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Performance Analysis of Combined Transmit
Selection Diversity and Receive Generalized
Selection Combining in Rayleigh Fading channels
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Abstract— We analyze the average symbol error rate (SER) of
M-PSK and M-QAM modulations with transmit antenna selection diversity (SD) and receive generalized selection combining
(GSC) in Rayleigh fading channels. SER formulas are derived in
closed form, and numerical results show that transmit SD and
receive GSC are flexible to trade off performance for complexity.
Index Terms— Generalized selection combining, Transmit diversity, Rayleigh fading.

I. I NTRODUCTION
Diversity is an effective means of combating fading in
wireless communications. If several replicas of the same information bearing signal transmitted over uncorrelated fading
channels are available, the receiver can exploit them to increase signal-to-noise ratio (SNR), and thereby reduce bit error
rate (BER). Selection diversity (SD) is the simplest diversity
technique in which the receiver chooses the diversity branch
having the highest instantaneous SNR. In maximum-ratio
combing (MRC), received signals from all diversity branches
are combined; and the instantaneous SNR is maximized at the
combiner output. Recently, generalized selection combining
(GSC) has received considerable attention [1], [2], [5], [7],
[8], [13], [14]. In GSC, signals from a subset of the available
diversity branches are combined; changing the size of the
subset, one can trade off performance for receiver complexity.
As discussed in [14], reducing the number of branches in
diversity combining can reduce the power consumption and
cost of the RF electronics at the receiver. GSC is also more
robust to channel estimation errors since the weak SNR
branches are excluded from the combing process, as pointed
out in [1].
Diversity can also be provided by multiple transmit antennas. If channel state information (CSI) is not available at
the transmitter, space-time coding is an efficient technique
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to enable transmit diversity [11]. If CSI is available at the
transmitter, the optimal weights for the transmit antennas can
be found as the right singular vector of the channel matrix
corresponding to the largest singular value [4]. However,
feeding back the optimal weights to the transmitter consumes
relatively large bandwidth. A simple transmit diversity using
partial CSI is transmit antenna selection diversity, which
chooses the transmit antenna having the strongest channel
gain. Performance of transmit antenna SD with receive MRC
was analyzed in [12]. The diversity system with antenna
selection at both transmitter and receiver was studied in [10].
In this paper, we analyze the performance of transmit
antenna SD with receive GSC over Rayleigh fading channels.
We consider coherent detection of M-ary phase-shift keying
(M-PSK) and quadrature amplitude modulation (M-QAM).
Closed forms for the symbol error rate (SER) of M-PSK and
M-QAM are derived. We also present numerical examples
illustrating that with transmit SD, receive GSC bridges the
performance gap between SD of [10] and MRC of [12].
II. P ERFORMANCE A NALYSIS
Suppose that there are Nt transmit antennas, and the channel
from each transmit antenna to the receiver has N paths. In flat
fading channels, these N channel paths may arise if N receive
antennas are employed; in frequency-selective fading channels,
the receiver may receive N copies of the same signal transmitted over N different carrier frequencies, or may resolve the
signal propagating from the same transmit antenna through
N different paths. Let hn,m be the complex channel gain of
the nth path from the mth transmit antenna. We assume that
{hn,m , n ∈ [1, N ], m ∈ [1, Nt ]} are independent, identically
distributed (i.i.d.), and circularly symmetric Gaussian random
variables. Let αn,m := |hn,m |2 Es /No , where Es is the energy
of the transmitted symbol, and N0 is the one-side power
spectral density of the white Gaussian noise. The average SNR
per symbol per path is expressed as ᾱ = E[|hn,m |2 ]Es /N0 ,
where E[·] denotes expectation with the random variables
within the brackets.
Fig. 1 depicts the frame structure of the transmitted signals,
where D denotes information-bearing (data) symbols, and
Pi denotes pilot symbols transmitted from antenna i. Based
on the time correlation of the channel gains, the receiver
uses the pilot symbols to predict the channels for transmit
antenna selection, as well as to estimate the channels for
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coherent detection. Notice that pilot symbols are transmitted
from each antenna in different time slots, which facilitates
estimation and prediction of the channel gains associated with
different antennas. We assume that the fading channels are
slowly varying and the feedback delay is sufficiently small to
render channel estimation and prediction errors negligible. We
also assume that there is no feedback error. Based on these
assumptions, we suppose that the receiver knows all channel
gains {hn,m , n ∈ [1, N ], m ∈ [1, Nt ]} perfectly. Let α1:N,m ≥
α2:N,m ≥ . . . ≥ αN :N,m be the order statistics obtained
by arranging {αn,m }N
n=1 in decreasing order of magnitude.
Combining the first L (1 ≤ L ≤ N ) variable(s)
in the order
PL
statistics, the receiver obtains βm := l=1 αl:N,m , and then
finds γ := maxm {βm }. Define mt := arg maxm {βm }. The
receiver feeds back mt to the transmitter, and the transmit antenna mt is selected to transmit information bearing symbols.
The decision variable for the transmitted symbol is the output
of the generalized selection combiner which combines signals
from the first L strongest paths, and thus, the instantaneous
SNR of the decision variable is γ. We will next derive the
moment generating function (MGF) of γ from the probability
density function (pdf) of βm . Based on the MGF of γ, we
then find the average SER of M-PSK and M-QAM.
Let the pdf of βm be fβm (βm ), where for notational
simplicity, we do not distinguish a random variable from its
realization. The Laplace transform of fβm (βm ) is found as [1]
L{fβm (βm )} = (1 + sᾱ)−L
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Taking inverse Laplace transform of L{Fβm (βm )}, we obtain
Fβm (βm ) =c0 +
+
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An equivalent form of Fβm (βm ) was found in [7] by integrating the pdf fβm (βm ), which is obtained from the inverse
t
Laplace transform of (1). Since {βm }N
m=1 are i.i.d., and γ =
maxm {βm }, the cdf of γ is given by Fγ (γ) = [Fβm (γ)]Nt .
By using the multinomial theorem [3, p. 166], Fγ (γ) can be
written as
X
ak γ bk e−dk γ ,
(5)
Fγ (γ) =
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The Laplace transform
of Fγ (γ) can be found from (5) as
P
L{Fγ (γ)} = Sk ∈S ak bk !/(s + dk )bk +1 . Since Fγ (0) = 0,
the Laplace transform of the pdf of γ, fγ (γ), can be written as
Φ(s) := L{fγ (γ)} = sL{Fγ (γ)}. Let us now partition the set
S into three subsets: S0 = {Sk |nk,0 = Nt ; nk,l = 0, l 6= 0},
PN
S1 = {Sk |nk,l = 0, l = 2, . . . , L; nk,1 + k,l=L+1 6= 0}, and
S2 = S −S0 −S1 . There is only one element S0 in S0 , and we
have a0 = 1, b0 = 0, d0 = 0. For Sk ∈ S1 , we have bk = 0,
dk 6= 0; for Sk ∈ S2 , we have bk > 0, dk 6=P0. Since fγ (γ)
is a continuous function, we must have a0 + Sk ∈S1 ak = 0;
and then, the Laplace transform of fγ (γ) can be expressed as
X
Φ(s) =
−ak dk (s + dk )−1
Sk ∈S1

X

Sk ∈S2

ak bk ![(s + dk )−bk − dk (s + dk )−bk −1 ],

(9)

with the MGF of γ given by Mγ (s) = Φ(−s). While the
average SNR and the variance of the SNR are now easily
calculated from the MGF in (9), and the outage probability
can be found from Fγ (γ) in (5), we will use the MGF-based
approach of [9, p. 268] to evaluate the SER of M-PSK and
M-QAM modulations.
Using the MGF of γ, the SER of M-PSK is given by [9, p.
271]


Z
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where gP SK := sin2 (π/M ). For the MGF given by (9), since
{bk } is a set of integers, the SER of M-PSK is found as
X
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−ak f1 (gP SK /dk , 1)
Sk ∈S1

+

X

k
ak bk !d−b
k [f1 (gP SK /dk , bk )

(11)

Sk ∈S2

(4)
cl exp(−lβm /Lᾱ).
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The Laplace transform of the cumulative distribution function
(cdf) of βm , Fβm (βm ), is then given by L{Fβm (βm )} =
L{fβm (βm )}/s. Using partial fraction expansion, we can
write L{Fβm (βm )} in the following equivalent form:
L{Fβm (βm )} =

2

− f1 (gP SK /dk , bk + 1)],
R
(M −1)π/M
[sin2 θ/(sin2 θ + c)]m dθ,
where f1 (c, m) := π −1 0
which has a closed form given in [9, p. 127]. For
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where Q(x) := x exp(−x2 /2)dx/ 2π, and we can evaluate
(12) using numerical integration.
Using the MGF of γ, the SER of square M-QAM is given
by [9, p. 273]
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sin θ
0
(13)
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where ν1 := 4(1 − 1/ M ), ν2 := 4(1 − 1/ M )2 , gQAM =
3/2(M − 1). For the MGF given by (9), the SER of M-QAM
is found as
X
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Fig. 3.

BSPK, Pf1 (c, m) is given by f1 (c, m)
=
[(1 −
m−1
k
µ)/2]m k=0 m−1+k
[(1
+
µ)/2]
[9,
p.
125][6,
p.
k
p
781], where µ = c/(1 + c). We can also calculate the BER
of BPSK as
Z ∞ p
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where f2 (c, m) := π −1 0 [sin2 θ/(sin2 θ + c)]m dθ, and
R
π/4
f3 (c, m) := π −1 0 [sin2 θ/(sin2 θ + c)]m dθ. The closed
forms of f2 (c, m) and f3 (c, m) are given in [9, p. 125, p.
128].
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III. N UMERICAL R ESULTS
In this section, we present numerical results calculated
from the analysis in Section II. We choose Nt = 3 transmit
antennas, and N = 5 paths per transmit antenna. Fig. 2 depicts
the average BER of BPSK versus average SNR per path.
The BER of combined transmit-SD and receive-MRC of [12]
corresponds to the curve with L = 5, and the BER of SD at
both transmitter and receiver of [10] corresponds to the curve
with L = 1. We see that when L = 3, GSC can collect most
of the diversity, and the gap relative to MRC’s BER curves is
less than 1dB. We also plot the BER curve without transmit
SD, but with receive MRC. When L > 1, GSC with transmit
SD has better performance than MRC without transmit SD
across the SNR region. Fig. 3 and Fig. 4 depict the average
SER of 8-PSK and 16-QAM versus average SNR per path.
Observations similar to those in Fig. 2 can be deduced from
Fig. 3, and Fig. 4.
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IV.

CONCLUSIONS

We derived the average SER of M-PSK and M-QAM
modulations with transmit SD and receive GSC in Rayleigh
fading channels. With transmit SD, the receive GSC with
L > 1 exhibits better performance than SD at both transmitter
and receiver, or receive MRC without transmit SD. With a
reasonable L, the performance gap between receive GSC and
MRC (both with transmit SD) is very small.
ACKNOWLEDGMENT
The authors would like to thank professor Mohamed-Slim
Alouini of the University of Minnesota for his careful reading
of, and helpful comments on the paper.
R EFERENCES
[1] M.-S. Alouini and M. K. Simon, “An MGF-based performance analysis
of generalized selection combining over Rayleigh fading channels,”
IEEE Trans. Commun., vol. 48, pp. 401–415, Mar. 2000.
[2] T. Eng, N. Kong, and L. B. Milstein, “Comparison of diversity combing techniques for Rayleigh fading channels,” IEEE Trans. Commun.,
vol. 44, pp. 1117–1129, Sept. 1996.
[3] R. L. Graham, D. E. Knuth, and O. Patashnik, Concrete Mathematics.
Addison-Wesley, 1989.
[4] K. C. Hwang and K. B. Lee, “Efficient weight vector representation
for closed-loop transmit diversity,” in Proc. Intl. Com. Conf., New York
City, NY, pp. 732–736, Apr. 28 - May 2, 2002.
[5] N. Kong and L. B. Milstein, “Average SNR of a generalized diversity
selection combing scheme,” IEEE Commun. Lett., vol. 3, pp. 57–59,
Mar. 1999.
[6] J. G. Proakis, Digital Communications. McGraw-Hill, 1995.
[7] Y. Roy, J. Chouinard, and S. A. Mahmoud, “Selection diversity combining with multiple antennas for MM-wave indoor wireless channels,”
IEEE J. Select. Areas Commun., vol. 14, pp. 674–682, May 1996.
[8] M. K. Simon and M. S. Alouini, “A compact performance analysis of
generalized selection combining (GSC) with independent but nonidentically distributed Rayleigh fading paths,” IEEE Trans. Commun., vol. 50,
pp. 1409–1412, Sept. 2002.
[9] M. K. Simon and M.-S. Alouini, Digital Communication over Fading
Channels: A Unified Approach to Performance Analysis. New York:
John Wiley & Sons, 2000.
[10] N. R. Sollenberger, “Diversity and automatic link transfer for TDMA
wireless access link,” in Proc. of Globecom Conf., Houston, TX,
pp. 532–536, Nov. 29 - Dec. 2, 1993.
[11] V. Tarokh, N. Seshadri, and A. R. Calderbank, “Space-time codes for
high data rate wireless communication: performance criterion and code
construction,” IEEE Trans. Inform. Theory, vol. 44, pp. 744–765, Mar.
1998.
[12] S. Thoen, L. V. der Perre, B. Gyselincky, and M. Engels, “Performance
analysis of combined transmit-SC/Receive-MRC,” IEEE Trans. Commun., vol. 49, pp. 5–8, Jan. 2001.
[13] M. Z. Win and J. H. Winters, “Analysis of hybrid selection/maximalratio combing in Rayleigh fading,” IEEE Trans. Commun., vol. 47,
pp. 1773–1776, Dec. 1999.
[14] M. Z. Win and J. H. Winters, “Virtual branch analysis of symbol
error probability for hybrid selection/maximal-ratio combing in Rayleigh
fading,” IEEE Trans. Commun., vol. 49, pp. 1926–1934, Nov. 2001.

4

