1606

IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 10, NO. 5, MAY 2011

High-Throughput Multi-Source Cooperation via
Complex-Field Network Coding
Guobing Li, Student Member, IEEE, Alfonso Cano, Member, IEEE, Jesús Gómez-Vilardebó, Member, IEEE,
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Abstract—Physical-layer network coding over wireless networks can provide considerable throughput gains with respect to
traditional cooperative relaying strategies at no loss of diversity
gain. In this paper, a novel cooperation protocol is developed
based on complex-field wireless network coding. Sources transmit
efficiently information symbols linearly combined with symbols
from other sources. Different from existing wireless network
coding protocols, transmissions are not restricted to binary
symbols, and do not have to be received simultaneously. In a
network with 𝑁 sources, the developed protocol can achieve
throughput up to approximately 1/𝑁 symbols per source per
channel use, as well as diversity of order 𝑁 . To deal with decoding
errors at sources, selective- and adaptive-forwarding protocols
are also developed at no loss of diversity gain. Analytical results
corroborated by simulated tests show considerable performance
gains with respect to distributed space-time coding, and bit-level
network coding protocols.
Index Terms—Cooperative diversity, network coding, multisource cooperation.

I. I NTRODUCTION

T

HANKS to the broadcast nature of wireless channels,
capacity and diversity gains can be achieved through
cooperation of distributed users [15], [16]. However, as the
number of users grows, traditional cooperative schemes that
relay redundant information incur throughput loss [18], [20],
[5]. To increase throughput, wireless network coding (WNC)
has been recently considered in wireless cooperative networks.
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Network coding was originally developed for wireline networks [1], but was soon followed by corresponding developments for wireless networks [8], [13]. A number of WNC
schemes assume that binary Galois Field GF(2) operations are
effected “in the air” when multiple sources transmit packets
that arrive simultaneously at the destination [21], [30]. In
search of further rate improvements in multi-user scenarios,
recent works have expanded the alphabet from GF(2) to
GF(2𝑛 ) [14], [25], or, even to the complex field [21]. However,
the network throughput is limited by this expansion and
existing schemes are confined to two sources, or, still require
simultaneous receptions.
Other than throughput, diversity order is another performance metric adopted for analysis of small networks with
fading links. Critical to the diversity order achieved by WNC
protocols is the processing performed at intermediate retransmissions [5], [21]. If relay nodes can afford analog processing
and storage, diversity-enabling signal-amplification methods
are derived in [2], [29]. Alternatively, packets can be decoded
before retransmission. In this case, diversity can be achieved
if only correctly decoded packets are forwarded, otherwise
they are discarded [10], [23], [24]. However, relaying packets
selectively eventually leads to the dismissal of entire packets
even when the number of erroneously decoded bits within the
packet is small, ultimately affecting the error performance.
Decoding performance at the destination can be improved by
forwarding error-prone packets, as in [28], although this requires the destination to know the error probability at all other
links. Another approach entails power-adaptive transmissions,
which are capable of achieving high diversity without knowing
the error probability at intermediate steps [21].
The present paper develops a novel cooperation scheme
using complex-field network coding (CFNC) for multi-source
wireless networks. Sources transmit symbols (not necessarily
binary) formed as a linear combination of new and previouslydecoded symbols from other sources - an operation that can
be viewed as a practical implementation of block-Markov
coding [9]. Different source transmissions are channelized
over time-orthogonal channels, thus avoiding interference. To
deal with errors at intermediate nodes, two protocols are
introduced: a) CFNC with selective forwarding (SF); and
b) CFNC with link-adaptive forwarding (LAF). In CFNCSF intermediate nodes re-transmit only correct information
assuming bits were encoded using error-detecting (e.g., CRC)
codes; whereas in CFNC-LAF re-transmitted symbols are
weighted according to the intended link quality. In a network

c 2011 IEEE
1536-1276/11$25.00 ⃝

LI et al.: HIGH-THROUGHPUT MULTI-SOURCE COOPERATION VIA COMPLEX-FIELD NETWORK CODING

𝑘-th constellation symbol 𝑥𝑛 (𝑘) with {𝑥𝑚 (𝑘 − 1)}𝑁
𝑚=1,𝑚∕=𝑛 .
The resulting symbol 𝑠𝑛 (𝑘) is given by (see also Table I)

U1
U2

D
...

𝑠𝑛 (𝑘) = 𝜃𝑛𝑛 𝑥𝑛 (𝑘) +

Un
...

UN
Fig. 1.
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Notation: Upper (lower) boldface letters are used for matrices
(vectors); [⋅]𝑖𝑗 ([⋅]𝑖 ) for the 𝑖, 𝑗-th (𝑖-th) entry of a matrix
(vector); (⋅)𝑇 stands for the transposition of a matrix or
vector; I𝑁 denotes the 𝑁 × 𝑁 identity matrix; diag(x) is
a diagonal matrix with x on its diagonal; ⊙ the Hadamard
product; ∥ ⋅ ∥ the Frobenius norm; 𝒞𝒩 (𝜇, 𝜎 2 ) a complex
2
Gaussian distribution
∫ ∞ −𝑥2 /2with mean 𝜇 and variance 𝜎 ; and
1
√
𝑄(𝑥) = 2𝜋 𝑥 𝑒
𝑑𝑥 the Gaussian tail function.
II. M ULTI -S OURCE C OOPERATION P ROTOCOL
Consider a set of 𝑁 sources {𝑈𝑛 }𝑁
𝑛=1 communicating with
a common access point or destination 𝐷, as is shown in Fig. 1.
Information bits of each source are modulated and carried over
constellation symbols. Let x𝑛 := [𝑥𝑛 (0), . . . , 𝑥𝑛 (𝐾 − 1)]𝑇
denote the sequence of 𝐾 symbols drawn from a finite-size
constellation set 𝒜𝑠 at source 𝑈𝑛 , 𝑛 = 1, . . . , 𝑁 . Transmissions are arranged in 𝐾 + 1 phases including an initialization (Phase-0) and termination (Phase-𝐾). The protocol is
initialized by transmitting 𝑠𝑛 (0) = 𝑥𝑛 (0), ∀𝑛; see Table I.
At subsequent phases, e.g., Phase-𝑘, 𝑘 = 1, . . . , 𝐾 − 1, each
source 𝑈𝑛 has available the set of symbols {𝑥𝑚 (𝑘)}𝑁
𝑚=1,𝑚∕=𝑛
from all other sources. (This assumption is removed in Section
III where inter-source detection errors will be incorporated.)
Source 𝑈𝑛 constructs a symbol 𝑠𝑛 (𝑘) by linearly combining its
1 Mappings in [5] and [20] also mix (over the complex field) information
from different users, and in this sense they can also be viewed as performing
a form of network coding.

𝜃𝑛𝑚 𝑥𝑚 (𝑘 − 1)

(1)

𝑚=1
𝑚∕=𝑛

where coefficients 𝜃𝑛1 , . . . , 𝜃𝑛𝑁 are designed so that, for any
two vectors x, x̃ ∈ 𝒜𝑁
𝑠
∣𝜽 𝑇𝑛 (x − x̃)∣ ∕= 0, ∀𝑛

N-source cooperation network.

with 𝑁 cooperating sources, the throughput of this scheme
is approximately 1/𝑁 symbols per source per channel use
(spspcu), and the diversity is the maximum achievable (𝑁 ).
The novel protocol improves throughput of the state-of-theart multi-source cooperative schemes (1/(2𝑁 )) [5], [20]1 ,
and approaches that of non-cooperative orthogonal multipleaccess schemes that do not exploit diversity. Compared to
the opportunistic schemes in [3] and [11], CFNC-SF and
CFNC-LAF guarantee identical (fixed) delay for all users,
and thus deterministic (not average) throughput per source.
Likewise, they do not require instantaneous feedback from
the destination.
The rest of this paper is organized as follows. Section II
presents the transmission scheme assuming error-free intersource links. Section III deals with the selective- and adaptiveforwarding protocols. Their performance is analyzed in Section IV. Simulated tests are the subject of Section V, and
Section VI concludes the paper.

𝑁
∑

(2)

where 𝜽𝑛 := [𝜃𝑛1 , . . . , 𝜃𝑛𝑁 ]𝑇 . This condition guarantees that
𝑠𝑛 (𝑘) in (1) is unique for every possible set of symbols
𝑥𝑛 (𝑘) and {𝑥𝑚 (𝑘 −1)}𝑁
𝑚=1,𝑚∕=𝑛 . This so-called identifiability
condition has been utilized in the context of co-located and
distributed wireless fading systems [26], [21]. The set of
vectors 𝜽1 , . . . , 𝜽𝑁 that guarantees (2) is not unique, but
can always be found for any 𝑁 [26]. These coefficients are
independent of the channel coefficients or the information to
be sent. Hence, sources and the destination can have them
pre-stored to prevent excess overhead.
Symbol 𝑠𝑛 (𝑘) in (1) is transmitted from source 𝑈𝑛 to
𝐷. Transmissions from different sources occur in separate
time slots to avoid interference, distributed synchronization
concerns, and the need for full-duplex operation. Since each
source transmits one symbol, Phase-𝑘 entails 𝑁 channel uses.
Let 𝑦𝑛 (𝑘) denote the signal received at 𝐷 when 𝑈𝑛 transmits
𝑠𝑛 (𝑘), and 𝑦𝑚𝑛 (𝑘) the signal received at 𝑈𝑛 when 𝑈𝑚
transmits 𝑠𝑚 (𝑘). Assuming flat fading links, these received
symbols are given by
𝑦𝑛 (𝑘)
𝑦𝑚𝑛 (𝑘)

= ℎ𝑛 𝑠𝑛 (𝑘) + 𝑤𝑛 (𝑘)

(3)

= ℎ𝑚𝑛 𝑠𝑚 (𝑘) + 𝑤𝑚𝑛 (𝑘)

(4)

2
)) is the Rayleigh
where ℎ𝑛 ∼ 𝒞𝒩 (0, 𝜎𝑛2 ) (ℎ𝑚𝑛 ∼ 𝒞𝒩 (0, 𝜎𝑚𝑛
fading coefficient corresponding to the 𝑈𝑚 -to-𝐷 (𝑈𝑚 -to-𝑈𝑛)
link; 𝑤𝑛 (𝑘) (𝑤𝑚𝑛 (𝑘)) is the noise term, normalized to be
𝒞𝒩 (0, 1). With average transmitting power 𝛾¯ , the instantaneous received signal-to-noise ratio (SNR) of each 𝑈𝑛 -to-𝐷
(𝑈𝑚 -to-𝑈𝑛) link is 𝛾𝑛 := ∣ℎ𝑛 ∣2 𝛾¯ (𝛾𝑚𝑛 := ∣ℎ𝑚𝑛 ∣2 𝛾¯ ) with
2
expected value 𝛾¯𝑛 = 𝜎𝑛2 𝛾¯ (¯
𝛾𝑚𝑛 = 𝜎𝑚𝑛
𝛾¯ ). Throughout, the
following operational condition will be adopted.

(AS1) Fading coefficients of all 𝑈𝑚 -𝑈𝑛 links, namely ℎ𝑚𝑛 ,
and 𝑈𝑛 -𝐷 links, namely ℎ𝑛 , are known at receiving ends via
training (pilot) symbols sent from the transmitting ends.
At the end of Phase-𝑘, each source has received
information-bearing symbols from all other sources. Source
𝑈𝑛 uses 𝑦𝑚𝑛 (𝑘), received from 𝑈𝑚 , to obtain an estimate
(𝑛)
𝑥ˆ𝑚 (𝑘) of 𝑥𝑚 (𝑘) based on the maximum likelihood (ML)
criterion [cf. (4)]
𝑁

(
)2
∑


𝜃𝑚𝑝 𝑥𝑝 (𝑘−1) 
𝑥ˆ(𝑛)
𝑚 (𝑘) = arg min 𝑦𝑚𝑛 (𝑘)−ℎ𝑚𝑛 𝜃𝑚𝑚 𝑥+
𝑥∈𝒜𝑠

𝑝=1
𝑝∕=𝑚

(5)

where ℎ𝑚𝑛 is assumed known at 𝑈𝑛 [cf. (AS1)]. Since
symbols 𝑥𝑝 (𝑘 − 1) are known, the originally-transmitted
symbol 𝑥𝑚 (𝑘) is identifiable; i.e., in the absence of noise,
the minimum of (5) is unique.
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TABLE I
T RANSMITTING S IGNALS OF THE M ULTI - SOURCE C OOPERATION P ROTOCOL

𝑈1
...
𝑈𝑛
...
𝑈𝑁

Phase 0

...

𝑥1 (0)
...
𝑥𝑛 (0)
...
𝑥𝑁 (0)

...
...
...
...
...

Phase 𝑘, (𝑘 = 1, 2, ..., 𝐾 − 1)
∑𝑁
(1)
ˆ𝑚 (𝑘 − 1)
𝑚=2 𝜃1𝑚 𝑥
...
∑
(𝑛)
𝜃𝑛𝑛 𝑥𝑛 (𝑘) + 𝑁
ˆ𝑚 (𝑘 − 1)
𝑚=1,𝑚∕=𝑛 𝜃𝑛𝑚 𝑥
...
∑
(𝑁)
𝜃𝑁𝑁 𝑥𝑁 (𝑘) + 𝑁−1
ˆ𝑚 (𝑘 − 1)
𝑚=1 𝜃𝑁𝑚 𝑥
𝜃11 𝑥1 (𝑘) +

...
...
...
...
...
...

∑𝑁

Phase 𝐾
(1)

ˆ𝑚 (𝐾 − 1)
𝑚=2 𝜃1𝑚 𝑥
...
∑𝑁
(𝑛)
ˆ𝑚 (𝐾 − 1)
𝑚=1,𝑚∕=𝑛 𝜃𝑛𝑚 𝑥
...
∑𝑁−1
(𝑁)
𝜃
𝑥
ˆ𝑚 (𝐾 − 1)
𝑁𝑚
𝑚=1

(𝑛)

If sources incur no detection errors, then 𝑥
ˆ𝑚 (𝑘) =
𝑥𝑚 (𝑘), ∀𝑚, 𝑛, 𝑘, and all sources know {𝑥𝑛 (𝑘)}𝑁
𝑛=1 ,
the new information symbols sent during Phase-𝑘. With
{𝑥𝑚 (𝑘)}𝑁
𝑚=1,𝑚∕=𝑛 and 𝑥𝑛 (𝑘 + 1) available, 𝑈𝑛 proceeds to
Phase-(𝑘 + 1) up until Phase-𝐾, where 𝑠𝑛 (𝐾) ∀𝑛 is [cf. (1)]
𝑁
∑

𝑠𝑛 (𝐾) =

𝜃𝑛𝑚 𝑥𝑚 (𝐾 − 1).

(6)

𝑚=1
𝑚∕=𝑛

Fig. 2.

The purpose of sending 𝑠𝑛 (𝐾) is to guarantee that the lasttransmitted symbols are also “diversified” through the channels in the same way the previous symbols were.

A. Decoding at the destination
𝐾
𝑇
Having received signals y := [{{𝑦𝑛 (𝑘)}𝑁
𝑛=1 }𝑘=0 ] , from
all sources after all 𝐾 + 1 phases, and assuming knowledge
of the 𝑈𝑛 − 𝐷 link ∀𝑛, the ML detection rule at 𝐷 to
jointly detect the information symbols sent from all sources,
𝐾
compactly expressed as the set 𝒙 := {{𝑥𝑛 (𝑘)}𝑁
𝑛=1 }𝑘=0 , is

{
ˆ
𝒙

ML

+

= arg min

𝒙∈𝒜𝐾𝑁
𝑠

𝑁
∑

∥𝑦𝑛 (0) − ℎ𝑛 𝑥𝑛 (0)∥2

𝑛=1

)
(
𝑁
∑
2

𝜃𝑛𝑚 𝑥𝑚 (𝑘 − 1) 
𝑦𝑛 (𝑘)−ℎ𝑛 𝜃𝑛𝑛 𝑥𝑛 (𝑘)+

𝑁 
𝐾−1
∑∑
𝑘=1 𝑛=1

+

𝑚=1
𝑚∕=𝑛

𝑁 
∑

𝑁
∑

𝑛=1

𝑚=1


𝑦𝑛 (𝐾) − ℎ𝑛

}
2

𝜃𝑛𝑚 𝑥𝑚 (𝐾 − 1) .

(7)

𝑚∕=𝑛

If h := [ℎ1 , . . . , ℎ𝑁 ]𝑇 denotes the vector collecting the
channel coefficients of all sources with the destination, the
detector in (7) can be written in matrix-vector form as
{
}
ˆ ML = arg min ∥y − Γ𝑥 h∥2
𝒙

(8)

𝐾
𝒙∈𝒜𝑁
𝑠

D𝑥 (0)
(ΘD𝑥 (1) + ΘX(0)) ⊙ I𝑁
..
.

⎢
⎢
⎢
⎢
⎢
(ΘD𝑥 (𝑘) + ΘX(𝑘 − 1)) ⊙ I𝑁
Γ𝑥 := ⎢
⎢
⎢
..
⎢
.
⎢
⎣ (ΘD𝑥 (𝐾 − 1) + ΘX(𝐾 − 2)) ⊙ I𝑁
(ΘX(𝐾 − 1)) ⊙ I𝑁

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

where D𝑥 (𝑘) := diag(𝑥1 (𝑘), . . . , 𝑥𝑁 (𝑘)), Θ := [𝜽1 , . . . , 𝜽 𝑁 ]𝑇
and
⎤
⎡
0
𝑥1 (𝑘) ⋅ ⋅ ⋅ 𝑥1 (𝑘)
⎢ 𝑥2 (𝑘)
0
⋅ ⋅ ⋅ 𝑥2 (𝑘) ⎥
⎥
⎢
X(𝑘) := ⎢
(10)
⎥.
..
..
..
..
⎦
⎣
.
.
.
.
𝑥𝑁 (𝑘) 𝑥𝑁 (𝑘) ⋅ ⋅ ⋅

0

The complexity of (8) is exponential in the number of sources
(𝑁 ), the block length (𝐾), and the logarithm of the constellation size (∣𝒜𝑠 ∣). In principle, (8) could be written in
a form readily suggesting applicability of linear detectors.
However, these detectors cannot collect the full diversity.
Complexity can be reduced without loss in error performance
if one takes into account that symbols overlap across phases,
thus introducing memory per transmitted block. This allows
application of Viterbi’s algorithm for ML demodulation [19].
Fig. 2 represents one stage of the associated trellis diagram.
Every path in the complete trellis indicates a possible sequence
of blocks D𝑥 (0), . . . , D𝑥 (𝐾 − 1). The diagram has ∣𝒜𝑠 ∣𝑁
bold dots, which indicate the possible states Σ, corresponding
to the different values D𝑥 (𝑘) can take. Each line in Fig. 2
is associated with a new block D𝑥 (𝑘) (next state), a previous
block D𝑥 (𝑘−1) (previous state), and a received block y(𝑘) :=
[𝑦1 (𝑘), . . . , 𝑦𝑁 (𝑘)]𝑇 . The branch metric between states 𝑘 − 1
and 𝑘 is
∥y(𝑘)− ([ΘD𝑥 (𝑘) + ΘX(𝑘 − 1)] ⊙ I𝑁 )h∥2 .

(11)

For the initial and final state transitions, the metrics are
∥y(0) − D𝑥 (0)h∥2 and ∥y(𝐾)− ([ΘX(𝐾 − 1)] ⊙ I𝑁 )h∥2 ,
respectively. From these branch metrics, the path metric can
be computed according to the Viterbi algorithm. The decoded
ˆ ML in
sequence of blocks D𝑥 (0), . . . , D𝑥 (𝐾 − 1) forming 𝒙
(8) will be the one with the lowest path metric.

where Γ𝑥 is an 𝑁 (𝐾 + 1) × 𝑁 matrix defined as
⎡

Trellis diagram for 𝑁 = 2 and BPSK modulation (∣𝒜𝑠 ∣𝑁 = 4).

(9)
B. Performance analysis
The proposed protocol requires (𝐾 + 1)𝑁 channel uses to
transmit 𝐾 symbols per source. Defining the throughput 𝜂 as
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the number of transmitted information symbols per source per
channel use (spspcu), it holds that
𝜂=

𝐾
spspcu.
(𝐾 + 1)𝑁

(12)

For large 𝐾, 𝜂 approaches 1/𝑁 , which is the throughput
of a non-cooperative scheme transmitting over orthogonal
channels.
Another relevant performance metric is the pairwise error
˜ ∣h, h(𝑠) ), and defined
probability (PEP), denoted by Pr(𝒙 → 𝒙
˜ ∈ 𝒜𝐾𝑁
as the probability of decoding a set of symbols 𝒙
𝑠
different from the transmitted 𝒙, averaged w.r.t. the intersource channel coefficients h(𝑠) := [ℎ11 , . . . , ℎ1𝑁 , . . . , ℎ𝑁 𝑁 ]𝑇
between sources, and h. The diversity order 𝑑 can be correspondingly defined as the slope of the logarithm of the average
pairwise error probability at the destination; that is,
{
]}
[
˜ ∣h, h(𝑠) )
log 𝔼h,h(𝑠) Pr(𝒙 → 𝒙
𝑑 := min − lim
.
𝛾
¯ →∞
𝒙,˜
𝒙∕=𝒙
log 𝛾¯
(13)
Provided that sources commit no decoding errors, the PEP
does not depend on h(𝑠) and corresponds to that of a colocated multi-antenna system [5]. Using the Chernoff bound,
it can be bounded as
)
(
˜ ∣h) ≤ 𝜅1 exp −𝜅2 ∥(Γ𝑥 − Γ𝑥˜ )h∥2
(14)
Pr(𝒙 → 𝒙
where 𝜅1 and 𝜅2 are positive constants, and Γ𝑥˜ is defined
as Γ𝑥 after replacing 𝑥𝑛 (𝑘) by 𝑥
˜𝑛 (𝑘) in (9) and (10), ∀𝑛, 𝑘.
Taking the expected value of (14) w.r.t. h yields the average
PEP as
( )−rank(Γ𝑥 −Γ𝑥˜ )
¯𝛾
˜ ∣h)] ≤ 𝛽¯
(15)
𝔼h [Pr(𝒙 → 𝒙
¯ Substituting (15) into (13), the
for some finite constant 𝛽.
diversity order 𝑑 is found dependent on the rank of Γ𝑥 − Γ𝑥˜ ,
as stated in the following proposition.
Proposition 1. (No inter-source errors) The diversity order
achieved by the cooperative scheme as described in Table I
using the detector (8), and assuming error-free inter-source
links, is
(16)
𝑑 = rank(Γ𝑥 − Γ𝑥˜ ) = 𝑁.
Proof: See Appendix A.
Thus, in the error-free case, this protocol achieves the
maximum possible diversity order 𝑁 , equal to the number
of sources. Because the number of blocks and bits per block
transmitted by each source is the same, all sources achieve the
same diversity order. Appendix A shows that the identifiability
criterion in (2) is instrumental to prove Proposition 1. Without
this condition, the ML decoder in (8) would still be valid,
but diversity may not be enabled; i.e., matrix Θ acts as a
precoding module.
√ Indeed, if Θ is, e.g., the all-ones matrix
(normalized by 𝑁 ), it is always possible to find specific
˜ so that the rank of (Γ𝑥 − Γ𝑥˜ ) is less than 𝑁 .
blocks 𝒙 ∕= 𝒙
Finally, notice also that the diversity in (16) is independent of
2
2
2
(𝜎11
, . . . , 𝜎𝑁
𝜎12 , . . . , 𝜎𝑁
𝑁 ), the channel statistics of sourcedestination (inter-source) links.
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Remark 1. (Comparison with distributed space-time and network coding) Compared to the state-of-the-art multi-source cooperative schemes [18], [20], [5], this novel protocol achieves
the same diversity performance at no loss of throughput, approaching that of non-cooperative orthogonal multiple-access
schemes that do not exploit diversity (1/𝑁 spspcu). Compared
to [24], the present scheme is not restricted to bit-level operations. Moreover, it will allow the development of adaptive
schemes whereby erroneous symbols can still be forwarded.
This is precisely one of the objectives in the ensuing section.
III. S ELECTIVE AND LINK - ADAPTIVE FORWARDING
PROTOCOLS

Consider now the more realistic scenario where the 𝑚-th
(𝑛)
decoded symbol 𝑥ˆ𝑚 (𝑘) at 𝑈𝑛 per Phase-𝑘, can differ from
𝑥𝑚 (𝑘), ∀𝑚 ∕= 𝑛. The following forwarding strategies will be
explored.
A. Selective forwarding protocol
(𝑛)

In the SF protocols of e.g., [20] and [4], symbol 𝑥
ˆ𝑚 (𝑘)
is only forwarded if it is equal to 𝑥𝑚 (𝑘), otherwise it is
discarded. In practice, relaying selectively information in a
throughput-efficient manner is performed on a per-packet
basis; i.e., source 𝑈𝑛 per Phase-𝑘 transmits a block of symbols instead of 𝑠𝑛 (𝑘) alone. Notwithstanding, since packet
transmissions do not affect throughput or diversity claims,
and for simplicity of exposition, symbol-by-symbol operation
will be described here. Error detection codes can be used at
the transmitter to guarantee that the receiver can detect errors
within the packet. In the analysis henceforth, the following
assumption is made.
(AS2) The error-detection code is perfect, and incurs no loss
in spectral efficiency.
(𝑛)

(𝑛)

ˆ𝑚 (𝑘) =
With 𝑥ˆ𝑚 (𝑘) as in (5), define 𝒟𝑛 (𝑘) := {𝑚 ∣ 𝑥
𝑥𝑚 (𝑘), 𝑚 ∈ {1, . . . , 𝑁 }, 𝑚 ∕= 𝑛} as the set of symbols
source 𝑈𝑛 correctly detected at the 𝑘-th slot, excluding index
𝑛. Source 𝑈𝑛 will construct 𝑠𝑛 (𝑘) by jointly encoding the
correctly-received symbols indexed by 𝒟𝑛 (𝑘 − 1) along with
its own next information symbol 𝑥𝑛 (𝑘). In the CFNC-SF
protocol, symbol 𝑠𝑛 (𝑘) at source 𝑈𝑛 is now constructed as
[c.f. (1)]
∑
𝜃𝑛𝑚 𝑥𝑚 (𝑘 − 1).
(17)
𝑠𝑛 (𝑘) = 𝜃𝑛𝑛 𝑥𝑛 (𝑘) +
𝑚∈𝒟𝑛 (𝑘−1)

Note that 𝑠𝑛 (𝑘) will always be non-zero even if 𝒟𝑛 (𝑘 − 1) is
empty. Symbol 𝑠𝑛 (𝑘) is transmitted to all other sources and
to the destination as in (3) and (4). It is also assumed that:
(AS3) Source 𝑈𝑛 informs other sources and the destination
about the set of correctly-decoded symbols 𝒟𝑛 (𝑘 − 1) used to
encode 𝑠𝑛 (𝑘).
Since 𝒟𝑛 (𝑘 −1) can take 2𝑁 −1 possible values, 𝑁 −1 extra
bits will be used for this purpose. This overhead information
is fixed regardless of the packet size used for transmission.
Since the transmitted symbols have been modified, so has
to be the detection rule in (5). Let 𝒞𝑚𝑛 (𝑘) := 𝒟𝑚 (𝑘) ∩
(𝒟𝑛 (𝑘) ∪ {𝑛}) denote the set of symbol indices correctly

1610

IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 10, NO. 5, MAY 2011

decoded by both 𝑈𝑛 and 𝑈𝑚 . Likewise, define ℱ𝑚𝑛 (𝑘) :=
𝒟𝑚 (𝑘) ∩ (𝒟𝑛 (𝑘) ∪ {𝑛}) as the set of symbols correctly
decoded by 𝑈𝑚 but erroneously decoded by 𝑈𝑛 , and thus
are unknown to 𝑈𝑛 . Using these definitions, the following
decoding rule is implemented at each source node [cf. (5)]

(

min
¯𝑚
x̂(𝑛)
𝑦𝑚𝑛 (𝑘) − ℎ𝑚𝑛 𝜃𝑚𝑚 𝑥
𝑚 (𝑘) =arg
∣ℱ𝑚𝑛 (𝑘−1)∣+1

x̄∈𝒜𝑠

+

∑

𝜃𝑚𝑝 𝑥
¯𝑝 +

𝑝∈ℱ𝑚𝑛 (𝑘−1)

∑

)2

𝜃𝑚𝑞 𝑥𝑞 (𝑘−1) 

(18)

𝑞∈𝒞𝑚𝑛 (𝑘−1)

where 𝑥¯𝑝 := [x̄]𝑝 . If ℱ𝑚𝑛 (𝑘 − 1) = ∅ and 𝒞𝑚𝑛 (𝑘 − 1) =
{𝑞∣𝑞 = 1, . . . , 𝑁 ; 𝑞 ∕= 𝑚}, the rule in (18) reduced to the one
in (5), which assumes no decoding errors at both 𝑈𝑛 and 𝑈𝑚 in
Phase-(𝑘−1). If however ℱ𝑚𝑛 (𝑘−1) ∕= ∅, source 𝑈𝑛 decodes
the symbol of interest 𝑥𝑚 (𝑘) plus other symbols it did not
decode during Phase-(𝑘 −1) indexed by ℱ𝑚𝑛 (𝑘 −1). If source
𝑈𝑛 treated 𝑥
¯𝑝 , 𝑝 ∈ ℱ𝑚𝑛 (𝑘 − 1), as noise, the detector in (18)
would not be ML. This is the reason why the decoding rule in
∣ℱ
(𝑘−1)∣+1
. Notice also that the
(18) is defined for all x̄ ∈ 𝒜𝑠 𝑚𝑛
identifiability condition in (2) guarantees that x̄ is uniquely
identifiable, regardless of the size of ℱ𝑚𝑛 (𝑘 − 1). Finally,
(𝑛)
(𝑛)
ˆ𝑚 (𝑘) from
having decoded x̂𝑚 (𝑘) in (18), 𝑈𝑚 can extract 𝑥
(𝑛)
x̂𝑚 (𝑘), update 𝒟𝑛 (𝑘), and proceed to Phase-(𝑘 + 1).
At the destination, the ML detection rule that jointly detects
the symbols sent from all sources is now given by [cf. (7)]
{ 𝑁
∑
𝑀𝐿
ˆ
= arg min
∥𝑦𝑛 (0) − ℎ𝑛 𝑥𝑛 (0)∥2
𝒙
𝒙∈𝒜𝐾𝑁
𝑠

+

𝑛=1

𝐾−1
𝑁 
∑∑

(

𝑦𝑛 (𝑘)−ℎ𝑛 𝜃𝑛𝑛 𝑥𝑛 (𝑘) +

𝑘=1𝑛=1

+

𝑁 
∑

)2

𝜃𝑛𝑚 𝑥𝑚 (𝑘−1) 

𝑚∈𝒟𝑛 (𝑘−1)


𝑦𝑛 (𝐾) − ℎ𝑛

𝑛=1

∑

∑

}
2

𝜃𝑛𝑚 𝑥𝑚 (𝐾 − 1) .

(19)

𝑚∈𝒟𝑛 (𝐾−1)

𝐾−1
With the super-set 𝒟 := {{𝒟𝑛 (𝑘)}𝑁
𝑛=1 }𝑘=0 , the ML detector
in (19) can be compactly written as
{
}
ˆ = arg min ∥y − Γ𝑥 (𝒟)h∥2
𝒙
(20)
𝐾
𝒙∈𝒜𝑁
𝑠

where Γ𝑥 (𝒟) is defined as in (9)-(10), after setting
/ 𝒟𝑛 (𝑘). The Viterbi decoder as
[X(𝑘)]𝑚,𝑛 = 0 for 𝑚 ∈
described in Section (II-A) can still be employed, now with a
different path metric dependent on 𝒟𝑛 (𝑘).
B. Link-adaptive forwarding protocol
(𝑛)

Dismissing erroneous symbols (packets) 𝑥
ˆ𝑚 when constructing 𝑠𝑛 (𝑘) in (17) eventually leads to coding gain loss,
since a CRC failure due to a single bit error implies dismissal
of an entire packet. This section develops an alternative
scheme in which erroneous symbols can still be included, after
weighting them according to their reliability. In the CFNCLAF protocol, source 𝑈𝑛 constructs symbol 𝑠𝑛 (𝑘) as [cf. (1)
and (17)]:
𝑁
√ ∑
𝑠𝑛 (𝑘) = 𝜃𝑛𝑛 𝑥𝑛 (𝑘) + 𝛼𝑛
𝜃𝑛𝑚 𝑥
ˆ(𝑛)
𝑚 (𝑘 − 1)
𝑚=1
𝑚∕=𝑛

(21)

where the scalar 𝛼𝑛 in (21) is a link-adaptive forwarding
coefficient defined as
{
}
𝛾𝑚𝑛
𝛼𝑛 := 𝛽 min min
,1
(22)
𝑚∕=𝑛 𝛾
¯𝑛
and 𝛽 is a positive upper-bound on 𝛼𝑛 , i.e., 𝛼𝑛 ≤ 𝛽, ∀𝑛 =
1, 2, ..., 𝑁 . The role of the LAF coefficient 𝛼𝑛 is to weight
(error-prone) estimated symbols [5], [7]. If {𝛾𝑚𝑛 }𝑁
𝑚=1,𝑚∕=𝑛
exceed the average 𝛾¯𝑛 , then 𝛼𝑛 will be one; otherwise, 𝛼𝑛
will be less than one, reducing the interference level of those
symbols. To construct 𝛼𝑛 , source 𝑈𝑛 uses {𝛾𝑚𝑛 }𝑁
𝑚=1,𝑚∕=𝑛
which is known through ℎ𝑚𝑛 and 𝛾¯𝑛 . This requires assuming
the following.
(AS2’) Source 𝑈𝑛 knows its average channel to the destination
𝛾¯𝑛 via feedback.
The average channel to the destination 𝛾¯𝑛 varies slowly and
thus can be fed back through a low-rate channel. Symbols
𝑠𝑛 (𝑘) as in (21) are transmitted to the other sources and destination. In order to decode these symbols the next assumption
is needed.
√
(AS3’) Via training, source 𝑈𝑛 knows ℎ𝑚𝑛 𝛼𝑚 and the des√
tination knows ℎ𝑛 𝛼𝑛 . Fading coefficients ℎ𝑛 are not needed
at the sources, which means that instantaneous feedback from
the destination is not required.
√
√
Acquiring ℎ𝑚𝑛 𝛼𝑚 (ℎ𝑛 𝛼𝑛 ) via training is similar to
acquiring ℎ𝑚𝑛 (ℎ𝑛 ) as in (AS1) but now only with a pilot
√
scaled by 𝛼𝑛 ; see also [22]. Consequently, the training
overhead per link doubles with respect to CFNC-SF. Using this
assumption, source 𝑈𝑛 now employs the following decoder
[cf. (5) and (18)]
{

(

(𝑛)
𝑥
ˆ𝑚 (𝑘) = arg min 𝑦𝑚𝑛 (𝑘) − ℎ𝑚𝑛 𝜃𝑚𝑚 𝑥
𝑥∈𝒜𝑠

}
𝑁
)2
∑
√

(𝑛)
+ 𝛼𝑚
𝜃𝑚𝑝 𝑥ˆ𝑝 (𝑘 − 1)  .

(23)

𝑝=1
𝑝∕=𝑚

Notice that the (error-prone) previously-decoded symbols
(𝑛)
𝑥ˆ𝑝 (𝑘 − 1) are used in (23). The ML rule at the destination
is likewise given by
{
}
ˆ = arg min ∥y − Γ𝑥,𝛼 h∥2
𝒙
(24)
𝐾
𝒙∈𝒜𝑁
𝑠

where Γ𝑥,𝛼 is [cf. (9)]
⎡

D𝑥 (0)
(ΘD𝑥 (1)+D𝛼 ΘX(0))⊙I𝑁
..
.

⎤

⎥
⎢
⎥
⎢
⎥
⎢
⎥
⎢
⎥
⎢
⎢
Γ𝑥,𝛼 :=⎢ (ΘD𝑥 (𝑘)+D𝛼 ΘX(𝑘−1))⊙I𝑁 ⎥
⎥
⎥
⎢
..
⎥
⎢
.
⎥
⎢
⎣(ΘD𝑥 (𝐾 −1)+D𝛼ΘX(𝐾 −2))⊙I𝑁 ⎦
(D𝛼 ΘX(𝐾 − 1))⊙I𝑁

(25)

with D𝛼 := diag([𝛼1 , . . . , 𝛼𝑁 ]).
Remark 2. (CFNC-SF vs. CFNC-LAF) Compared to CFNCSF, the CFNC-LAF protocol in this section does not require
to inform other sources and the destination about symbol error
outages, thus reducing the extra overhead per packet. Instead,
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the CFNC-LAF protocol requires sources and the destination
√
√
to know, respectively, ℎ𝑚𝑛 𝛼𝑚 and ℎ𝑛 𝛼𝑛 through training
as well as 𝛾¯𝑚 through feedback. However, neither CFNC-SF
nor CFNC-LAF requires instantaneous feedback of the fading
coefficients ℎ𝑛 from the destination as assumed available by
opportunistic approaches, such as [3], [11]. Also, both CFNCSF and CFNC-LAF guarantee deterministic (as opposed to
average) throughput per user. The next section will also show
that they achieve full diversity.
IV. P ERFORMANCE BOUNDS FOR CFNC-SF AND
CFNC-LAF
When inter-source errors are present, the PEP evaluation
proceeds in two steps. First, the probability of having a partic(𝑛)
𝐾−1
ˆ := {{ˆ
𝑥𝑚 (𝑘)}𝑁
ular set of decoded symbols 𝒙
𝑛,𝑚=1,𝑚∕=𝑛 }𝑘=0
is found. Second, the PEP at the destination given this set of
decoded symbols (which is termed error-conditional PEP), is
obtained. The latter is found by marginalizing over all possible
ˆ
estimated symbols 𝒙
∑
˜ ∣h, h(𝑠)) =
˜ ∣h, h(𝑠), 𝒙
ˆ )Pr(ˆ
Pr(𝒙 → 𝒙
Pr(𝒙 → 𝒙
𝒙∣h(𝑠) ) (26)
∀ˆ
𝒙

˜ ∣h, h(𝑠) , 𝒙
ˆ ) is the PEP at the destination
where Pr(𝒙 → 𝒙
ˆ of forwarded symbols, and Pr(ˆ
𝒙∣h(𝑠) )
conditioned on a set 𝒙
ˆ conditioned on h(𝑠) .
is the probability of having such a set 𝒙
A. CFNC-SF protocol
In this case, the decoder at the destination is independent
˜ ∣h, h(𝑠) , 𝒙
ˆ ) = Pr(𝒙 →
of h(𝑠) [cf. (19)]. Thus, Pr(𝒙 → 𝒙
˜ ∣h, 𝒙
ˆ ), and the expected value of (26) can be split into the
𝒙
product of two terms
[
]
˜ ∣h, h(𝑠) )
𝔼h,h(𝑠) Pr(𝒙 → 𝒙
]
[
]
∑ [
˜ ∣h, 𝒙
ˆ ) 𝔼h(𝑠) Pr(ˆ
𝒙∣h(𝑠) ) . (27)
𝔼h Pr(𝒙 → 𝒙
=
∀ˆ
𝒙

Both factors on the right-hand side (r.h.s.) of (27) can be evaluˆ . The second
ated separately for a given (fixed) estimated set 𝒙
term on the r.h.s. of (27) can be obtained by first finding
(𝑚)
the conditional probability that source 𝑈𝑚 detects 𝑥ˆ𝑛 (𝑘) ∕=
𝑥𝑛 (𝑘). Using the Chernoff bound it( can be bounded
) as
(𝑚)
Pr(𝑥𝑛 (𝑘) → 𝑥
ˆ𝑛 (𝑘)∣h(𝑠) ) ≤ exp −𝜅𝑚𝑛 (𝑘)∣ℎ𝑚𝑛 ∣2 for
some finite coefficient 𝜅𝑚𝑛 (𝑘). Due to conditional indepenˆ
dence, the conditional probability of detecting the entire set 𝒙
is thus
⎞
⎛
𝐾−1
𝑁
∑∑
∑
Pr(ˆ
𝒙∣h(𝑠) ) ≤ exp⎝−
𝜅𝑚𝑛 (𝑘)∣ℎ𝑚𝑛 ∣2⎠ (28)
𝑘=0 𝑛=1 𝑚∈ℰ𝑛 (𝑘)

where ℰ𝑛 (𝑘) is the set of sources that failed to detect 𝑥𝑛 (𝑘);
i.e.,
ℰ𝑛 (𝑘) := {𝑚∣𝑛 ∈
/ 𝒟𝑚 (𝑘), 𝑚 = 1, . . . , 𝑁, 𝑚 ∕= 𝑛}

(29)

with 𝒟𝑚 (𝑘) defined as in Section III-A. Note that for
ˆ there is a corresponding error set
every estimated set 𝒙
𝐾−1
}
.
The
expected value of (28) can be
{{ℰ𝑛 (𝑘)}𝑁
𝑛=1 𝑘=0
bounded by
[
]
𝐾−1
𝑁
𝒙∣h(𝑠)) ≤ (𝛽 ′ 𝛾¯ )−∣∪𝑛=1 ∪𝑘=0 ℰ𝑛 (𝑘)∣ = (𝛽 ′ 𝛾¯ )−∣ℰ∣ (30)
𝔼h(𝑠) Pr(ˆ
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𝐾−1
where ℰ := ∪𝑁
𝑛=1 ∪𝑘=0 ℰ𝑛 (𝑘), and the inequality holds at
high SNR for some constant 𝛽 ′ .
Back to (27), the first term on the r.h.s. is instead given by
)
(
˜ ∣h, 𝒙
ˆ ) ≤ exp −𝜅′ ∥(Γ𝑥 (𝒟) − Γ𝑥˜ (𝒟))h∥2 (31)
Pr(𝒙 → 𝒙

where Γ𝑥˜ (𝒟) is constructed as Γ𝑥 (𝒟) in (20), after replacing
˜ ∣h, 𝒙
ˆ ) can
𝑥𝑛 (𝑘) by 𝑥
˜𝑛 (𝑘). The expected value of Pr(𝒙 → 𝒙
be bounded as
˜ ∣h, 𝒙
ˆ )] ≤ (𝛽 ′′ 𝛾¯ )−rank(Γ𝑥 (𝒟)−Γ𝑥˜ (𝒟))
𝔼h(𝑠) [Pr(𝒙 → 𝒙

(32)

for some finite constant 𝛽 ′′ . Combining bounds (30) and (32),
a bound on (27) can be established to access the diversity
order of this scheme. The following proposition describes the
final result.
Proposition 2. (Diversity order of the CFNC-SF protocol)
Consider the coefficients 𝜃𝑛𝑚 ∀𝑛, 𝑚 = 1, . . . , 𝑁 selected to
satisfy (2). The diversity order as defined in (13) of the CFNCSF protocol is
𝑑 := min {rank(Γ𝑥 (𝒟) − Γ𝑥˜ (𝒟)) + ∣ℰ∣ , 𝑁 } = 𝑁.
𝒙,˜
𝒙∕=𝒙

(33)

Proof: See Appendix B.
Thus, the diversity order is independent of the intermediate
ˆ , and is equal to the number of
set of estimated symbols 𝒙
sources 𝑁 .
B. CFNC-LAF protocol
In the CFNC-LAF protocol, the decoder at the destination [cf. (24)] depends on the adaptive coefficients 𝜶 :=
[𝛼1 , . . . , 𝛼𝑁 ]𝑇 , which in turn depend on the source-to-source
channels h(𝑠) [cf. (22)]. Consequently, the average PEP in
(27) cannot be decoupled into the product of two terms as
with the CFNC-SF protocol. In this case, the approach is
to directly bound the instantaneous PEP. The probability of
ˆ , namely Pr(ˆ
decoding 𝒙
𝒙∣h(𝑠) ), can be bounded as asserted
in the following lemma.
Lemma 1. Let ℰ denote the set of sources that erroneously
decoded at least one symbol in 𝒙 using (23); i.e., ℰ :=
𝐾−1
∪𝑁
𝑛=1 ∪𝑘=0 ℰ𝑛 (𝑘). With 𝜅1 , 𝜅2 denoting positive constants,
ˆ given that 𝒙 was
the conditional probability of decoding 𝒙
transmitted can be bounded as
(
)
∑
(𝑠)
min {𝛾𝑚𝑛 } .
(34)
Pr(ˆ
𝒙∣h ) ≤ 𝜅1 exp −𝜅2
𝑛∈ℰ

𝑚∕=𝑛

Proof: See Appendix C.
˜ ∣h, h(𝑠) , 𝒙
ˆ ) in (26), and
Consider now the term Pr(𝒙 → 𝒙
define matrix Γ𝑥ˆ as
⎤
⎡
D𝑥 (0)
⎥
⎢
(ΘD𝑥 (1)+D𝛼 ΘX̂(0))⊙I𝑁
⎥
⎢
⎥
⎢
..
⎥
⎢
.
⎥
⎢
⎥
⎢
Γ𝑥ˆ :=⎢ (ΘD𝑥 (𝑘)+D𝛼 ΘX̂(𝑘 − 1))⊙I𝑁 ⎥
(35)
⎥
⎢
..
⎥
⎢
.
⎥
⎢
⎥
⎢
⎣(ΘD𝑥 (𝐾 −1)+D𝛼ΘX̂(𝐾 −2))⊙I𝑁 ⎦
(D𝛼 ΘX̂(𝐾 −1))⊙I𝑁
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where X̂(𝑘) is defined as
⎡
(2)
0
𝑥
ˆ1 (𝑘) ⋅ ⋅ ⋅
⎢ (1)
⎢ 𝑥
0
⋅⋅⋅
ˆ2 (𝑘)
X̂(𝑘) := ⎢
..
..
..
⎢
.
⎣
.
.
(1)

(2)

ˆ𝑁 (𝑘) ⋅ ⋅ ⋅
𝑥
ˆ𝑁 (𝑘) 𝑥

(𝑁 )
𝑥
ˆ1 (𝑘)
(𝑁 )
𝑥
ˆ2 (𝑘)

..
.
0

⎤
⎥
⎥
⎥.
⎥
⎦

(36)

With these definitions, and using the input-output relationship
ˆ ) is given by [5]
˜ ∣h, h(𝑠) , 𝒙
in (8), the term Pr(𝒙 → 𝒙
(
)
2
2
∥(Γ𝑥ˆ−Γ𝑥˜ )h∥ −∥(Γ𝑥ˆ −Γ𝑥 )h∥
(𝑠)
√
ˆ) = 𝑄
˜ ∣h, h , 𝒙
Pr(𝒙 → 𝒙
2
2 ∥(Γ𝑥˜ −Γ𝑥 )h∥
(37)
where Γ𝑥˜ is as in (9), after substituting 𝑥𝑛 (𝑘) with 𝑥
˜𝑛 (𝑘).
The terms in (37) can be expressed as
∥(Γ𝑥ˆ − Γ𝑥˜ )h∥2 =
2

∥(Γ𝑥ˆ − Γ𝑥 )h∥ =

𝑁
∑
𝑛=1
𝑁
∑

˜ 𝑛 𝛾𝑛
𝜆
𝜆𝑛 𝛾𝑛

(38)
(39)

𝑛=1

where
˜𝑛 =
𝜆

𝐾 "
𝑁
"2
∑
√ ∑
"
"
˜𝑛(𝑘))+ 𝛼𝑛
𝜃𝑛𝑚(ˆ
𝑥(𝑛)
(𝑘)−˜
𝑥
(𝑘))
"𝜃𝑛𝑛 (𝑥𝑛(𝑘)− 𝑥
"
𝑚
𝑚
𝑚=1

𝑘=0

𝜆𝑛 =

𝑚∕=𝑛

𝐾 "
𝑁
"2
∑
"√ ∑
"
𝜃𝑛𝑚 (ˆ
𝑥(𝑛)
(𝑘)
−
𝑥
(𝑘))
" 𝛼𝑛
"
𝑚
𝑚
𝑘=0

𝑚=1
𝑚∕=𝑛

are the squared eigenvalues of Γ𝑥ˆ − Γ𝑥˜ and Γ𝑥ˆ − Γ𝑥 , respectively. Clearly, 𝜆𝑛 > 0, ∀𝑛 ∈ ℰ and 𝜆𝑛 = 0, ∀𝑛 ∈ ℰ̄. Using
this result, the following lemma can be established.
Lemma 2. Given the CFNC coefficients 𝜽𝑛 satisfying (2),
for any error event e := x − x̃ = [𝑒1 , 𝑒2 , ..., 𝑒𝑁 ]𝑇 ∕= 0 where
x, x̃ ∈ 𝒜𝑁
𝑠 , there always exists a (possibly random) variable
𝛼𝑛0 > 0 such that the inequality
𝑁
𝑁

2
∑
2
√ ∑




𝜃𝑚𝑛 𝑒𝑚  ≥ 𝛼𝑛0 𝛼𝑛 
𝜃𝑚𝑛 𝑒𝑚 
𝜃𝑛𝑛 𝑒𝑛 + 𝛼𝑛
𝑚=1
𝑚∕=𝑛

𝑚=1

(40)

holds with probability 1.
Proof: See Appendix D.
Applying Lemma 2 to (38) and (39), the conditional probability in (37) can be conveniently bounded as asserted in the
following lemma.
Lemma 3. Let 𝒞 = ℰ̄ be the set of sources that correctly
detected all symbols in 𝒙 at all phases 𝑘 = 0, 1, . . . , 𝐾 − 1.
With 𝜅3 and 𝜅4 denoting positive constants, the conditional
error probability in (37) can be bounded by
ˆ)
˜ ∣D𝛼 , h, 𝒙
Pr(𝒙 → 𝒙
(
)
∑
∑
𝜅3 𝑛∈𝒞 𝛼𝑛0 𝛼𝑛 𝛾𝑛 −𝜅4 𝑛∈ℰ 𝛼𝑛 𝛾𝑛
≤𝑄 √
. (41)
∑
∑
2𝜅3 𝑛∈𝒞 𝛼𝑛0 𝛼𝑛 𝛾𝑛 +2𝜅4 𝑛∈ℰ 𝛼𝑛 𝛾𝑛
Proof: See Appendix E.

Combining Lemmas 1 and 3, the PEP in (26) can be further
bounded by
(
)
∑
(𝑠)
˜ ∣h, h ) ≤ 𝜅1 exp −𝜅2
Pr(𝒙 → 𝒙
min {𝛾𝑚𝑛 }
𝑛∈ℰ

𝑚∕=𝑛

)
𝜅3 𝑛∈𝒞 𝛼𝑛0 𝛼𝑛 𝛾𝑛 −𝜅4 𝑛∈ℰ 𝛼𝑛 𝛾𝑛
. (42)
×𝑄 √
∑
∑
2𝜅3 𝑛∈𝒞 𝛼𝑛0 𝛼𝑛 𝛾𝑛 +2𝜅4 𝑛∈ℰ 𝛼𝑛 𝛾𝑛
(

∑

∑

This expression is similar to the one encountered in [21,
Lemma 2], leading to.
Proposition 3. (Diversity order of the CFNC-LAF protcol)
Given the CFNC coefficients 𝜽𝑛 satisfying (2), and the linkadaptive power scaling coefficients 𝛼𝑛 satisfying (22), the
diversity order as defined in (13) of the CFNC-LAF protocol
is
{
[
]}
˜ ∣h, h(𝑠) )
log 𝔼ℎ Pr(𝒙 → 𝒙
min − lim
= 𝑁. (43)
𝛾
¯ →∞
𝒙,˜
𝒙∕=𝒙
log 𝛾¯
Proof: See Appendix F.
Both CFNC-LAF and CFNC-SF protocols achieve diversity
order equal to the number of sources 𝑁 . For systems with the
same diversity order, comparing relative performance typically
relies on their respective coding gains. This will be done
through simulations in the following section.
V. S IMULATIONS
In the following matrix Θ is chosen
√ to have entries𝑘
)
[Θ]𝑛𝑚 = 𝜃𝑛𝑚 = 𝑒𝑗𝜋(4𝑛−1)(𝑚−1)/(2𝑁
/
𝑁 for 𝑁 = 2
√
and 𝜃𝑛𝑚 = 𝑒𝑗𝜋(6𝑛−1)(𝑚−1)/(3𝑁 ) / 𝑁 for 𝑁 = 3 × 2𝑘 ,
∀𝑛, 𝑚 = 1, 2, ..., 𝑁 [26]. Notice that Θ is unitary, and
so the transmission power is not affected. Unless otherwise
stated, 𝐾 = 100, and the Viterbi algorithm is employed to
decode 𝒙 at the destination. Without loss of generality, in
all simulations source-destination and source-source links are
2
, and
set to be identical; that is, 𝜎12 = 𝜎22 = ⋅ ⋅ ⋅ = 𝜎𝑁
2
2
2
𝜎11 = ⋅ ⋅ ⋅ = 𝜎1𝑁 = ⋅ ⋅ ⋅ = 𝜎𝑁 𝑁 . The parameter 𝛽 in (22)
is set to one. For a fair comparison, the transmission power of
all schemes has been normalized so that all of them transmit
with the same average power. Notice that the specific choice of
modulation type or 𝛽 will not affect the achievable diversity,
and so they are not optimized here.
1) Test Case 1 (Diversity performance): Fig. 3 depicts the
BER vs. SNR curves of the CFNC-LAF protocol for 𝑁 = 2, 3,
and for BPSK and QPSK modulations. The BER of the noncooperative case is also included for comparison. As seen,
diversity of order 2 and 3 can be achieved by the CFNCLAF protocol. As the number of sources increases, the CFNC
suffers performance loss at low SNR. This is because the
minimum distance between constellation points is reduced.
2) Test Case 2 (Block transmissions): Here, instead of
transmitting symbol-by-symbol, the performance of both
CFNC-LAF and CFNC-SF is compared for different block
lengths 𝑀 . For a fair comparison, the CFNC-LAF scheme is
modified so that whenever sources correctly demodulate other
sources’ packages, 𝛼𝑛 in (21) is set to 1, otherwise it is as
in (22). Fig. 4 plots the BER vs. SNR curves for 𝑁 = 2,
BPSK modulation, and 𝑀 = 10, 100, 500. Clearly, diversity
of order 2 is achieved by both CFNC-SF and CFNC-LAF
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Fig. 6. PER vs. SNR (in dB) curves for the coded CFNC-LAF and bit-level
network coding in [24], with 𝑁 = 2 and message length 𝑀 = 100.

regardless of the block length. Since CFNC-LAF forwards
packets regardless of the block error outages, the BER curves
for different 𝑀 remain essentially the same; for CFNC-SF,
the BER reduces as 𝑀 increases, since erroneous packets are
discarded at intermediate stages, even when only a few bits
are present.
3) Test Case 3 (Comparisons with distributed space-time
coding): Fig. 5 compares the performance of [5], [20] with
that of the CFNC-SF and CFNC-LAF protocols for 𝑁 = 3
and 𝑀 = 1. Due to the fact that the achievable throughput
of CFNC-based schemes nearly reaches 1/𝑁 spspcu, which
is twice as high as that of the schemes in [5], [20], QPSK
modulation is used for the non-cooperative and CFNC cases,
whereas 16-QAM is used for the protocols in [5], [20]. As
expected, all cooperative schemes in Fig. 5 achieve diversity
order 3, but the CFNC protocols achieve more than 5 dB
coding gain advantage. The CFNC-SF requires extra overhead
to accommodate CRC codes (same as [20]); whereas the

CFNC-LAF requires extra training pilots for each link and
feedback of the average SNR (same as [5]).
4) Test Case 4 (Coded transmissions): Here, coded transmissions are considered and compared with the network
coding protocol in [24]. Convolutional codes of rate 13 with
17
generator polynomials [1, 13
15 , 15 ]8 for local information bits
02 07
and [ 15 , 15 , 1]8 for the relayed ones are used. Soft iterative
decoding is employed at the destination. For the scheme in this
paper, two different approaches are considered: i) soft demodulation and decoding; and ii) soft demodulation and iterative
decoding along the lines of [24]. For simplicity, in all protocols sources incur no detection error when decoding packets
from other sources (and thus the CFNC-SF and CFNC-LAF
protocols are the same). The number of information bits per
packet is 100; thus, the corresponding coded packet length
is 300. As shown in Fig. 6, both CFNC-based protocols
entail coding gain advantage over the network-coding-based
scheme in [24]. This is because the CFNC scheme exploits
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A PPENDIX A
P ROOF OF P ROPOSITION 1
−2

10

Proving that rank(Γ𝑥 − Γ𝑥˜ ) = 𝑁 is equivalent to showing
that there exists a Phase-𝑘 such that
([
]
(ΘD𝑥 (𝑘)+ΘX(𝑘−1))⊙I𝑁
rank
(ΘD𝑥 (𝑘+1)+ΘX(𝑘))⊙I𝑁
[
])
(ΘD𝑥˜ (𝑘)+ΘX̃(𝑘−1))⊙I𝑁
−
= 𝑁 (44)
(ΘD𝑥˜ (𝑘+1)+ΘX̃(𝑘))⊙I𝑁
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Fig. 7. BER vs. different source-destination or source-source distances for
CFNC-LAF with 𝑁 = 2, 3 and average SNR=20dB .

more degrees of freedom by coding information in both
complex field and GF(2) rather than GF(2) alone as in [24].
Compared to superposition coding as in [17], notice that [24]
already provides performance comparisons with [17]. Since
the developed scheme outperforms [24], it also outperforms
[17].
5) Test Case 5 (Effect of inter-source errors): Here, the
BER of the CFNC-LAF is tested for various source-source
and source-destination distances, denoted by 𝑑𝑠𝑠 and 𝑑𝑠𝑑 ,
respectively. These distances are taken inversely proportional
−2
−2
and 𝑑𝑠𝑠 ∝ 𝜎𝑠𝑠
.
to the average channel gain; i.e., 𝑑𝑠𝑑 ∝ 𝜎𝑠𝑑
Fig. 7 depicts the BER performance when 𝑁 = 2, 3. The
non-cooperative case is also included for comparison. When
sources are far apart from each other (𝑑𝑠𝑠 is relatively large),
the BER performance of CFNC-LAF approaches that of the
non-cooperative case. However, when sources are close to each
other (𝑑𝑠𝑠 is relatively small), the CFNC-LAF outperforms its
non-cooperative counterpart as well as the schemes in [5],
[20]. These observations imply that in practice sources that
are close are encouraged to transmit cooperatively.
VI. C ONCLUSIONS
Robust and high-throughput CFNC protocols were developed using symbol-level physical-layer network coding operations, and selective- or link-adaptive-forwarding. The throughput of the novel protocol is approximately 1/𝑁 symbols per
source per channel use (spspcu), and achieves spatial diversity
𝑁 for 𝑁 cooperating sources. The CFNC-SF achieves this
by invoking error-detection codes; whereas the CFNC-LAF
requires extra training pilots per link and feedback of the
average SNR coefficient, which varies at a slow time scale.
Fading coefficients ℎ𝑛 are not needed at the sources; thus,
neither CFNC-SF nor CFNC-LAF requires instantaneous feedback from the destination. Simulated tests demonstrated full
diversity and coding gain advantage compared to distributed
space-time coding, and bit-level network coding alternatives.

where X(−1) := 0𝑁 ×𝑁 and D𝑥 (𝐾 + 1) := 0𝑁 ×𝑁 . Equation
(44) can be written as
]
[
diag(D𝜃 e(𝑘) + Θ̃e(𝑘 − 1))
=𝑁
(45)
rank
diag(D𝜃 e(𝑘 + 1) + Θ̃e(𝑘))
where e(𝑘) := x(𝑘) − x̃(𝑘), x(𝑘): = [𝑥1 (𝑘), . . . , 𝑥𝑁 (𝑘)]𝑇 ,
x̃(𝑘) := [˜
𝑥1 (𝑘), . . . , 𝑥
˜𝑁 (𝑘)]𝑇 ; and D𝜃 , Θ̃ are matrices containing the diagonal and off-diagonal elements of Θ. The 𝑚th diagonal entry of diag(D𝜃 e(𝑘) + Θ̃e(𝑘 − 1)) (the upper
diagonal matrix in (45)) can be written as 𝜽𝑇𝑚 ẽ(𝑘), where 𝜽𝑚
is the 𝑚-th row of Θ, and [ẽ(𝑘)]𝑛 = [e(𝑘)]𝑛 if 𝑛 = 𝑚, while
[ẽ(𝑘)]𝑛 = [e(𝑘 − 1)]𝑛 , otherwise. Likewise, the 𝑚-th diagonal
entry of diag(D𝜃 e(𝑘 +1)+ Θ̃e(𝑘)) (the lower diagonal matrix
in (45)) can be written as 𝜽 𝑇𝑚 ẽ(𝑘 + 1). Supposing e(𝑘) ∕= 0
˜ , so that a phase 𝑘 in which e(𝑘) ∕= 0 can
(since 𝒙 ∕= 𝒙
always be found), if e(𝑘) is non-zero at its 𝑚-th entry, ẽ(𝑘)
is non-zero at its 𝑚-th entry too; otherwise, if e(𝑘) is zero
at its 𝑚-th entry, ẽ(𝑘 + 1) will be non-zero because at least
one entry 𝑛 ∕= 𝑚 is non-zero. Thus, in order to achieve full
rank 𝑁 , it is sufficient to design Θ so that 𝜽𝑇𝑚 ẽ(𝑘) ∕= 0 for
ẽ(𝑘) ∕= 0 and 𝜽 𝑇𝑚 ẽ(𝑘+1) ∕= 0 for ẽ(𝑘+1) ∕= 0,∀𝑚 = 1, ..., 𝑁 ,
which coincides with condition (2).
A PPENDIX B
P ROOF OF P ROPOSITION 2
First, it will be shown that the diversity order of
˜ ∣h, 𝒙
ˆ )] is at least 𝑁 − ∣ℰ∣. To this end, one
𝔼h(𝑠) [Pr(𝒙 → 𝒙
can prove that for any 𝑘
([
]
(ΘD𝑥 (𝑘)+ΘX𝒟 (𝑘−1))⊙I𝑁
rank
(ΘD𝑥 (𝑘+1)+ΘX𝒟 (𝑘))⊙I𝑁
[
])
(ΘD𝑥˜ (𝑘)+ΘX̃𝒟 (𝑘−1))⊙I𝑁
−
≥ 𝑁 −∣ ∪𝑁
𝑚=1 ℰ𝑚 (𝑘)∣
(ΘD𝑥˜ (𝑘+1)+ΘX̃𝒟 (𝑘))⊙I𝑁
(46)
where X𝒟 (𝑘) (X̃𝒟 (𝑘)) is defined as X(𝑘) (X̃(𝑘)), after setting [X(𝑘)]𝑚,𝑛 = 0 ([X̃(𝑘)]𝑚,𝑛 = 0) whenever 𝑚 ∈
/ 𝒟𝑛 (𝑘).
Following the same steps as in Appendix A, it can be shown
that the error event 𝑚 ∈
/ 𝒟𝑛 (𝑘) decreases the rank of (46) by at
most one ∀𝑚. Given the relationship between sets 𝒟𝑛 (𝑘) and
/
ℰ𝑚 (𝑘) in (29), this is equivalent to asserting that whenever 𝑛 ∈
ℰ𝑚 (𝑘) the rank of (46) is reduced by at most one. Considering
all error events, this implies that the rank of (46) is reduced
by at most ∣ ∪𝑁
˜ (𝒟)
𝑚=1 ℰ𝑚 (𝑘)∣, and the rank of Γ𝑥 (𝒟) − Γ𝑥
𝑁
is reduced by at most ∣ ∪𝐾
∪
ℰ
(𝑘)∣
=
∣ℰ∣.
Substituting
𝑚
𝑘=1 𝑚=1
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this result into (32) and using (30), the average PEP expression
in (27) now yields
[
] ∑
˜ ∣h,h(𝑠)) ≤
𝔼h,h(𝑠) Pr(𝒙 → 𝒙
(𝛽 ′ 𝛾¯)−∣ℰ∣(𝛽 ′′ 𝛾¯ )−𝑁+∣ℰ∣ = (𝛽 ′′′ 𝛾¯)−𝑁
∀ℰ

(47)

′′′

where 𝛽 is a positive constant. Thus, the diversity order is
independent of the inter-source error events and equals the
number of sources 𝑁 .
A PPENDIX C
P ROOF OF L EMMA 1
The symbol error probability for source 𝑈𝑛 when estimating
(𝑛)
𝑥𝑚 (𝑘) at phase 𝑘 > 1 depends on the symbols 𝑥
ˆ𝑝 (𝑘 −
1) detected in the previous phase [cf. (23)]. Let 𝒢𝑛𝑚 (𝑘) :=
(𝑛)
(𝑚)
{𝑝∣ˆ
𝑥𝑝 (𝑘 − 1) ∕= 𝑥
ˆ𝑝 (𝑘 − 1), 𝑝 = 1, . . . , 𝑁 } denote the
set of symbols for which sources 𝑈𝑛 and 𝑈𝑚 have different
estimates of. The symbol error probability for source 𝑈𝑛 when
estimating 𝑥𝑚 (𝑘) can be written as
(𝑛)
𝑝(𝑛)
𝑚 (𝑘) = Pr{𝑥𝑚 (𝑘) ∕= 𝑥𝑚 (𝑘)}

= Pr{𝑥(𝑛)
𝑚 (𝑘) ∕= 𝑥𝑚 (𝑘), 𝒢𝑚𝑛 (𝑘) ∕= ∅}
+ Pr{𝑥(𝑛)
𝑚 (𝑘) ∕= 𝑥𝑚 (𝑘), 𝒢𝑚𝑛 (𝑘) = ∅}.

(48)

According to the detector in (5), and assuming PSK or
QAM modulations, the second term on the r.h.s. of (48) is
given by
(√
)
2
(𝑘)
=
∕
𝑥
(𝑘),
𝒢
(𝑘)
=
∅}
=
𝑄
𝑐
∣ℎ
∣
𝛾
¯
Pr{𝑥(𝑛)
𝑚
𝑚𝑛
0
𝑚𝑛
𝑚
≤ exp (−𝑐0 𝛾𝑚𝑛 ) (49)
where 𝑐0 is a positive constant that depends on the type of
modulation [19]. The first term in (48) can be bounded as
follows
Pr{𝑥(𝑛)
𝑚 (𝑘) ∕= 𝑥𝑚 (𝑘), 𝒢𝑛𝑚 (𝑘) ∕= ∅}
(
)
√∑
√
)
2 (
𝑐𝑝 𝛼𝑝
= 𝑄 𝑐0 ∣ℎ𝑚𝑛 ∣ 𝛾¯ 1 −
𝑝∈𝒢𝑚𝑛 (𝑘)
(√
)
√∑
𝛾𝑝𝑝′ )
2 (
}
𝑐0 ∣ℎ𝑚𝑛 ∣ 𝛾¯ 1−
𝑐𝑝 𝛽 min{1, min
=𝑄
𝑝∈𝒢𝑚𝑛 (𝑘)
𝑙′ ∕=𝑝 𝛾
¯
)
(√
√
)
2 (
𝑐0 ∣ℎ𝑚𝑛 ∣ 𝛾¯ 1 − 𝑁 𝛽 max {𝑐𝑝 }
≤𝑄
𝑝∈𝒢𝑚𝑛 (𝑘)

≤

exp (−𝑐′0 𝛾𝑚𝑛 )

(50)
(
)
√
where 𝑐′0 ≤ 𝑐0 1 − 𝑁 𝛽 max𝑝 {𝑐𝑝 } is a positive constant
for any 𝛽 such that 0 ≤ 𝑁 𝛽 max𝑝 {𝑐𝑝 } < 1. Combining these
(𝑛)
two results, 𝑝𝑚 (𝑘) can be bounded as exp (−𝜅′ 𝛾𝑚𝑛 ) with
′
ˆ ∣h(𝑠) ) can be bounded as
𝜅 > 0, and thus Pr(𝒙 → 𝒙
ˆ ∣h(𝑠) ) =
Pr(𝒙 → 𝒙

𝐾−1
𝑁
]
∏[
∏ ∏
(1 − 𝑝(𝑛)
1−
𝑚 (𝑘))
𝑛∈ℰ

≤

∏

𝑘=0 𝑚=1
𝑚∕=𝑛

(
)
′
(𝑁 − 1)𝐾 exp −𝜅 min {𝛾𝑚𝑛 }
𝑚∕=𝑛

𝑛∈ℰ

(
)
∑
≤ 𝜅1 exp −𝜅2
min {𝛾𝑚𝑛 }
𝑛∈ℰ

𝑚∕=𝑛

where 𝜅1 := ((𝑁 − 1)𝐾)∣ℰ∣, and 𝜅2 := 𝜅′ .

(51)
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A PPENDIX D
P ROOF OF L EMMA 2
Clearly this lemma holds for 𝛼𝑛 = 1. Since Pr(𝛼 = 0) = 0,
will be considered in the following.
only the case 0 < 𝛼𝑛 < 1 ∑
𝑁
Let 𝑣1 := 𝜃𝑛𝑛 𝑒𝑛 , 𝑣2 := 𝑚=1,𝑚∕=𝑛 𝜃𝑛𝑚 𝑒𝑚 and denote 𝛼𝑛
by 𝛼 for all 𝑛 = 1, 2, ..., 𝑁 . Consider the angles 𝜙0 , 𝜙1 , 𝜙2
and 𝜙3 defined as shown in Fig. 8. The proof of this lemma
can be split into the following cases:
∙

∙

∙

𝜋/2 ≤ 𝜙1 < 𝜋 (Fig. 8(a)): In this case it holds that
𝜙0 > 𝜙1 and thus 𝜙0 > 𝜋/2, which means
√
∣𝑣1 + 𝛼𝑣2 ∣2 > 𝛼∣𝑣1 + 𝑣2 ∣2
(52)
and the lemma holds for any 𝛼0 ∈ (0, 1].
0 < 𝜙2 ≤ 𝜋/2 (Fig. 8(b)): In this case since (52) still
holds for 𝜙0 = 𝜋 − 𝜙2 > 𝜋/2 the lemma holds for any
𝛼0 ∈ (0, 1].
0 < 𝜙1 ≤ 𝜋/2 and 𝜋/2 ≤ 𝜙2 < 𝜋 (Fig. 8(c)): In this
case it holds that 𝜙0 = 𝜋 − 𝜙2 < 𝜋/2. For 𝜙3 < 𝜙0 , (52)
still holds. But because the angle 𝜙3 decreases with 𝜙2
and 𝛼, it follows that 𝜙3 < 𝜙0 holds whenever 𝛼 > 𝛼𝑒
where
(
)2
∣𝑣1 ∣
𝛼𝑒 =
(53)
2 ∣𝑣2 ∣ cos 𝜙1 − ∣𝑣1 ∣
√
which comes from the equality ∣𝑣1 + 𝛼𝑒 𝑣2 ∣2 = 𝛼𝑒 ∣𝑣1 +
2
𝑣2 ∣ . Note that here 𝛼𝑒 < 1 is guaranteed because
∣𝑣2 ∣ cos
√𝜙1 > ∣𝑣1 ∣ since 𝜙2 > 𝜋/2. This implies that
∣𝑣1 + 𝛼𝑣2 ∣2 < 𝛼∣𝑣1 + 𝑣2 ∣2 for 𝛼 > 𝛼𝑒 . Fortunately, it
can be found√from Fig. 8(c) that the following inequality
holds ∣𝑣1 + 𝛼𝑣2 ∣2 ≥ 𝛼𝑒 𝛼∣𝑣1 + 𝑣2 ∣2 . Therefore, 𝛼0 can
be set to any
value less than 𝛼𝑒 to satisfy (40);
)
( positive
e.g., 𝛼0 =

∣𝑣1 ∣
2∣𝑣2 ∣

2

.

Similar arguments can be made for the extreme cases 𝜙1 =
0 and 𝜙1 = 𝜋.
A PPENDIX E
P ROOF OF L EMMA 3
From (38) and (39), it holds that
2

2

∥(Γ𝑥ˆ − Γ𝑥 )h∥ ≤ ∥(Γ𝑥ˆ − Γ𝑥˜ )h∥ + ∥(Γ𝑥ˆ − Γ𝑥 )h∥
=

𝑁
∑
𝑛=1

˜ 𝑛 ∣ℎ𝑛 ∣2 +
𝜆

𝑁
∑

2

𝜆𝑛 ∣ℎ𝑛 ∣ .

2

(54)

𝑛=1

According to Lemma 2, it follows that
˜ ∣h, h(𝑠) , 𝒙
ˆ)
Pr(𝒙 → 𝒙
⎛
⎞
∑𝑁 ˜
2 ∑𝑁
2
𝜆
∣ℎ
∣
−
𝜆
∣ℎ
∣
𝑛
𝑛
𝑛
𝑛
𝑛=1
𝑛=1
⎠.
≤ 𝑄 ⎝√ ∑
∑𝑁
𝑁
2
2
˜
2 𝑛=1 𝜆𝑛 ∣ℎ𝑛 ∣ +2 𝑛=1 𝜆𝑛 ∣ℎ𝑛 ∣

(55)

Using Lemma 2, and the fact that 𝜆𝑛 > 0 for any 𝑛 ∈ ℰ
2
and 𝜆𝑛 = 0 for any 𝑛 ∈ ℰ̄, the expression ∥(Γ𝑥ˆ − Γ𝑥˜ )h∥
can be bounded by
∑
∑
2
2
˜ 𝑛 ∣ℎ𝑛 ∣2 ≥ 𝜅3
𝛼𝑛0 𝛼𝑛 𝛾¯ ∣ℎ𝑛 ∣ (56)
𝜆
∥(Γ𝑥ˆ −Γ𝑥˜ )h∥ ≥
𝑛∈𝒞

𝑛∈𝒞
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𝜋
2

and

𝜋
2

v2

< 𝜙2 < 𝜋

The proof of Lemma 2

𝑚∕=𝑛
2

Likewise, ∥(Γ𝑥ˆ − Γ𝑥 )h∥ can be bounded by
∑
∑
2
2
2
∥(Γ𝑥ˆ − Γ𝑥 )h∥ =
𝜆𝑛 ∣ℎ𝑛 ∣ ≤ 𝜅4
𝛼𝑛 𝛾¯ ∣ℎ𝑛 ∣
𝑛∈ℰ

(57)

𝑛∈ℰ

for some constant
√ 𝜅4 . Substituting (56) and (57) into (55) and
setting 𝜅5 = 2 yields (41).
A PPENDIX F
P ROOF OF P ROPOSITION 3
It follows from (42) that
(
)
∑
∑
˜ ∣h, h(𝑠) ) ≤
Pr(𝒙 → 𝒙
𝜅1 exp −𝜅2
min {𝛾𝑚𝑛 }
( 𝜅3 min{𝛼𝑛0 𝛼𝑛 }
𝑛∈𝒞

𝑛∈ℰ

∀ˆ
𝒙

∑

𝑛∈𝒞

𝑚∕=𝑛

𝛾𝑑𝑛 −𝜅4 max ∣ℎ𝑛 ∣
𝑛∈ℰ

2

∑

min 𝛾𝑚𝑛 )

𝑛∈ℰ 𝑚∕=𝑛

√
∑
2∑
𝜅5 𝜅3 min{𝛼𝑛0 𝛼𝑛 } 𝛾𝑑𝑛 +𝜅4 max ∣ℎ𝑛 ∣
min 𝛾𝑚𝑛
𝑛∈𝒞

=

v1

D ( v1  v 2 )

where Pr{𝛼𝑛0 > 0} = 1 and
"
{ ∑𝐾
"
𝜅3 = min
𝜌𝑛 (𝑘)"𝜃𝑛𝑛 (𝑥𝑛 (𝑘) − 𝑥˜𝑛 (𝑘))
𝑘=0
𝑛∈𝒞
"2 }
∑𝑁
"
(𝑛)
𝜃
(ˆ
𝑥
(𝑘)−
𝑥
˜
(𝑘))
+
" .
𝑛𝑚
𝑚
𝑚
𝑚=1

×𝑄

I2

I0

D ( v1  v 2 )

O

v1  v 2

∑
∀ˆ
𝒙

exp(−𝜂𝑒′ 𝛾𝑒 )𝑄

(

𝑛∈𝒞

𝑛∈ℰ

𝜂𝑐 𝛾𝑐 − 𝜂𝑒 𝛾𝑒
√
𝜅5 𝜂𝑐 𝛾𝑐 + 𝜂𝑒 𝛾𝑒

)

𝑛∈ℰ 𝑚∕=𝑛

(58)

∑
where 𝛾𝑑𝑛 : = ∣ℎ𝑛 ∣2 𝛾¯ , 𝜂𝑒′ := 𝜅2 , 𝛾𝑐 :=
𝛾𝑑𝑛 , 𝜂𝑐 :=
𝑛∈𝒞
∑
2
𝜅3 min{𝛼𝑛0 𝛼𝑛 }, 𝛾𝑒 :=
min 𝛾𝑚𝑛 and 𝜂𝑒 := 𝜅4 max ∣ℎ𝑛 ∣ .
𝑛∈𝒞

𝑛∈ℰ 𝑚∕=𝑛

𝑛∈ℰ

As seen, 𝛾𝑐 and 𝛾𝑒 are independent and follow a Gamma
distribution; thus, they comply with [5, Lemma 2], which is
all required to deduce the full diversity of order 𝑁 .
ACKNOWLEDGEMENT
G. Li would like to thank G. B. Giannakis for the opportunity to visit SPiNCOM at the University of Minnesota during
2009-2010. A. Cano would like to thank A. I. Pérez-Neira for
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