾𝑘 (p)).
Different utility functions correspond to different CR scheduling strategies, and capture the trade-offs between system
efficiency and user fairness [17], [18]. System efficiency is
maximized by adopting 𝒰1 (⋅), in the sense of weighted total
rate of the system is maximized, while it is forgone the most
by using 𝒰4 (⋅). On the other hand, in terms of fairness, the
order is reversed; i.e., 𝒰4 (⋅) yields the most fair resource
allocation, and 𝒰1 (⋅) the least fair one. Utilities 𝒰2 (⋅) and
𝒰3 (⋅) stand in between the two extremes.
If the CR-to-CR channel gains {𝑔xk →uk } as well as the
CR-to-PU channel gains {𝑔xk →rr } were perfectly known to
the CR network, the optimal transmission power vector p
that maximizes the preceding utilities without causing harmful
interference to the PU system would be obtained by solving
(P1)

max 𝒰𝑛 (𝜸(p))

(4a)

p≻0

,
subject to 𝑝𝑘 ≤ 𝑝max
𝑘
,
𝑖𝑟 (p) ≤ 𝑖max
𝑟

𝑘 = 1, . . . , 𝐾
𝑟 = 1, . . . , 𝑅

(4b)
(4c)

where 𝑛 ∈ {1, . . . , 4}, 𝑝max
is the maximum allowed transmit𝑘
power for CR 𝑘, and 𝑖max
denotes
the maximum interference
𝑟
power that can be tolerated by PU receiver 𝑟. Problem (P1)
is in general non-convex, but it has been reported that a
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successive GP technique can be employed to obtain nearoptimal solution efficiently [12].
In practice, precise knowledge of the CR-to-PU channels
requires explicit coordination between the PU and the CR
systems. In typical CR scenarios where such coordination
is infeasible, statistical knowledge of {𝑔xk →rr } may instead
be used. In this case, to protect the PU transmissions under
channel uncertainty, probabilistic interference constraints are
well motivated. Thus, the problem of interest becomes
(P2)

max 𝒰𝑛 (𝜸(p))

(5a)

p≻0

subject to

,
𝑝𝑘 ≤ 𝑝max
𝑘
max
Pr{𝑖𝑟 > 𝑖𝑟 } ≤ 𝜖𝑟 ,

𝑘 = 1, . . . , 𝐾
𝑟 = 1, . . . , 𝑅

(5b)
(5c)

where 𝜖𝑟 > 0 is a prescribed parameter upper-bounding the
probability that the CR interference at PU receiver 𝑟 exceeds
. On top of the non-convexity issue, an
a given threshold 𝑖max
𝑟
additional challenge in solving (P2) is to obtain a tractable
closed-form expression of the probability in (5c).
In addition to the CR-to-PU channel uncertainty, the channels between the CR transceivers may also contain uncertainty due, e.g., to insufficient training compared to the speed
of channel variation. To address such a case, a chanceconstrained NUM formulation is proposed where outage probability constraints are imposed on a per-CR link basis.
Denote as 𝛾¯𝑘 > 0 the SINR target on CR link x𝑘 → u𝑘 ,
¯ := [¯
𝛾1 , . . . , 𝛾¯𝐾 ]𝑇 . Also, let 𝜈𝑘 > 0 be a pre-specified
and 𝜸
parameter representing an upper-bound to the probability of
failing to achieve the SINR target on link 𝑘, selected according
to a link quality requirement. Then, a chance-constrained
NUM problem can be formulated as
(P3)

𝜸)
max 𝒰𝑛 (¯

(6a)

p≻0
¯ ≻0
𝜸

subject to 𝑝𝑘 ≤ 𝑝max
,
𝑘

𝑖max
}
𝑟

Pr{𝑖𝑟 (p) >
≤ 𝜖𝑟 ,
Pr{𝛾𝑘 (p) < 𝛾¯𝑘 } ≤ 𝜈𝑘 ,

𝑘 = 1, . . . , 𝐾

(6b)

𝑟 = 1, . . . , 𝑅
𝑘 = 1, . . . , 𝐾

(6c)
(6d)

where 𝑛 ∈ {1, . . . , 4}. In section V, an approximation for
the SINR will be employed to obtain a tractable constraint in
place of (6d). Then, (P3) will be reformulated and solved in
the same framework as for solving (P2).
III. A PPROXIMATION OF I NTERFERENCE C ONSTRAINTS
In order to tackle (P2), the chance constraints (5c) must be
written explicitly in terms of the optimization variable p. As
the random variable (r.v.) 𝑖𝑟 involves summation of powers
affected by possibly correlated shadow fading and small-scale
fading, direct characterization of its distribution will not lead
to a tractable optimization formulation. To sidestep this hurdle,
the distribution of 𝑖𝑟 is approximated in the sequel.
First, let us focus on the composite fading 𝑙xk →rr :=
𝑠xk →rr ⋅ ∣ℎxk →rr ∣2 , which is denoted in dB as 𝐿xk →rr :=
10 log10 𝑙xk →rr . Upon denoting the mean and the variance of
the shadowing component 𝑆xk →rr := 10 log10 𝑠xk →rr in dB
as 𝜇𝑆xk →rr and 𝜎𝑆2 x →rr , respectively, the probability density
k
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function (pdf) of r.v. 𝑙xk →rr is given by the Gamma-lognormal density
∫ ∞ ( )𝑚 𝑚−1
𝑚𝑙
𝑚
𝑙
𝑓𝑙xk →rr (𝑙) =
𝑒− 𝑢
𝑢
Γ(𝑚)
0
1
𝑒
⋅√
2𝜋𝜅𝜎𝑆xk →rr 𝑢

−

(
10 log10 (𝑢)−𝜇𝑆

)2

xk →rr

2𝜎2
𝑆x →rr
k

𝑑𝑢 (7)

1
where 𝜅 := 10
ln 10, and Γ(⋅) is the Gamma function. It is
known that the pdf in (7) can be well-approximated by the
log-normal density as [13, Ch. 2]

1
𝑓𝑙xk →rr (𝑙) ≈ √
𝑒
2𝜋𝜅𝜎𝐿xk →rr 𝑙

−

(
10 log10 (𝑙)−𝜇𝐿

)2
xk →rr

2𝜎2
𝐿x →rr
k

(8)

2
where 𝜇𝐿xk →rr and 𝜎𝐿
are expressed in terms of Euler’s
xk →rr
constant 𝐶 ≈ 0.5772 and Hurwitz’s zeta function 𝜁(⋅, ⋅) as
(
)
𝑚−1
∑ 1
+ 𝜇𝑆xk →rr (9)
𝜇𝐿xk →rr := 𝜅−1 − ln 𝑚 − 𝐶 +
𝑚′
′
2
𝜎𝐿
x

k →rr

:= 𝜅−2 𝜁(2, 𝑚) + 𝜎𝑆2 x

𝑚 =1

k →rr

.

(10)

The approximation in (8) is quite accurate in the propagation
scenarios of practical interest. Specifically, a good approximation is obtained for 𝜎𝑆xk →rr ≥ 6 dB when 𝑚 = 1; for
𝜎𝑆xk →rr ≥ 4 dB when 𝑚 = 2; and, for any 𝜎𝑆xk →rr when
𝑚 ≥ 4 [19]. The approximation was used in [16] in a cellular
network context, and more recently for interference modeling
in CR networks [20].
Under (8), the overall channel gain 𝑔xk →rr is also approximately log-normal [cf. (1)]. Let 𝐺xk →rr := 10 log10 𝑔xk →rr
denote the Gaussian-approximated channel gain in dB of link
x𝑘 → r𝑟 , and let 𝜇𝐺xk →rr := 10 log10 (𝑔𝑘 ∣∣x𝑘 − r𝑟 ∣∣−𝜂 ) +
𝜇𝐿xk →rr and 𝜎𝐺xk →rr := 𝜎𝐿xk →rr be its mean and standard
deviation. Furthermore, let 𝐶𝐺xk →rr ,𝐺xj →rn := 𝔼{(𝐺xk →rr −
𝜇𝐺xk →rr )(𝐺xj →rn − 𝜇𝐺xj →rn )} denote the cross-covariance
of 𝐺xk →rr and 𝐺xj →rn for (𝑘, 𝑟) ∕= (𝑗, 𝑛).
Thus, the r.v. 𝑖𝑟 can be viewed as a sum of (possibly
correlated) log-normal r.v.’s. Since an exact expression for the
distribution of a sum of log-normally distributed r.v.’s is still
too cumbersome for our purpose, further approximation is pursued. The Fenton-Wilkinson method [11] and the SchwartzYeh method [21] were originally developed to approximate
the distribution of a sum of independent log-normal r.v.’s
by another log-normal r.v. via a cumulant-matching technique [22]. These methods have been extended to the case
of correlated log-normal r.v.’s in [23]. The Fenton-Wilkinson
method-based technique is suitable for our purpose due to its
accuracy over a wide range of parameters, and the simplicity
of the resultant. More recent work has been reported on more
elaborate approximation [24], but may be too complex for our
optimization framework.
Let 𝐼𝑟 := 10 log10 𝑖𝑟 , and consider a Gaussian r.v. 𝐼˜𝑟 with
mean 𝜇𝐼˜𝑟 and variance 𝜎𝐼2˜ . By matching the first two moments
𝑟
˜
of 𝑖𝑟 and ˜𝑖𝑟 := 𝑒𝜅𝐼𝑟 , one can determine [23]
(
)
)
(
𝜉
𝜉𝐼𝑟 ,2
𝐼
,1
𝑟
−1
2
−2
(11)
, 𝜎𝐼˜𝑟 = 𝜅 ln
𝜇𝐼˜𝑟 = 𝜅 ln
1/2
𝜉𝐼𝑟 ,1
𝜉𝐼𝑟 ,2
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where

(

𝜉𝐼𝑟 ,1 :=
𝜉𝐼𝑟 ,2 :=

𝐾
∑

𝑝𝑘 𝑎𝑟,𝑘

𝑘=1
𝐾
∑
𝑝2𝑘 𝑏𝑟,𝑘
𝑘=1
𝜅𝜇𝐺x

𝑏𝑟,𝑘 := 𝑒

2𝜅𝜇𝐺x

:= 𝑒

k →rr

+2

⋅𝑒

k

𝜅2
2

𝐾
∑

𝐾−1
∑

𝑝𝑘 𝑝𝑗 𝑏′𝑟,𝑘,𝑗

2
+ 𝜅2 𝜎𝐺
x

k →rr

2
+2𝜅2 𝜎𝐺
x

(12c)

𝑟 = 1, . . . , 𝑅.
(15c)

j →rr

k →rr

2
+𝜎𝐺
x

j →rr

)
+2𝐶𝐺x

k →rr

,𝐺x →rr
j

. (12e)

Thus, given the first- and the second-order statistics of the
shadow fading in dB scale, and the 𝑚 parameter of the
Nakagami-𝑚-distributed small-scale fading, the distribution of
the dB-scale interference 𝐼𝑟 at PU 𝑟 can be approximated
as Gaussian with mean and variance given in terms of the
optimization variables collected in the vector p.
Based on the foregoing discussion, and with 𝐼𝑟max :=
, the interference constraints in (5c) can be ap10 log10 𝑖max
𝑟
proximated by
)
(
𝐼𝑟max − 𝜇𝐼˜𝑟 (p)
max
˜
Pr{𝐼𝑟 (p) > 𝐼𝑟 } ≈ 𝑄
≤ 𝜖𝑟 ,
(13)
𝜎𝐼˜𝑟 (p)
∫∞
𝑡2
𝑟 = 1, 2, . . . , 𝑅, where 𝑄(𝑥) := 𝑥 √12𝜋 𝑒− 2 𝑑𝑡 denotes the
Gaussian tail function. Constraints (13) can be equivalently
written as
𝜇𝐼˜𝑟 (p) + 𝑄−1 (𝜖𝑟 )𝜎𝐼˜𝑟 (p) ≤ 𝐼𝑟max ,

(15a)

(12b)

(12d)

k →rr

𝑟 = 1, . . . , 𝑅

𝑟 = 1, . . . , 𝑅
(15b)
√
𝜙𝑟 (z𝑟 ) := ln(𝑧𝑟,1 ) + 𝑄−1 (𝜖𝑟 ) ln(𝑧𝑟,2 ) − 𝐼𝑟max ≤ 0,

→rr +𝜅𝜇𝐺x

(
2
𝜎𝐺
x

𝜇𝐼˜𝑟 (p) ≤ ln(𝑧𝑟,1 ),

𝜎𝐼2˜𝑟 (p)

𝑘=1 𝑗=𝑘+1

k →rr

𝜅𝜇𝐺x

(12a)

2

𝑎𝑟,𝑘 := 𝑒
𝑏′𝑟,𝑘,𝑗

the following set of constraints equivalent to (14) is considered:

)2

≤ ln(𝑧𝑟,2 ),

Using (11), and after some manipulations, it is possible to
express (15a) and (15b) as the following ratios of posynomials [29].
𝜉𝐼2𝑟 ,1 (p)
2𝜅 ≤ 1,
𝜉𝐼𝑟 ,2 (p)𝑧𝑟,1
𝜉𝐼𝑟 ,2 (p)
≤ 1,
𝜅2
𝜉𝐼𝑟 ,1 (p)𝑧𝑟,2

IV. S EQUENTIAL GP S OLUTION
A. Problem Re-formulation
Substituting (11) into (14) still does not lead to a tractable
formulation. Instead, by introducing a set of positive auxiliary
variables z𝑟 := [𝑧𝑟,1 , 𝑧𝑟,2 ]𝑇 , with 𝑧𝑟,2 > 1, 𝑟 = 1, 2, . . . , 𝑅,

(16a)

𝑟 = 1, . . . , 𝑅 .

(16b)

The objective functions also need to be re-formulated.
Toward this objective, convenient surrogates for the utility
functions 𝒰𝑛 are derived next for 𝑛 ∈ {1, . . . , 4} (see
also [17]).
i) Weighted sum-rate
utility. Maximizing 𝒰1 amounts to
∏
(1
+ 𝛾𝑘 (p))−𝑤𝑘 . When the weights
minimizing 𝐾
𝑘=1
𝑤𝑘 are all equal to unity, the method to be described
in Sec. IV-B is directly applicable. However, this is not
true for general values of 𝑤𝑘 . To handle the latter case,
it is convenient to introduce auxiliary variables t :=
[𝑡1 , . . . , 𝑡𝐾 ]𝑇 ≻ 0. Then, the original weighted sum-rate
maximization is equivalent to minimizing

𝑟 = 1, 2, . . . , 𝑅. (14)

Remark 1. Assuming the knowledge of path loss, shadowing,
and small-scale fading distributions is common in the literature [4], [25]–[27]. The channel gain map-based algorithm [3],
[5] is an example of how such statistics may be acquired.
In some cases, the channel statistics can be obtained from
local databases such as the ones used by cellular network
operators. However, our proposed approach does not depend
on particular estimation methods. Mobility is one of the
many causes that make channel estimation challenging. Our
optimization framework can accommodate channel uncertainty
due to mobility, as long as it is captured in the statistical
model of the channel. In the case of low mobility, important
parameters such as the 𝑚 parameter of Nakagami fading may
be tracked. Alternatively, a robust approach can be taken [28]:
if 𝑚 is known to be within an interval [𝑚min , 𝑚max ], a
conservative constraint can be imposed by using the worstcase value of 𝑚 = 𝑚min to ensure robust PU protection.
Nevertheless, mobility modeling and assessing its influence
on the performance is beyond the scope of this work.
□

𝑟 = 1, . . . , 𝑅

𝒰1′ (t) =

𝐾
∏
𝑘=1

𝑘
𝑡𝑤
𝑘

(17)

under the additional constraints [1 + 𝛾𝑘 (p)]−1 ≤ 𝑡𝑘 , ∀𝑘,
which are equivalent to: [cf. (2)]
∑𝐾
2
𝑖=1,𝑖∕=𝑘 𝑝𝑘 𝑔xi →uk + 𝜋𝑘 + 𝜎𝑘 −1
𝜁1,𝑘 (p, t) := ∑𝐾
𝑡𝑘 ≤ 1,
2
𝑖=1 𝑝𝑘 𝑔xi →uk + 𝜋𝑘 + 𝜎𝑘
𝑘 = 1, . . . , 𝐾. (18)
ii) Weighted proportional fairness utility. Maximization
by minimizing
∏𝐾 of 𝒰2 is attained−𝑤equivalently
𝑘
(log
(1
+
𝛾
(p))
.
Then,
consider
the approx𝑘
2
𝑘=1
imation ln(𝑥) ≈ 𝑞(𝑥1/𝑞 − 1), 𝑥 > 0 with 𝑞 ≫ 1 [29].
Using this approximation and employing auxiliary variables t, yield the following surrogate utility
𝒰2′ (t) = 𝒰1′ (t)

(19)

which has to be minimized, under 𝐾 extra constraints
given by [cf. (2)]
𝜁2,𝑘 (p, t) :=
∑𝐾

𝑖=1,𝑖∕=𝑘

𝑞
(1 + 𝑡−1
∑𝐾
𝑘 )

𝑖=1

𝑝𝑘 𝑔xi →uk + 𝜋𝑘 + 𝜎𝑘2

≤ 1,
𝑝𝑘 𝑔xi →uk + 𝜋𝑘 + 𝜎𝑘2
𝑘 = 1, . . . , 𝐾. (20)

iii) Weighted harmonic-mean-rate utility. Maximizing
𝒰3
is
equivalent
to
minimizing
function
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∑𝐾

1
𝑘=1 𝑤𝑘 log(1+𝛾𝑘 (p)) .
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Approximating the logarithmic
function as in the previous case, and again employing
auxiliary variables t, maximization of 𝒰3 can be
achieved by minimizing

, 𝑒𝜅𝑃1 }, where 𝑃1 = min{𝐼𝑟max − 𝜇𝐺x1 →r𝑟 −
𝑝1 = min{𝑝max
1
−1
𝑄 (𝜖𝑟 )𝜎𝐺x1 →r𝑟 }𝑅
□
𝑟=1 .

𝐾
∑
𝑡𝑘
𝒰3′ (t) =
𝑤𝑘

Here, the general successive convex approximation method
is briefly described [30]. Consider an optimization problem

(21)

𝑘=1

under constraints (20); that is, 𝜁3,𝑘 (p, t) = 𝜁2,𝑘 (p, t).
iv) Weighted minimum-rate utility. Note first that maximization of 𝒰4 and minimization of max𝑘 [1+𝛾𝑘 (p)]−𝑤𝑘
are equivalent. Then, upon introducing an auxiliary
variable t := 𝑡 > 0, maximization of 𝒰4 can be achieved
by minimizing
𝒰4′ (t) = 𝑡
(22)
under the 𝐾 extra constraints expressed by means of
rational functions of posynomials
∑𝐾

𝜁4,𝑘 (p, t) :=

𝑖=1,𝑖∕=𝑘

∑𝐾

𝑖=1

𝑝𝑘 𝑔xi →uk + 𝜋𝑘 + 𝜎𝑘2
𝜎𝑘2

𝑡

− 𝑤1

𝑘

𝑝𝑘 𝑔xi →uk + 𝜋𝑘 +
𝑘 = 1, . . . , 𝐾.

≤ 1,
(23)

Based on the preceding discussion, the problem to solve
becomes
(P4)

𝒰𝑛′ (t)
min
p≻0,{z𝑟 ≻0},t≻0

subject to

𝜁𝑛,𝑘 (p, t) ≤ 1,
,
𝑝𝑘 ≤ 𝑝max
𝑘
2
𝜉𝐼𝑟 ,1 (p)
2𝜅 ≤ 1,
𝜉𝐼𝑟 ,2 (p)𝑧𝑟,1
𝜉𝐼𝑟 ,2 (p)
≤ 1,
𝜅2
𝜉𝐼𝑟 ,1 (p)𝑧𝑟,2
𝜙𝑟 (z𝑟 ) ≤ 0,

(24a)
𝑘 = 1, . . . , 𝐾
𝑘 = 1, . . . , 𝐾

(24b)
(24c)

𝑟 = 1, . . . , 𝑅

(24d)

𝑟 = 1, . . . , 𝑅

(24e)

𝑟 = 1, . . . , 𝑅.

(24f)

Problem (P4) involves constraints expressed as ratios of posynomials in (24b), (24d), and (24e), which are non-convex.
Another source of non-convexity is (24f). Thus, it is in general
difficult to obtain a globally optimal solution to (P4). Recall
that this is true even for the case of perfect channel knowledge
in (P1) [12]. Therefore, we resort to a successive convex
approximation method to obtain (at least locally) optimal
solutions [30]. Interestingly, it will be shown that this approach
boils down to a sequential GP as in the perfect channel
knowledge case [12].
Note that the present work assumes that the set of CRs
allowed to transmit at the same time is already determined, and
performs power control for the scheduled links. A scheduler
design is reported in [31].
Remark 2. In [10], a rate maximization problem under
peak interference constraints is considered for a single CR
and a single PU. However, the work captures only the uncertainty in small-scale fading, while tacitly assuming that
shadow fading is perfectly known. Due to infrequent PU
transmissions, or when trying to protect PU receivers that
are silent, the CR might be unable to accurately estimate
shadowing, let alone small-scale fading. Thus, [10] and our
work are complementary. Incidentally, our formulation admits
a closed-form solution in the case of a single CR, given by:

B. Successive Convex Approximation

min 𝑓0 (p)

(25)

p∈𝒫

subject to 𝑓𝑘 (p) ≤ 0,

𝑘 = 1, 2, . . . , 𝐾

(26)

where 𝑓0 (p) is convex and differentiable, 𝑓𝑘 (p), 𝑘 =
1, . . . , 𝐾, are differentiable functions, and the feasible region
ℱ := {p ∈ 𝒫∣𝑓𝑘 (p) ≤ 0, 𝑘 = 1, . . . , 𝐾} is compact.
Then, starting from a feasible point p(0) ∈ ℱ , a series of
approximate problems can be solved to locate a KKT point
of the original (non-convex) problem. For each 𝑘 = 1, . . . , 𝐾,
let 𝑓˜𝑘 (p; p(𝑗) ) denote the surrogate function for 𝑓𝑘 (p), which
may depend on the solution p(𝑗) to the problem of the (𝑗 −1)st iteration. The approximate problem to solve in iteration 𝑗
is
min 𝑓0 (p)

(27)

p∈𝒫

subject to 𝑓˜𝑘 (p; p(𝑗) ) ≤ 0,

𝑘 = 1, 2, . . . , 𝐾

(28)

whose feasible region is denoted as ℱ (𝑗) . Provided that
𝑓˜𝑘 (p; p(𝑗) ) satisfies the following conditions c1)–c3) for each
𝑘 = 1, . . . , 𝐾, the series of solutions p(𝑗) , 𝑗 = 1, 2, . . ., to
the approximate problems converges to the KKT point of the
original problem:
c1) 𝑓𝑘 (p) ≤ 𝑓˜𝑘 (p; p(𝑗) ), ∀p ∈ ℱ (𝑗)
c2) 𝑓𝑘 (p(𝑗) ) = 𝑓˜𝑘 (p(𝑗) ; p(𝑗) )
c3) ∇𝑓𝑘 (p(𝑗) ) = ∇𝑓˜𝑘 (p(𝑗) ; p(𝑗) ).
C. Sequential GP
In order to apply the successive convex approximation
method to (P4), appropriate surrogate constraints for the nonconvex constraints need to be determined. For the ratio of
posynomials in (24b), (24d), and (24e), the single condensation method [32] is adopted for simplicity.
In the single condensation method, each ratio-ofposynomials constraint is approximated by a posynomial constraint. Specifically, a constraint given by
∑
𝑛 (p)
∑ℓ ℓ
≤1
(29)
ℓ 𝑑ℓ (p)
with monomials {𝑛ℓ (p)} and {𝑑ℓ (p)} is approximated as
∑
ℓ 𝑛ℓ (p)
)𝛼ℓ ≤ 1
(30)
∏ (
ℓ

𝑑ℓ (p)
𝛼ℓ

∑
where 𝛼ℓ := 𝑑ℓ (p(𝑗) )/ ℓ′ 𝑑ℓ′ (p(𝑗) ) for a given point p(𝑗) .
Then, by viewing the left hand sides (l.h.s.’s) of (29) and (30)
as 𝑓𝑘 (p) and 𝑓˜𝑘 (p; p(𝑗) ), respectively, it can be readily shown
that they satisfy conditions c1)–c3) in Sec. IV-B [12].
To handle the non-convexity in (24f), it is first noted that
𝜙𝑟 (z𝑟 ) is a concave function for z𝑟 ≻ 0, which can be
easily verified by examining the second-order derivatives of
each term [cf. (15c)], and recalling that the sum of concave

3546

IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 10, NO. 10, OCTOBER 2011

functions is concave. Thus, an upper-bound of 𝜙𝑟 (z𝑟 ) that
satisfies c1)–c3) can be obtained as a supporting hyperplane
given by
𝑧𝑟,1
𝑄−1 (𝜖𝑟 )𝑧𝑟,2
√
𝜙˜𝑟 (z𝑟 ; z(𝑗)
− 𝑐𝑟 (z(𝑗)
𝑟 ) := (𝑗) +
𝑟 )
(𝑗)
(𝑗)
𝑧𝑟,1
2𝑧𝑟,2 ln 𝑧𝑟,2
𝑄−1 (𝜖𝑟 )
𝑐𝑟 (z(𝑗)
− 𝜙𝑟 (z(𝑗)
𝑟 ) := 1 + √
𝑟 ).
(𝑗)
2 ln 𝑧𝑟,2

(31)
(32)

(𝑗)
𝑐𝑟 (z𝑟 )

> 0 provided
It is apparent from (32) and (24f) that
(𝑗)
that z𝑟 is a feasible point, and 𝜖𝑟 < 0.5. Therefore, a
surrogate constraint for (24f) is
)
(
1
˜𝑟 (z𝑟 ; z(𝑗) ) + 𝑐𝑟 (z(𝑗) ) ≤ 1, 𝑟 = 1, . . . , 𝑅. (33)
𝜙
𝑟
𝑟
(𝑗)
𝑐𝑟 (z𝑟 )
The l.h.s. is an affine function with positive coefficients, and
thus it is a posynomial.
Overall, the problem to solve in the 𝑗-th successive iteration is given by (P4) with constraints (24b) and (24d)–
(24e) replaced by their surrogates per (30), as well as (24f)
substituted with (33). It is immediate that this problem is a
GP problem, which involves minimizing a posynomial subject
to posynomial inequality constraints. Although GP problems
are not convex in their original form, their globally optimal
solution can be obtained by convex re-formulation through
a log change of variables [29]. GP problems can be solved
efficiently through optimized interior-point methods.
From a practical perspective, the sequential GP algorithm
requires a stopping criterion. Upon defining an error tolerance
𝜐 > 0, a simple stopping rule consists in checking whether
condition 𝒰𝑛′ (t(𝑗−1) ) − 𝒰𝑛′ (t(𝑗) ) ≤ 𝜐 is satisfied.
Remark 3. (Average interference constraint) Constraint (5c) limits the probability that the instantaneous (peak)
interference inflicted to a PU receiver exceeds a given thresh. An alternative way of limiting interference is to conold 𝑖max
𝑟
strain the average interference power [6], [33], [34]. Consider
, 𝑟 = 1, . . . , 𝑅.
the approximated constraints 𝔼{˜𝑖𝑟 } ≤ 𝑖max
𝑟
2
Since 𝔼{˜𝑖𝑟 } = exp(𝜅 𝜇𝐼˜𝑟 + 𝜅2 𝜎𝐼2˜ ), the latter constraints are
𝑟
equivalent to
𝜅
𝜇𝐼˜𝑟 (p) + 𝜎𝐼2˜𝑟 (p) ≤ 𝐼𝑟max , 𝑟 = 1, 2, . . . , 𝑅.
(34)
2
Since (34) can be re-expressed equivalently via the set of
constraints (16a), (16b), and
𝜅
𝜙′𝑟 (z𝑟 ) := ln(𝑧𝑟,1 ) + ln(𝑧𝑟,2 ) − 𝐼𝑟max ≤ 0, 𝑟 = 1, . . . , 𝑅
2
(35)
with 𝑧𝑟,2 > 1, the successive GP method can be readily
applied, using an affine approximation to the concave function
(𝑗)
𝜙′𝑟 (z𝑟 ) around z𝑟 ; that is, 𝜙˜𝑟 (⋅) and 𝑐𝑟 (⋅) in (31)–(33) are
(𝑗)
(𝑗)
𝑧
𝜅
′
replaced by 𝜙˜′𝑟 (z𝑟 ; z𝑟 ) := 𝑟,1
(𝑗) +
(𝑗) 𝑧𝑟,2 − 𝑐𝑟 (z𝑟 ) and
(𝑗)
𝑐′𝑟 (z𝑟 )

:= 1 +

𝜅
2

−

(𝑗)
𝜙′𝑟 (z𝑟 ),

𝑧𝑟,1

2𝑧𝑟,2

respectively.

□

V. U NCERTAIN CR- TO -CR C HANNELS
Problem (P3) incorporates CR-to-CR channel uncertainty
by introducing outage probability constraints on a per-CR link
SINRs, in addition to the PU protection outage constraints that

mitigate CR-to-PU channel uncertainty. In order to obtain a
tractable solution method, the outage constraint (6d) needs to
be re-written in a closed form in terms of the variables p and
¯.
𝜸

A. Approximation of SINR Distributions
First, express 𝛾𝑘−1 , 𝑘 = 1, . . . , 𝐾, as 𝛾𝑘−1 =
∑𝐾
−1
−1 −1
−1
2
𝑗=1,𝑗∕=𝑘 𝑝𝑘 𝑝𝑗 𝑔xk →uk 𝑔xj →uk + 𝑝𝑘 𝑔xk →uk (𝜋𝑘 + 𝜎𝑘 ) and
−1
−1
notice that 10 log10 (𝑝𝑘 𝑝𝑗 𝑔xk →uk 𝑔xj →uk ) is Gaussian with
mean and variance given by −𝑃𝑘 + 𝑃𝑗 − 𝜇𝐺xk →uk + 𝜇𝐺xj →uk ,
2
2
and 𝜎𝐺
+ 𝜎𝐺
− 2𝐶𝐺xk →uk ,𝐺xj →uk , respectively.
x →u
x →u
k

k

j

k

−1
The dB version of the second term, 10 log10 𝑝−1
𝑘 𝑔xk →uk (𝜋𝑘 +
2
𝜎𝑘 ), is also Gaussian, with mean −𝑃𝑘 − 𝜇𝐺xk →uk +
2
. Thus, 𝛾𝑘−1 involves
10 log10 (𝜋𝑘 + 𝜎𝑘2 ) and variance 𝜎𝐺
xk →uk
summation of correlated log-normal r.v.’s. Again, the FentonWilkinson method can be employed to find a log-normal
approximation of 𝛾𝑘−1 and, subsequently, of 𝛾𝑘 .
Let Γ𝑘 := 10 log10 𝛾𝑘 , and consider a Gaussian r.v. Γ̃𝑘 :=
10 log10 𝛾˜𝑘 with mean 𝜇Γ̃𝑘 and variance 𝜎Γ̃2 . By matching the
𝑘

first two moments of 𝛾𝑘−1 and 𝛾˜𝑘−1 = 𝑒−𝜅Γ̃𝑘 , one can establish
⎛
𝜇Γ̃𝑘 = 𝜅

−1

ln ⎝

⎞

1/2
𝑘 ,2 ⎠

𝜉Γ̃

𝜉Γ̃𝑘 ,1

(
𝜎Γ̃2
𝑘

,

=𝜅

−2

ln

𝜉Γ̃𝑘 ,2

)
(36)

𝜉Γ̃𝑘 ,1

where
⎛
𝜉Γ̃𝑘 ,1 := ⎝
𝜉Γ̃𝑘 ,2 :=

⎞2

𝐾
∑
𝑗=1,𝑗∕=𝑘

𝐾
∑
𝑗=1
𝑗∕=𝑘

+2

𝑝−1
𝑘 𝑝𝑗 𝛼𝑘,𝑗

⎠
𝑝−1
𝑘 𝛼𝑘,𝐾+1

+

(37)

−2
2
𝑝−2
𝑘 𝑝𝑗 𝛽𝑘,𝑗 + 𝑝𝑘 𝛽𝑘,𝐾+1

𝐾−1
∑

𝐾
∑

′
𝑝−2
𝑘 𝑝𝑗 𝑝𝑖 𝛽𝑘,𝑗,𝑖 + 2

𝑗=1 𝑖=𝑗+1
𝑗∕=𝑘 𝑖∕=𝑘

𝐾−1
∑
𝑗=1
𝑗∕=𝑘

′′
𝑝−2
𝑘 𝑝𝑗 𝛽𝑘,𝑗,𝐾+1

(38)

and
𝛼𝑘,𝑗 := 𝑒

(
𝜅 𝜇𝐺x

j →uk

⋅𝑒

𝜅2
2

(
2
𝜎𝐺
x

)

2
+𝜎𝐺
x

k →uk

−2𝐶𝐺x

j →uk

,𝐺x →u
k
k

(39a)
2
−𝜅𝜇𝐺x →u + 𝜅2
k
k

(
2𝜅 𝜇𝐺x

⋅𝑒

k →uk

j →uk

𝛼𝑘,𝐾+1 := (𝜋𝑘 + 𝜎𝑘2 )𝑒
𝛽𝑘,𝑗 := 𝑒

)

−𝜇𝐺x

j →uk

(
2
2𝜅2 𝜎𝐺
x

−𝜇𝐺x

(39b)

k →uk

j →uk

𝛽𝑘,𝐾+1 := (𝜋𝑘 + 𝜎𝑘2 )2 𝑒

)

2
𝜎𝐺
xk →uk

)

2
+𝜎𝐺
x

k →uk

−2𝐶𝐺x

j →uk

,𝐺x →u
k
k

(39c)
−2𝜅𝜇𝐺x

k →uk

+2𝜅

2

2
𝜎𝐺
xk →uk

(39d)
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′
𝛽𝑘,𝑗,𝑖
:= 𝑒

⋅𝑒

𝜅2
2

(
𝜅 𝜇𝐺x

j →uk

+𝜇𝐺x

i →uk

)

−2𝜇𝐺x

k →uk

(
2
𝜎𝐺
x

2
2
+𝜎𝐺
+4𝜎𝐺
−4𝐶𝐺x →u ,𝐺x →u
xi →uk
xk →uk
j
k
k
k
j →uk

−4𝐶𝐺x

i →uk

′′
𝛽𝑘,𝑗,𝐾+1
:= (𝜋𝑘 + 𝜎𝑘2 )𝑒

⋅𝑒

,𝐺x →u +2𝐶𝐺x →u ,𝐺x →u
k
k
j
k
i
k

(
𝜅 𝜇𝐺x

j →uk

−2𝜇𝐺x

)

(39e)

k →uk

2
+4𝜎𝐺
−4𝐶𝐺x →u ,𝐺x →u
xk →uk
j
k
k
k
j →uk

)

.
(39f)

Thus, SINRs {Γ𝑘 } in dB can be approximated as Gaussian,
with mean and variance given as functions of p, provided that
2
} and {𝐶𝐺xj →uk ,𝐺xi →uk } are known.
{𝜇𝐺xi →uk }, {𝜎𝐺
xi →uk
Using the log-normal-approximated {˜
𝛾𝑘 } in place of
{𝛾𝑘 }, (6d) can be approximated as
)
(
𝜇Γ̃𝑘 (p) − 𝜅−1 ln (¯
𝛾𝑘 )
Pr {˜
𝛾𝑘 (p) < 𝛾¯𝑘 } = 𝑄
≤ 𝜈𝑘 ,
𝜎Γ̃𝑘 (p)
(40)
𝑘 = 1, . . . , 𝐾, which can be equivalently re-written as
𝛾𝑘 ) ≤ 0 , 𝑘 = 1, . . . , 𝐾.
𝑄−1 (𝜈𝑘 )𝜎Γ̃𝑘 (p) − 𝜇Γ̃𝑘 (p) + 𝜅−1 ln (¯
(41)
B. Solution Approach
Following an approach similar to the one in Section IV-A, consider the following set of constraints equivalent
to (41) [cf. (15a)–(15c)]:
𝑟 = 1, . . . , 𝑅

ii) Weighted
proportional fairness utility. Utility
∑𝐾
¯𝑘 )) is maximized upon
𝑘=1 𝑤𝑘 log2 (log2 (1 + 𝛾
minimizing (19), subject to

)

(
2
𝜅2
𝜎𝐺
2
x

−𝜇Γ̃𝑘 (p) ≤ ln(𝑦𝑘,1 ),
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𝜒2,𝑘 (¯
𝛾𝑘 , t) =

𝑟 = 1, . . . , 𝑅
(43)
√
1
𝛾𝑘 ) ≤ 0,
¯𝑘 ) := ln(𝑦𝑘,1 ) + 𝑄−1 (𝜈𝑘 ) ln(𝑦𝑘,2 ) + ln(¯
𝜓𝑘 (y𝑘 , 𝛾
𝜅
𝑘 = 1, . . . , 𝐾.
(44)

(48)

iii) Weighted harmonic-mean-rate utility. Based on
the foregoing re-formulations, maximization of the
harmonic-outage-rate utility can be attained by minimiz𝛾𝑘 , t) =
ing (21) under constraints (48); that is, 𝜒3,𝑘 (¯
𝜒2,𝑘 (¯
𝛾𝑘 , t).
iv) Weighted minimum-rate utility. Maximization of
min𝑘 log2 (1 + 𝛾¯𝑘 ) can be attained by minimizing (22)
under the following 𝐾 extra constraints
𝜒4,𝑘 (¯
𝛾𝑘 , t) = (1 + 𝛾¯𝑘 )−1 𝑡

− 𝑤1

𝑘 = 1, . . . , 𝐾.
(49)
Then, based on the preceding discussion, a substitute for
problem (P3) can be written as:
(P5)

min

𝑘

≤ 1,

𝒰𝑛′ (t)

(50a)

p≻0
{z𝑟 ≻0},{y𝑘 ≻0}
¯ ≻0,t≻0
𝜸

subject to

𝜒𝑛,𝑘 (¯
𝛾𝑘 , t) ≤ 1,
,
𝑝𝑘 ≤ 𝑝max
𝑘
2
𝜉Γ̃ ,1 (p)
𝑘
2𝜅 ≤ 1,
𝜉Γ̃𝑘 ,2 (p)𝑦𝑘,1
𝜉Γ̃𝑘 ,2 (p)
≤ 1,
𝜅2
𝜉Γ̃𝑘 ,1 (p)𝑦𝑘,2

(42)

𝜎Γ̃2 𝑘 (p) ≤ ln(𝑦𝑘,2 ),

𝑞
(1 + 𝑡−1
𝑘 )
≤ 1.
1 + 𝛾¯𝑘

𝑘 = 1, . . . , 𝐾
𝑘 = 1, . . . , 𝐾

(50b)
(50c)

𝑘 = 1, . . . , 𝐾

(50d)

𝑘 = 1, . . . , 𝐾

(50e)

𝜓𝑘 (y𝑘 , 𝛾¯𝑘 ) ≤ 0,
𝑘 = 1, . . . , 𝐾
and (24d), (24e), (24f)

(50f)

where 𝑛 ∈ {1, 2, 3, 4}. The sequential GP technique can
again be applied by approximating the ratio-of-posynomial
constraints (50b), (50d), and (50e) using the single condensation method, and the concave function 𝜓𝑘 (⋅) in (44) by using
its affine upper-bound [cf. (31)]

where auxiliary variables y𝑘 := [𝑦𝑘,1 , 𝑦𝑘,2 ]𝑇 , 𝑘 = 1, . . . , 𝐾
have been introduced. Then, using (36), constraints (42)–(43) 𝜓˜𝑘 (y𝑘 , 𝛾¯𝑘 ; y(𝑗) , 𝛾¯ (𝑗) ) :=
𝑘
𝑘
can be re-written as
(
)
𝛾¯𝑘
𝑦𝑘,2 𝑄−1 (𝜈𝑘 )
𝑦𝑘,1
(𝑗)
(𝑗)
√
+
+
−
𝑐
,
𝛾
¯
y
(51)
2
𝑦,𝑘
𝑘
𝑘
(𝑗)
(𝑗)
𝜉Γ̃ ,1 (p)
(𝑗)
(𝑗)
𝑦𝑘,1
𝛾𝑘
𝑘
2 𝑦𝑘,2 ln(𝑦𝑘,2 ) 𝜅¯
≤
1,
𝑘
=
1,
.
.
.
,
𝐾
(45)
2𝜅
𝜉Γ̃𝑘 ,2 (p)𝑦𝑘,1
with
𝜉Γ̃𝑘 ,2 (p)
(
)
≤ 1, 𝑘 = 1, . . . , 𝐾
(46)
𝑄−1 (𝜈𝑘 )
(𝑗)
(𝑗)
(𝑗)
(𝑗)
𝜅2
= (1+𝜅−1 )+ √
−𝜙𝑦,𝑘 (y𝑘 , 𝛾¯𝑘 ).
𝑐𝑦,𝑘 y𝑘 , 𝛾¯𝑘
𝜉Γ̃𝑘 ,1 (p)𝑦𝑘,2
(𝑗)
2 ln(𝑦𝑘,2 )
which are ratios of posynomials.
(52)
As in the previous section, to obtain the sequential GP-based Note from (50f) and (51) that for feasible points y(𝑗) , 𝛾¯ (𝑗) and
𝑘
𝑘
solution, the objective function of (P3) must be reformulated for 𝜈 < 0.5, it holds that 𝑐 (y(𝑗) , 𝛾¯ (𝑗) ) > 0. Thus, (50f)
𝑘
𝑦,𝑘
𝑘
𝑘
too. To this end, define the auxiliary vector t := [𝑡1 , . . . , 𝑡𝐾 ]𝑇 can be substituted by
′
when one of the utilities 𝒰𝑛 , 𝑛 ∈ {1, 2, 3}, is used and as
(
)
1
(𝑗)
(𝑗)
(𝑗)
(𝑗)
¯𝑘 ) + 𝑐𝑦,𝑘 (y𝑘 , 𝛾¯𝑘 ) ≤ 1 ,
𝜓˜𝑘 (y𝑘 , 𝛾¯𝑘 ; y𝑘 , 𝛾
t := [𝑡] when 𝑛 = 4.
(𝑗)
(𝑗)
i) Weighted sum-rate utility. Following the procedure
in
∑ Section IV-A, maximization of the sum-outage-rate
¯𝑘 ) can be equivalently attained upon
𝑘 𝑤𝑘 log2 (1 + 𝛾
minimizing cost (17) with 𝐾 extra constraints
𝛾𝑘 , t) :=
𝜒1,𝑘 (¯

1
≤ 1,
(1 + 𝛾¯𝑘 )𝑡𝑘

𝑘 = 1, . . . , 𝐾. (47)

𝑐𝑦,𝑘 (y𝑘 , 𝛾¯𝑘 )

𝑘 = 1, . . . , 𝐾.

(53)

Overall, the 𝑗-th iteration of sequential convex optimization
entails a GP, where constraints (24d)–(24e), (50b), and (50d)–
(50e) in (P5) are replaced by their surrogates per (30); constraint (24f) replaced by (33); and constraint (53) is utilized
in place of (50f).
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Consider the scenario depicted in Fig. 1, involving 𝐾 =
3 CR links (shown in solid lines), and a (𝑅 = 1) PU link
(dashed line) being also active with transmit-power 0.1 W.
The path loss parameters are set to 𝑔𝑘 = 1 for all 𝑘, and 𝜂 =
3.5, and 𝑚 = 10 is used for Nakagami-𝑚 fading. Spatially
correlated log-normal shadowing was generated with mean 0,
standard deviation 10 dB, and coherence distance 30 m, based
on the model described in [15]. Although the optimized CR
transmit-powers turn out to be much lower (in the mW range),
=
the maximum transmit-power for the CR system is 𝑝max
𝑘
5 W, while the noise power 𝜎𝑘2 = 10−8 . The interference
threshold was set to 𝐼𝑟max = −80 dBW, and the probability
of exceeding the threshold to 𝜖𝑟 = 0.01. Albeit simple, this
is a challenging setup for the CRs to obtain sizable rates as
the distances between Tx-Crs and the Rx-PU Rx are only 2-3
times the intended transmission distances of the CR links. In
order to terminate the sequential GP iterations, a threshold of
𝜐 = 10−4 was used.
Consider maximizing the sum-rate of the CR network,
with 𝑤𝑘 = 1 for all 𝑘. Suppose first that the CR-to-CR
channel gains are perfectly known. To verify the efficacy of
the interference constraints, the complementary cumulative
distribution function (ccdf) of the received interference power
at the PU receiver is plotted in Fig. 2. The curve with square
markers corresponds to the case where the PU-to-CR channel
statistics were obtained from the a priori knowledge of the
node locations, and the shadowing and small-scale fading
distributions; c.f. (1). The curve with ‘×’ markers represents
the case where the shadowing component was estimated with
an error standard deviation of 4 dB (e.g., via channel gain
cartography [3]). In these two cases, (P4) was solved to
obtain the CR transmission powers. The curves with circles
and ‘+’ markers depict, respectively, the cases of perfect
channel knowledge, and of using a path loss-only model with
shadowing and small-scale fading completely neglected (i.e.,
set to 0 dB). In the last two cases, (P1) was solved to obtain
optimal powers, and 5, 000 independent channel realizations
were used to generate the plot.
It is clearly seen in Fig. 2 that solving (P4) enforces the
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probabilistic PU interference constraint. This also verifies the
accuracy of the associated approximation techniques. It is
interesting to note that without channel gain cartography, the
interference constraint is seen to be over-satisfied, while with
channel gain cartography, the constraint is tightly met. On
the other hand, neglecting the uncertainty in the channel gain
results in grossly violating the interference constraint.
Fig. 3 shows the ccdf of the SINRs {𝛾𝑘 } of the CR links.
The solid, dashed, and dash-dotted curves represent different
CR links, and the markers are used in the same manner as
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in Fig. 2. It can be seen that when the CR-to-PU channel
gain is estimated, the performance is significantly improved
compared to the case of using only the location information.
The path loss-only model case exhibits better SINRs than the
proposed scheme, but only at severe interference to the PU.
To see how close the obtained KKT solutions are to the
globally optimal solutions, an exhaustive grid-based search
was performed. Fig. 4 depicts the CR sum-rates and the maxmin rates (both with 𝑤𝑘 = 1 for all 𝑘) obtained by solving (P4)
for 50 different shadowing and small-scale fading realizations.
The crosses correspond to the exhaustive search, the solid
curves to using sequential GP with a single random initial
point, and the dash-dot curves to running sequential GP with
three random initial points and retaining the best result. It is
seen that the sequential GP-based objectives often coincide
with the globally optimal objectives, with using just three
initial points significantly enhancing the chance to attain the
global optima.
Next, the case of uncertain CR-to-CR and CR-to-PU channels was tested for the scenario in Fig. 1. Different levels of
uncertainty were considered by setting the standard deviation
of the shadowing to 3.5 dB and 10 dB. The probability of
outage for each CR link was set to 𝜈𝑘 = 0.01 for all 𝑘.
Problem (P5) was solved using the equally weighted sumrate utility to obtain {¯
𝛾𝑘 }, which is plotted in the figure
with ‘+’ and ‘×’ markers for 𝜎𝑆xk →uk = 3.5 dB and
𝜎𝑆xk →uk = 10 dB, respectively. To verify that the achieved
CR link SINRs are indeed within the outage specification, the
c.d.f. of the achieved SINRs over different channel realizations
are also plotted in Fig. 5. It is seen that the outage constraints
are observed for all CR receivers. One can notice that the
lower uncertainty leads to tightly met constraints. Extensive
simulation tests confirmed that the outage constraints were
always satisfied, verifying the usefulness of the approximation
proposed for the SINR statistics. It is also noted that the lower
channel gain uncertainty allows the CRs to achieve higher
SINRs. The efficacy of the interference constraints is verified
also for the case of uncertain CR-to-CR channels, and the
ccdf of the received interference power at the PU receiver is
plotted in Fig. 6. It is apparent that solving (P5) enforces the
probabilistic PU interference constraint.
An exhaustive grid-based search was performed to obtain
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TABLE I
AVERAGE NUMBER OF ITERATIONS REQUIRED TO SOLVE (P1), (P4) AND
(P5) VIA SEQUENTIAL GP

Perfect CR-to-PU and CR-to-CR channel gains
Path loss-only CR-to-PU and CR-to-CR
Uncertain channel gains, 𝜎𝑆x →u = 10 dB
k
k
Uncertain channel gains, 𝜎𝑆x →u = 3.5 dB
k

k

(P1)
8
8
-

(P4)
9
13

(P5)
26
36

globally optimal solutions to (P5) with sum-rate utility so
as to assess the goodness of the proposed successive GP
approach. Two cases are presented: the case of using only the
node location information, and the case using channel gain
cartography with 4 dB error standard deviation. In the former
case, 50 different (random) initial points were used, while in
the latter, the effect of both random initial points and random
channel realizations were tested. The 1%-outage constrained
sum-rates achieved in the experiments are depicted in Fig. 7.
It can be seen that the globally optimal objectives are often
achieved by the sequential GP solutions. It is also noticed that
significantly higher sum-rates are achieved with channel gain
cartography.
To assess the complexity of our algorithm, Table I tabulates
the average number of sequential GP iterations necessary
until the stopping condition was met. It is seen that the
computational burden required to solve (P4) is comparable to
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that of solving (P1), while (P5) requires a considerably higher
number of iterations.
VII. C ONCLUSIONS
CR power allocation algorithms were developed under
CR-to-PU channel gain uncertainty arising from shadowing
and small-scale fading effects. Probabilistic interference constraints were imposed to protect the PU transmissions notwithstanding the channel uncertainty. A Fenton-Wilkinson-type approximation was employed to model the received interference
power at the PUs as log-normal, which led to a tractable
NUM problem formulation for the CR network. Due to nonconvexity of the problem, a successive convex approximation
technique was adopted to obtain a KKT optimal solution. This
approach boiled down to a sequential GP algorithm, which can
be solved efficiently using, e.g., the interior-point methods.
The uncertain CR-to-CR channel case was also considered
by introducing an SINR outage-based utility maximization
problem. The Fenton-Wilkinson method was again employed
to approximate the distribution of the SINRs, and a sequential
GP-based solution was proposed. Numerical tests verified
the validity and the performance advantages of the proposed
schemes.
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