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Abstract—A general wireless networking problem is formulated
whereby end-to-end user rates, routes, link capacities, transmitpower, frequency, and power resources are jointly optimized across
fading states. Even though the resultant optimization problem is
generally nonconvex, it is proved that the gap with its Lagrange
dual problem is zero, so long as the underlying fading distribution
function is continuous. The major implication is that separating
the design of wireless networks in layers and per-fading state subproblems can be optimal. Subgradient descent algorithms are further developed to effect an optimal separation in layers and layer
interfaces.
Index Terms—Fading, Lagrangian duality, optimization, wireless networking.

I. INTRODUCTION
HE design goal of communication networks is to transport information from a generating source to an intended
destination. Of the many ways this can be accomplished, there
are networks designed to maximize properly selected optimality
criteria. This paper is concerned with basic principles governing
the associated optimization problem for wireless communication networks in the presence of fading.

T

A. Related Work
Optimization as a mathematical tool to analyze network protocols appeared first in the network utility maximization (NUM)
framework independently proposed by [1] and [2]. The gist of
these works is that congestion control protocols can be viewed
as distributed implementations of algorithms that solve utility
maximization problems. Source rates are regarded as primal
variables and congestion parameters constitute variables of the
corresponding Lagrange dual problems. Recursive schemes updating these variables boil down to subgradient descent iterations on the dual function—the kind of optimization algorithm
also known as dual decomposition. The connection between
congestion control and NUM has been fruitful in understanding
which NUM problems are solvable by heuristic congestion control schemes and also for introducing protocols as solvers of
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suitably formulated NUM problems; see, e.g., [3], [4], and [5]
for recent accounts on NUM.
Extending the NUM framework to wireless networking
problems is not a simple pursuit. Different from wireline networks where pairs of nodes are individually connected at fixed
capacities, node links in wireless networks are not predetermined and their capacities are not fixed. Rather, connections
and link capacities are variables of the optimization problem
itself. Nonetheless, wireless physical layer models have been
incorporated into NUM formulations, and arguably represent
one of the most promising research directions on cross-layer
network designs; see, e.g., [6]–[10] and references therein.
Although some recent works advocate alternative decomposition methods [11]–[13], most of the NUM literature relies on
dual decomposition. This is because the associated Lagrangian
function exhibits a separable structure reminiscent of layered
network designs. This has been pointed out in, e.g., [14], [15],
and recently popularized by [16]. Indeed, using NUM formulations, it is possible to understand specific layered architectures
as decompositions of optimization problems [16]. On this issue,
though, it is important to stress that since wireless networking
problems are nonconvex, the duality gap is generally nonzero.
As a result, the dual optimum is generally different from the
primal optimum and for this reason layering is believed to come
at the price of optimality loss.
A different approach to the wireless networking problem is
the work on stochastic network optimization, originally reported
by [17] and subsequently extended in [18] and [19]; see also [20]
for a comprehensive treatment and [21] for a related approach.
These works build on the backpressure algorithm [22]–[24], and
extend it to deal with a finite number of random network states
as those generated by fading. While the original backpressure
algorithm was introduced to stabilize all queues in the network
without further optimality considerations, [17]–[19] developed
modified versions that can provably approximate solutions of
various wireless networking problems. These modified versions
are obtained after observing a similarity between Lagrange multiplier updates in dual decomposition and evolution of (virtual)
queue lengths in a communication network.
All of the approaches outlined so far pertain to either wireless
networks with deterministic links, or, if random fading effects
are accounted for, the channel links are confined to take on a
finite number of values. This is simply not the case in wireless
fading propagation and, given subtleties involved in limits of
stochastic processes, it cannot be regarded as practically irrelevant. Further motivation to consider fading channels with infinite number of states is provided by the fact that when this has
been incorporated in related settings it has actually turned out
to yield a simpler problem.
Rate utility maximization of time or frequency division multiple access (TDMA/FDMA) with fading coefficients taking on
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a continuum of values was considered in [25]. To deal with this
non-convex problem, time sharing of carriers is introduced, a
strategy that renders optimization tractable but complicates implementation. However, it is observed that with probability 1
time sharing is not needed. This result does not hold when the
number of fading states is finite [26]. In this sense, TDMA and
FDMA problems become simpler when fading takes on an infinite number of states. Another related problem is that of optimal
subcarrier allocation at the physical layer of digital subscriber
lines (DSL). Here too the problem is nonconvex, but when formulated in a continuous (as opposed to discrete) frequency-domain the duality gap becomes zero. This was first observed for
sum-rate maximization in [27] and extended to general utilities
by [28] as an application of Lyapunov’s convexity theorem [29].
Different from NUM approaches [6]–[10], [14], [15] and stochastic network optimization schemes [17]–[20], the goal of the
present paper is not to put forth or analyze a specific algorithm
but to look at a structural property—the duality gap—of the underlying optimization problem. Distinct from e.g., [16], the objective is not to argue whether layered architectures can be formally understood as decompositions of optimization problems.
Our goal is to prove that layering can be optimal in wireless networks. Instead of the specific medium access control problem
treated by [25] or the DSL spectrum assignment dealt with in
[27] and [28], this work considers a general wireless networking
problem.
B. Organization and Contributions
The paper starts by modeling the relation among wireless networking variables in Section II. The effects of random fading in
determining link capacities and power consumption are specified in Section II-A. Using these relations, the optimal wireless
networking problem is formulated in Section III. This problem
is non-convex and therefore belongs to the unfortunate side of
the watershed division between “easy” and “difficult” optimization problems. The Lagrange dual of this problem is introduced
in Section III.A.
The main result of the paper is presented in Section IV. Albeit
nonconvex, Theorem 1 asserts that the optimization problem of
Section III exhibits zero duality gap. The bulk of Section IV is
dedicated to prove this claim. The result has far reaching implications that are yet to be explored fully. These stem from the
fact that it is easier to work with the dual problem than with the
original primal problem. The zero duality gap ensures that the
dual problem incurs no loss of optimality.
In Section V, the separable structure of the Lagrangian is used
to establish two separation principles:
Separation per layer. This result proved in Theorem 3 establishes optimal separation of wireless networking problems into layers. Separate optimization subproblems can
yield optimal routes, optimal link capacity allocations as
well as optimal power and frequency assignments.
Separation per fading state. This result proved in Theorem 4 asserts that the network optimization problem is
further separable in per-fading-state subproblems.
The final section of the paper deals with subgradient descent
algorithms enabling optimal designs of wireless networks
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Fig. 1. Connectivity graph of an example wireless network.

(Section VI-A) and demonstrates how these algorithms effect
separability in layers and layer interfaces (Section VI-B).
II. PROBLEM FORMULATION
user
Consider an ad-hoc wireless network comprising
terminals
. Terminal
wishes to deliver packets for
different application-level flows generically denoted by . The
flow specifies the destination of the flow’s packets, but the
same destination may be associated with different flows to, e.g.,
accommodate different types of traffic (video, voice, or data).
to emphasize that
The destination of flow is denoted as
flow indexing is different from terminal indexing. For every
flow , packet arrivals at form a stationary stochastic process
with mean .
with verNetwork connectivity is modeled as a graph
and edges
connecting pairs
tices
when and only when and
can communiof vertices
cate with each other; see Fig. 1. The neighborhood of is de. Each terminal
noted by
that can communicate with will be referred to as a neighbor.
Given this model, terminals rely on multihop transmissions to
of the flow . For
deliver packets to the intended destination
selects an average rate
for transmitting th
that matter,
flow packets to . Assuming that packets are not discarded and
of
queues are stable throughout the network, average rates
exogenous packet arrivals (from the application layer) are related with endogenous (to the network layer) average rates
transmitted to and from neighboring nodes. Endogenous and exogenous rates are related through the flow conservation equation
per flow as (see, e.g., [20])
(1)
which we interpret as stating that the rate
offered to the application is the difference between the outgoing rates
and
the incoming rates
. Consider now the average rates
of
all flows traversing the link
. Letting
denote the
information capacity of this link, queue stability is ensured by
requiring [20]
(2)
The constraints in (1) and (2) are basic in describing traffic flow
over a wireline network with fixed capacities . In this setting,
needs to determine exogenous arrival rates
and transmisto satisfy certain optimality criteria. In a
sion rate variables
wireless network however,
is not a fixed resource given to
the terminals. In fact, operating conditions are determined by
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a set of available frequencies (tones) and prescribed powers
. Thus, in addition to
and , terminal
has to deamong tones
cide how to split its power budget
and neighbors
. Matters are further complicated by
fading propagation effects as described in the next section.

denoting the noise power at
link on tone is

A. Link Capacities and Transmit-Powers

With, e.g., a capacity-achieving channel code, it follows that
. Another example entails
the use of a finite number of adaptive modulation and coding
is a staircase function defined
(AMC) modes. In this case,
by the rate of the AMC modes considered.
of the wireless link
In any event, the ergodic capacity
is obtained after averaging over all possible channel
realizations to obtain

and
, let
denote the
For every frequency
channel gain from to . As is customary practice in wireless
is modeled as the realization of a random
communications
. Channel realizations of all network links are colvariable
lected in the vector with the corresponding random variable
denoted as . The range of is the set .
denote the power used by
for sending packets
Let
on the tone when the channel vector realization is .
to
used by is
Consequently, the instantaneous total power
the sum of the power used to transmit to all selected neighbors
on all selected tones, i.e.
(3)
Averaging over all possible channel realizations yields the average power used by as

’s receiver end, the SINR of the

(7)

(8)
The average power and link capacity expressions in (4) and (8)
along with the flow and rate constraints in (1) and (2) describe
information flow in a generic wireless network. They can be
used to define the wireless network optimization problem described in the next section.
III. OPTIMAL WIRELESS NETWORKING

(4)
where
denotes expectation over the channel probability
distribution function.
link is
The rate of information transmission over the
and the channel reala function of the power distribution
ization . To maintain generality of the model, define a function
to map channels and powers to link capacities
of the link
on the tone is
so that the capacity
(5)
Function
is determined by the capabilities and operating
conditions of the terminals. If, e.g., terminals perform single
user detection, link capacity is determined by the signal-to-into the
terference-plus-noise ratio (SINR). Interference
link comes from: i) terminals
in ’s neighbortransmitting to any of its neighbors
; and ii)
hood
transmissions of itself to terminals other than . Therefore

and link capacities
depend on the
Average power
as per (4) and (8). Average link
chosen power profiles
rates
are then constrained by (2) and end-to-end flow rates
by (1). Problem variables
, and
that
satisfy these equations can be supported by the network. As
network designers, we want to select out of these set of feasible
variables those that are optimal in some sense. To this end,
and convex
utility functions,
consider concave
and the cost
respectively, representing the reward of rate
of power . Though not required, it is intuitively reasonable
to consider
and
as increasing functions of
their arguments. Based on these utility functions, the optimal
networking problem is defined as [cf. (1), (2), (4), and (8)]
(9)

(10)

(11)
(6)

(12)

where
in the last sum signifies all pairs
different from
with proper neighborhood restrictions. Note
that the first sum includes terms of the form
to account
for the interference of ’s transmissions to packets received at
. Typically
is very large discouraging transmission and
reception of packets over the same tone . This is not prevented
a fortiori but will likely emerge from the network optimization
as in (6) and
to be described later. With interference

where the constraints (1), (4) and (8) have been relaxed from
equalities to inequalities—something that can be done without
loss of optimality. All problem variables are nonnegative, but
this is left implicit in (9). Also left implicit are power constraints
, arrival rate requirements
as
and
on
well as upper bound constraints
link capacities and link flow rates. For reference, let denote
the set of primal variables
and
for all possible
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subindices, i.e., all and all
for , all for
and
so on. The aforementioned implicit constraints specify a set of
feasible variables
(13)
Likewise, define the vector-valued power function
with
entries
. Possible instantaneous powers
used when
the fading realization is are constrained to the set
(14)
are positive and constrained by a maximum inPowers
but the set
might impose furstantaneous power
ther restrictions. The set
is not required to be convex or
even connected so that it can account for practical situations in
which allowable transmit powers are a discrete set, e.g.,
. Further note that it is not the
that is restricted to the set
.
power allocation function
The relation
denotes that individual values
of the power allocation function for channel coefficients are
.
restricted to the set
The constraints in (13) and (14) are henceforth referred to as
is not necessarily a box
box constraints, recall though, that
but a subset of one. They will be kept implicit for the most part
but when required by clarity they will be stated explicitly.
is not necessarily
Because the function
, and the sets
need not
concave with respect to
be convex, problem (9) is a difficult optimization problem.
In fact, if channels are deterministic (i.e., there is only one
possible channel realization ), it has been proved that problem
(9) is NP-hard [30]. This difficulty notwithstanding, there are
fundamental principles of wireless networking problems to be
derived from properties of (9). Revealing these principles can
be facilitated by looking at the Lagrange dual problem.
A. Lagrange Dual Problem
To define the dual problem, associate Lagrange multipliers
with the capacity constraints in (10),
with the power in
(11), and
and
with the flow and rate constraints in (12).
For notational brevity, call the set of all dual variables, i.e.,
, and write the Lagrangian as
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The dual function is obtained by maximizing the Lagrangian
over the primal variables satisfying the box constraints in (13);
i.e.
(16)
And finally the dual problem is defined as
(17)
Since (9) is nonconvex the duality gap is, in principle, nonzero
which implies that
. Solving (17) is thus a relaxation
in the sense that it yields an upper bound on the maximum
achievable utility . Consequently, the usefulness of (17) depends on the proximity of to . This is explored in the next
section.
IV. OPTIMALITY OF DUAL RELAXATION
The challenges in solving (9) are now clear. For deterministic
channels, the problem is known to be NP-hard. The Lagrange
dual problem in (17) is certainly useful in establishing upper
bounds on the achievable utility, but may or may not be close
to the actual utility . One expects that introducing fading will
complicate matters further. Remarkably, it will turn out that in
. We
the presence of fading the duality gap vanishes, i.e.,
state this result in the following theorem.
Theorem 1: Let denote the optimum value of the primal
problem (9) and that of its dual in (17). If the channel cumulative distribution function (cdf) is continuous, then
(18)
To appreciate this result recall that the link capacity function
is not necessarily concave in Theorem 1; hence, the optimization problem is generally nonconvex. The duality gap,
however, is null. Continuity of the channel cdf ensures that no
channel realization has strictly positive probability. This is satisfied by practical fading channel models including those adhering to Rayleigh, Rice, and Nakagami distributions.
Before proceeding to the proof of Theorem 1, let us recall
Lyapunov’s convexity theorem and introduce pertinent definitions starting with the concept of nonatomic measure [29].
Definition 1 (Nonatomic Measure): Let be a measure defined on the Borel field of subsets of a space . Measure is
with
,
nonatomic if for any measurable set
, such that
there exist a subset of ; i.e.,
.
Familiar measures are probability related, e.g., the probability
of a set for a given channel distribution. To build intuition on
the notion of nonatomic measure consider a random variable
taking values in
and
. The probability of landing in
and is uniformly distributed ineach of these intervals is
side each of them; see Fig. 2. The space is the real line, and the
Borel field comprises all subsets of real numbers. For every
subset
define the measure of as twice the integral of ,
weighted by the probability distribution of on the set , i.e.
(19)

(15)

Note that, except for the factor 2, the value of
represents
the contribution of the set to the expected value of and that
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Returning to the probability measures defined in terms of the
probability distributions of the random variables and , The, i.e., the set of all posorem 2 asserts that the range of
is convex. In fact, it is not difficult to
sible values taken by
is the convex interval
as shown
verify that the range of
. In this
in Fig. 2. Theorem 2 does not claim anything about
is the (nonconvex)
case, it is easy to see that the range of
union of the intervals
and
; see Fig. 3.
Having introduced Theorem 2, we move on to the proof of
Theorem 1.

X

Fig. 2. Consider a random variable
with probability distribution as shown
in the figure. An example of non-atomic measure [cf. Definition 1] is twice the
integral of , weighted by the probability distribution of
on the set , i.e.,
( ) := 2
. Lyapunov’s convexity theorem [cf. Theorem 2] states
:=
( ): E
is convex. It
that the range of all possible integrals
is the (convex) interval
is not difficult to see that in this case the range of
[0 3].

w E
;

x

xdX
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Proof: (of Theorem 1): To establish zero duality gap we
will consider a perturbed version of (9) obtained by perturbing
the constraints used to define the Lagrangian in (15). The perassigns to each (perturbation) paramturbation function
the solution of the (pereter set
turbed) optimization problem
(20)

(21)

(22)

ydY
w E
w E
=;
;=

Y
w E

(23)

Fig. 3. As in Fig. 2 define the measure
( ) := 2
. Because = 1
has strictly positive probability the measure
( ) is atomic. Theorem 2 does
not apply in this case. In fact it can be easily seen that the range of
( ) is
the (nonconvex) union of the intervals [0 1 2] and [5 2 3].

when
is the whole space , it holds
.
According to Definition 1,
is a non-atomic measure of
with
inelements of . Indeed, every subset
. The measure of the set
cludes at least an interval
formed by removing the upper half of
from
is
. The measure of
satisfies
as required for
to be nonatomic.
To contrast this with an example of an atomic measure conlanding equiprobably in
or
sider a random variable
; see Fig. 3. In this case, the measure
is atomic because the set
has positive measure
. The only set
is the empty set whose measure is null.
The difference between the distributions of and is that
contains a point of strictly positive probability, i.e., an atom.
This implies presence of delta functions in the probability density function of . Or, in a rather cleaner statement the cdf of
is continuous whereas the cdf of is not.
Lyapunov’s convexity theorem introduced next refers to the
range of values taken by (vector) nonatomic measures.
Theorem 2 (Lyapunov’s Convexity Theorem [29]): Let
be nonatomic measures on the Borel field
of
subsets of a space . With denoting trasposition, consider
. The range
the vector measure
of the vector measure is convex; i.e., if
and
, then for any
there
exists
such that
.

(24)
where the box constraints (13) and (14) are implicit as in (9).
The perturbed problem (20) can be interpreted as a modified
version of (9), where we allow the constraints to be violated by
amounts. To prove that the duality gap is zero, it suffices to
is a concave function of ; see, e.g., [31].
show that
and
Let
denote arbitrary sets of perturbations
and
.
with respective optimal values
Further, let
denote (likewise,
) the
variables achieving the optimum under perturbation ; and
(likewise,
) the ones achieving optimality
under . For arbitrary
, we are interested in the
. In
solution of (20) under perturbation
particular, to show that
is concave we need to establish

(25)
Key in establishing (25) is the following lemma.
Lemma 1: Consider perturbations and and let and
be the corresponding optimal arguments that solve (20). Define
with
. The
the perturbation
average link capacity and power variables

(26)
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are feasible for (20)–(24) with perturbation in the sense that
they satisfy the box constraints in (13) and the constraints (21)
.
and (22) for some power allocation function
Before proceeding to the proof of Lemma 1, let us see first how
it can be used to complete the proof of Theorem 1.
and
satisfy
We will first show that
the constraint (24) for perturbation . Indeed, since
and
are feasible for the problem (20)–(24) under respective perturbations and , we have [cf. (23)]
(27)
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and
where the second equality holds true because
are optimal arguments of (20) under perturbations
and , respectively. Comparing (25) to (32), we deduce
is concave. Therefore, the
that the perturbation function
.
duality gap is null, i.e.,
We proceed now to the proof of Lemma 1.
Proof: (of Lemma 1): To prove that
and as defined in
(26) satisfy (21) and (22) for perturbation , we have to show
with
that there exist feasible power distributions
for which the following holds true:
elements

(28)
(33)
Multiplying (27) by , (28) by
ranging terms, yields

, summing up and rear(34)

(29)
Using the definitions
and
in (29) is equivalent to

, the inequality

For this we will use Theorem 2 (Lyapunov’s convexity theorem). Consider the space of all possible channel realizations
, and the Borel field of all possible subsets of . For every
define the measures
set

(30)
(35)
Likewise, we can prove that
and
satisfy (23) for perturbation
[simply repeat steps (27)–(30)
for the flow conservation constraint in (23)].
, and
are feasible
In summary, we have that
because they satisfy
points of (20)–(24) under perturbation
all the constraints in (21)–(24) and the box constraints in (13).
is the maximum of (20) among all feasible
,
Since
it must satisfy

(36)

(31)

where in the second equality we used the definitions of
and
. Finally, since
by assumption the
functions are concave and the
functions are convex, it follows that

(32)

where the integrals are over the set with respect to the distribution of the channels’ random variable . A vector of channel
is a point in the space . The set is a
realizations
collection of vectors . Each of these sets is assigned vector
measures
and
defined in terms of the power disand
. The entries of
represent
tributions
the contribution of realizations
to the capacity of the link
. The first entry measures such a contribution when the
, i.e., the optimal power distribution under
distribution is
denotes
perturbation . Likewise, the second entry of
link capacity of the optimal
the contribution to the
associated with perturbation . Corpower distribution
denote the power consumed
respondingly, the entries of
by for channel realization
expressed in terms of
and
.
The measures
and
are nonatomic. This follows
from the fact that the channel cdf is continuous and the power
are upper bounded by
, implying that
distributions
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there are no channel realizations with positive measure, i.e.,
and
for all
.
Two particular sets that are important for this proof are the
and the entire space
. For
, the
empty set
in (35) and (36) coincide with
integrals
in (21) and (22). We write
the expected value operators
this explicitly as

and
to the second entries of

. Restricting focus
, it follows that

and

(43)

(37)
(44)

(38)
and this, again, holds true for all
Define now power distributions
for channel realization
i.e.
For
, or any other zero-measure set for that matter, we
and
.
have
of all network links
Collect now the scalar measures
of all terminals into the vector measure
and
. Since the scalar meais also nonatomic. Theorem 2 then
sures are nonatomic,
implies that the range of is convex; hence
(39)
belongs to the range of possible measures. Therefore, there must
such that
. Equivalently,
exist a set
this implies that
and
. Focusing on the first entries of
and , it follows that

.

and with

coinciding with
when

,

(45)
The distribution
satisfies the power box constraint in
for all
note
(14). Indeed, to see that
that
and
are feasible in their respective problems
and
for all channels
and as such
. Because for given channel realization it holds that
when
or
when
either
it follows that
for all channel realiza.
tions
Using (40) and (43), the average link capacities for power
can be expressed in terms of
as
allocation
(46)

(40)

(41)

and this holds true for all
. The same relation holds for the
and , i.e., (40) and (41) are valid if
second entries of
and
are replaced by
and
, but this is not
important for the proof.
defined as the set for
Consider now the complement set
and
. Given this definition
which
and the additivity property of measures, we arrive at
. Combining the latter with (39), yields
(42)
Mimicking the reasoning leading from (39) to (40)–(41), we
further deduce that (42) implies that for all
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The first equality in (46) holds because the space is divided
and its complement . The second equality is true beinto
; and when recause when restricted to
. The third equality follows from
stricted to
(40) and (43).
An analogous relation also holds for the average power conand
and using the
sumptions. Indeed, separating into
in (45) along with (41) and (44), yields
definition of
(47)

Based on (46) and (47) we are ready to complete the proof. Considering the link capacity constraints (21) under perturbations
and , we have that
(48)

(49)
As with the link transmission rate constraints in (27) and (28),
multiply (48) by and (49) by
. Summing up, rearranging
and
terms and using the definitions
, we obtain

(50)
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Since the summation of expectations in (52) coincides with the
RHS of (47), it can be replaced by the left-hand side (LHS) of
(47) to obtain (34). From (51)—equivalently (33)—and (34) it
and
follows that
and power allocation
as in (45) satisfy the constraints (21)
and
also satisfy the
and (22) for perturbation . Since
box constraints they are feasible for (20)-(24) thus establishing
Lemma 1.
Given that the duality gap of the generic optimal wireless networking problem (9) is zero, the dual problem (17) can be solved
in (16) is convex, deinstead. Because the dual function
scent methods can, in principle, be used to find the optimal mul. It is also worth remarking that the primal problem
tipliers
(9) is a variational problem requiring determination of the functhat maps channel realizations to transmission powers.
tion
In that sense, it is an infinite-dimensional optimization problem.
The dual problem however, involves a finite number of variables.
An important caveat is that zero duality gap does not
in
necessarily mean it is easy to find the minimum of
as per (16) requires maximizing the
(16). Evaluating
in (15). This maximization may be
Lagrangian
difficult to perform depending on the link capacity function
. Nevertheless, Theorem 1 can be exploited
to solve (9) at least in certain cases of practical importance.
This will be addressed in subsequent submissions. Perhaps
more important, Theorem 1 reveals fundamental separation
principles of wireless networks.
V. SEPARATION THEOREMS
A major implication of Theorem 1 is the optimality of conventional layering in wireless networking problems. As is usually the case, the Lagrangian exhibits a separable structure in
the sense that it can be written as a sum of terms that depend on
a few primal variables. Rearranging terms in (15) and assuming
is available, we can
that the optimal set of dual variables
write
(53)

But the terms in (50) involving expectations are precisely the
terms in the right-hand side (RHS) of (46). They can be therefore
replaced by the expected link capacity for power distribution
, to obtain
(51)
which coincides with (33).
Likewise, considering the power constraints in (22) under
and and mimicking the steps in (48)–(50) yields

(52)

The zero duality gap implies that if
is available, then instead
of solving (9), it is possible to solve the (separable) problem
(54)
where and
satisfy the box constraints.
,
Because primal variables are decoupled in
the maximization in (54) can be split into smaller maximization
problems each involving less variables. This separability can be
used to prove the next two theorems.
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Theorem 3 (Layer Separability): Let
, and
denote the optimal dual variables that solve (17). Consider the
subproblems

, denote
Theorem 4 (Per-Fading-State Separability): Let
the optimal dual argument of (17) and define the per-fading-state
power allocation problem:

(55)

(62)

(56)
(57)

Then, the optimal power allocation utility
given by

in (59) is

(58)
(63)

Define further the optimal power allocation problem

(59)
Then, the optimal utility yield

Proof: As in (61) note that constraints in (59) involve one
variable only. Thus, it is possible to interchange maximization
with expectation operators in (59) to obtain

in (9) is given by

(60)
i.e., the primal problem (9) can be separated into the (sub-) problems (55)–(59) without loss of optimality.
Proof: Simply note that the maximization in (54) is subject
to box constraints only. Because these do not involve more than
one variable, the overall maximum can be obtained as the sum
of the maxima of individual terms; i.e.

(61)

To complete the proof recall that
and substitute definitions (55)–(59) into (61).
The rate problem in (55) dictates the amount of traffic allowed
into the network. It therefore solves the flow control problem
at the transport layer; see Fig. 4. Likewise, (56) represents the
network layer routing problem, (57) determines link-level capacities at the data link layer and (58) is the (link layer) power
control problem. Finally, (59) represents the resource allocation
problem at the physical layer. Thus, it is a consequence of Theorem 3 that layering, in the sense of problem separability as per
(60), is optimal in fading wireless networks.
In addition to layer separability, it is not difficult to realize
that expectation and maximization can be interchanged in the
power allocation subproblem (59). This establishes separability
across fading states, a result summarized as follows.

(64)
First and last equality follow from the definitions of
(59) and
in (63).

in

With
known, Theorem 4 establishes that the variational
problem of finding optimal power functions in (59) reduces to
finding optimal power values per fading realization as in (63).
At this point it is worth recalling that Theorems 3 and 4
assume availability of the optimal Lagrange multipliers
and . Finding them, while possible, is a nontrivial
problem that will be addressed in forthcoming sections. However, it has to be appreciated that Theorems 3 and 4 establish
two fundamental properties of wireless networks in the presence of fading: i) the decomposition of the problem into the
traditional networking layers can be rendered optimal; and
ii) the separability of the resource allocation problem into
per-fading-state subproblems is possible. Wireless networks
with deterministic channels do not possess either of these two
properties.
Of all the per-layer problems (55)–(59), the physical layer
optimization in (59) presents the biggest challenge. While some
degree of simplification is offered by (62), this still necessitates
joint optimization across terminals. The challenge in wireless
networks is not as much in cross-layer optimization as in crossterminal optimization of the physical layer.
VI. FINDING OPTIMAL LAGRANGE MULTIPLIERS
Solving the optimal wireless networking problem in (9) can
be reduced to finding the optimal dual variables
of (53). This
approach not only offers a means of solving (9) but also induces
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Fig. 4. Having zero duality gap the wireless networking problem can be separated in layers without loss of optimality. Therefore, we can consider separate
[cf. (56)] link capacities c [cf. (57)] and average transmitted power p [cf.(58)].
optimization problems to determine arrival rates a [cf. (55)], link rates r
The physical layer problem can be further separated in per-fading-state subproblems [cf. (59)]. It cannot, alas, be separated in per-terminal problems for general
link capacity functions C (h ; p (h)). Thus, the challenge in wireless networking is not as much in cross-layer optimization as in cross-terminal optimization
of the physical layer.

separation across layers [cf. Theorem 3] and fading states [cf.
is convex, descent
Theorem 4]. Because the dual function
. However,
need not
algorithms can be used to find
be differentiable, and certainly will not be in certain cases. An
alternative descent direction is provided by the dual function’s
subgradient; see, e.g., [32, p. 731].
, write (9) in generic form as
To find a subgradient of

The subgradient
tion, i.e.

is a descent direction for the dual func-

(69)
Proof: Since
Lagrangian when

are optimal primal arguments of the
, the dual function at
is

(65)
with
denoting the utility function in (9) and
the constraints (10)–(12). Correspondingly, the Lagrangian
(15) in this simplified notation takes the form
(66)
Given a set of multipliers , a subgradient of the dual function can be obtained from the arguments maximizing the Lagrangian, as detailed in the following theorem. This as well as
subsequent results in Theorems 6–8 are known for finite-dimensional optimization problems, [33]. We present them here for
the (infinite-dimensional) variational problem (65). The proofs
here are patterned after those in [33] and are included to make
the presentation self-contained. The reader familiar with subgradient descent algorithms may skip to Section VI-B.
be an arbitrary dual variable and
Theorem 5: Let
primal variables that maximize the Lagrangian in (66)
; i.e.
for

Define a subgradient of the dual function at

(70)
where we have used the Lagrangian expression in (66). For any
the Lagrangian value
optimal
cannot exceed the maximum Lagrangian value over all possible
; hence

(71)
Note that the RHS of (70) and (71) differ only in the dual variable multiplying the constraint differences. Thus, subtracting
(70) from (71) yields
(72)

(67)

in (68) into the inequality
Substituting the definition of
in (72), reordering terms and substituting
the result
in (69) follows.

(68)

Since the inner product
is positive, (69) proves that the angle
and
is less than
radians.
between
the negative of the subgradient
Therefore, standing at

as
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points “towards,” i.e., with an angle smaller than
radians,
the optimal argument.
Because there might be more than one argument maximizing
operator does not always specify a value but
(67), the
a set, as signified by the symbol in (67). One should thus
as any element of this set.
interpret
A. Subgradient Descent Algorithm
Given the subgradient of the dual function specified in Theorem 5, it is possible to devise a descent algorithm for obtaining
and the minimum dual value
.
the optimal multipliers
With iterations indexed by , start with given dual variables
and compute arguments
that maximize the Lagrangian in (66), i.e.

(73)
Using (68), it follows that a subgradient of the dual function
at
is given by
.
Therefore, the set of dual variables is updated as

(74)
denotes componentwise maximum between 0 and the
where
value inside the square brackets; while is a properly selected
points towards
the iterates in (74)
stepsize. Because
. As the following result shows, this is indeed
can approach
true in a well-defined sense.
Theorem 6: Consider the subgradient descent iteration in (74)
and define the dual value at iteration as
. Let
be a bound on the norm
of the subgradient of the dual function. The 2-norm distances
of iterates
from the optimal argument
at
iterations and
satisfy the relation

; and thus, when some
Equation (77) is true because
are negative, the discomponents of
is reduced by setting them to 0. Equivalently, altance to
lowing for negative components as in (77) increases the distance
with respect to when this negative components are set to
to
0 as in (76). Equation (78) follows after expanding the square in
.
(77), and (79) by using the bound on the norm of
As per (73),
is a subgradient of
[cf. Theorem 5]. Substituting
and
into (69) yields

at

(80)
where we used the definition
. The last term in
(79) can be replaced by the bound in (80) to arrive at (75).
Since all primal variables are constrained to the bounded regions
and
, the bound
on the subgradient norm is finite.
, it clearly holds that
Given that denotes the minimum of
. Thus, at each iteration the distance between the
and the optimal dual variable
is recurrent dual iterate
and increased by (at most)
.
duced by (at least)
will domFor sufficiently small, the reduction
inate the increase
and consequently
will approach
.
however, there is a limit on
With a fixed stepsize
can come to
. For any given
will
how close
eventually become larger than
preventing the gap
from converging to zero. This is not a limitation of
the approach but a consequence of the fact that for nondifferdoes not
entiable functions the norm of the subgradient
necessarily vanish as approaches . Therefore, the iteration
approach
in (74) is not convergent. Rather, the iterates
until
starts dominating
.
These considerations motivate the use of vanishing stepsize
, so that as the duality gap
sequences, i.e.,
approaches zero, so does . This allows for
to
and leads to the following convergence
always dominate
result.
Theorem 7: If stepsizes
(74) satisfy

in the subgradient descent iteration

(81)
(75)
then the limit of the iterates exists and
Proof: Consider the square of the 2-norm distance to the
optimum
at iteration
. Using (74), it can
be bounded through the 2-norm at iteration as

(82)
Proof:

(76)
(77)

Arguing by contradiction, suppose that
which implies
. Since
cannot be negative, there must exist a time index
and a constant
such that
for all
. For
these time indices Theorem 6 asserts that [cf. (75)]

(78)
(79)

(83)
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Furthermore, given that
there exists a time index such
, we have
. Consequently, for all
that for all
and
it holds that

was used for all . Note that the LHS of (89) is
where
. Using this, simplifying
positive, i.e.,
the sums and rearranging terms in (89) yields

(84)

(90)

Upon defining time index
recursively up until yields

application of (84)
Results (87) and (88) follow from (90). To obtain (87) note that
the definition of the best dual value at time , namely
, implies that
(85)

But (81) ensures that the sum of stepsizes is divergent. Thus,
implying that there must exist a time index
such that
. Writing (85) for
yields

(91)
Substituting (91) into (90) and dividing both sides of the inyields
equality by
(92)

(86)
This is a contradiction because the RHS is clearly nonnegative.
.
Hence, it must hold that
The conditions (81) on the stepsize sequence are certainly
minimal. They are satisfied for instance by sequences
with
for arbitrary positive constants and
. Nonetheless, constant stepsizes
for all , are still desirable to enable adaptability. In this case, it can be proved that
“stays close” to
. A formal statement and
as
proof of this claim are provided next.
Theorem 8: Consider the subgradient descent iteration
in (74) with constant stepsizes
for all . With
denoting the subgradient norm bound in Theorem 6, it holds that:
(i) The best dual value at time
, converges to a value within
of
the optimum , i.e.
(87)
(ii) The average of the dual iterates
, converges to a point whose optimality
, i.e.
gap is less than
(88)
Proof: Apply (75) recursively up until
bound

to obtain the

Equation (87) follows after taking the limit of (92) as
to write
To establish (88), use the convexity of

.

(93)
where the first and last equality follow from the definitions of
and
, respectively. Dividing (90) by
and combining
the resulting inequality with the one in (93) yields
(94)
Because

is continuous, we have
. Therefore, the limit of (94) as

estab-

lishes (88).
As commented after Theorem 6, the subgradient descent
algorithm (73)–(74) does not necessarily converge for fixed
stepsizes. Nonetheless, a reasonable approximation to
is achieved by
defined as the argument for which
. The quality of this approximation is
that can be
measured by the optimality gap
made arbitrarily small with properly selected stepsize .
is the best approximation to
that
By definition
can be obtained by (73)–(74) with fixed stepsizes. To find
though, requires access to the dual values
, which
may not be available; see Section VI-B. In such circumstances,
is the average
of
a reasonably good approximation to
iterates
.
B. Layers and Layer Interfaces

(89)

The subgradient descent iterations (73) and (74) shed light
on the interaction between layers. Returning to the notation in
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tion (73) takes the form
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used in the primal itera-

(95)

Inspection of (95) reveals that the separable structure used to
. Therefore, the
establish Theorems 3 and 4 is not specific to
maximization required for the primal iteration (73) can be likewise decomposed in per-layer and per-fading-state parts. The
and the power function
are thus
entries of
(96)
(97)
(98)
(99)

(100)
The subgradient
can be likewise sepaare as
rated. Components of the vector function
specified in (10)–(12). Therefore, the dual iteration (74) can be
written explicitly as

(101)
(102)

(103)

(104)
The argument to be optimized in (96) is solely parameterized
. Thus,
can be determined once the multiplier
by
associated with the flow conservation constraint is availis determined by flow conservation mulable. Likewise,
and
and link capacity multipliers
. In
tipliers

general, all the primal iterations (96)–(100) depend on multipliers associated with no more than two types of constraints.
Similar comments apply to the dual iterations (101)–(104). The
in (104) for instance, depends on the total power
update of
and the power function
. In general, the multiplier
updates depend on no more than two different types of primal
variables.
The fact that primal and dual variable updates depend on only
two types of variables suggests an interpretation of (96)–(104)
in terms of layers and layer interfaces. As in Section V, the flow
control problem (96) is associated with the transport layer, the
link rate problem (97) with the routing layer, link capacity (98)
and power control (99) problems are solved at the link layer,
while the power assignment (100) pertains to the physical layer.
Because the dual variables in (96)–(100) are not optimal, it becomes necessary to communicate variables across layer interfaces. These interfaces are defined by the dual variable updates
in (101) de(101)–(104). Thus, the update of multipliers
fines the interface between the network and transport layers,
while the update (102) characterizes the link to network layer
interface. Because there are two problems being solved at the
link layer, (103) defines the interface between the physical layer
and the link capacity subproblem, and (104) interfaces the physical layer with the power control subproblem.
Fig. 5 shows a schematic representation of the layers and their
interfaces. At the bottom of the stack the physical layer solves
. Due to coupling
(100) to find the power distribution
that in general is introduced by the function
,
the physical layer optimization cannot be separated in per-terminal optimization problems and is therefore represented as
a common substrate supporting per-terminal stacks. To com, the physical layer receives multipliers
and
pute
from the physical-link interface; see also Fig. 6 for a detailed account of variable communications between layers and
interfaces.
At the link layer each terminal maintains variables repreto neighbors
senting the average link capacities
and the average transmit-power
. These variables are
computed by solving (98) and (99). In turn, this requires dual
and
communicated from the physicalvariables
communicated from the link-network
link interface and
interface.
As is true for physical and link, all layers compute network
variables of interest based on dual variables received from adjacent interfaces. That way, the network layer maintains variables
for neighbors
and flows that determine local
routing decisions. These are updated as per (97) using multireceived from the link-network interface and
pliers
and
, from the network-transport interface. The
determining the avtransport layer, finally, keeps variables
erage rate at which packets belonging to the -th flow are accepted into the network by terminal . These are updated as
per (96) using multipliers
received from the network-transport interface.
Interfaces in turn, update dual variables using information
received from adjacent layers. The physical-link interface comfor
and
. This is
putes dual variables
and
are respectively associbecause the multipliers
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Fig. 5. The subgradient descent iteration (96)–(104) can be interpreted in terms of layers and layer interfaces. Layers keep variables of interest to the network,
e.g., link transmission rates r at the network layer, that they update according to primal iterations (96)–(100). Layer interfaces maintain (auxiliary) dual variables
updated as per the dual iterations (101)–(104). Communication of variables across layers and interfaces is restricted to adjacent entities; i.e., layers receive variables
from, and transmit to, adjacent interfaces. Interfaces exchange variables with adjacent layers. Note that in general the physical layer optimization problem cannot
be separated in per-terminal problems.

ated with the link capacity (10) and power (11) constraints that
with link-level quantities
relate physical-level variables
and . The updates (103) and (104) carried at the physical-link
communicated from the physinterface require variables
and
from the link layer.
ical layer and variables
Likewise, the link-network interface keeps track of one mulper neighbor
. These are associated
tiplier
with the rate constraints in (12) that couple link variables
with network variables
. Updates of
are specified in
and
, respec(102), being determined by variables
tively communicated from the link and network layers. The network-transport interface, finally, maintains dual variables
associated with the flow conservation constraints in (12) that
and transport variables. These
varicouple network
and
received
ables are updated as per (101) using
from the network and transport layer, respectively.
As time progresses, the interface variables
and
converge to the optimal multipliers
and
[cf. Theorem 8]—or a point close to them if the

stepsize is fixed [cf. Theorem 8]—enabling computation of
and
.
optimal network variables
As depicted in Fig. 6, variable updates at the network layer
and the network-transport interface require communication with
in (97)
neighboring nodes. Indeed, note that the update of
and
depends on the local—i.e., kept at —multipliers
as well as multipliers
. The latter need to be communicated from the network-transport interface of neighboring ter. Analogously, to update
as per (101)
minals
and
and neighboring—i.e.,
requires local variables
with
—variables
.
kept at neighbors
The algorithmic complexity of the subgradient iteration
(96)–(104) is determined by the complexity of the optimal
power allocation problem (100). Problems (96)–(98) involve
maximization of simple single-variable expressions while the
dual variable updates (103)–(104) entail a few simple algebraic
operations. The power allocation problem (100) at the physical
layer, however, requires joint optimization across terminals. An
important challenge in wireless networking is cross-terminal
optimization at the physical layer. As we will discuss in forth-
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Fig. 6. Communication of variables across layers and interfaces. At the network layer and the network-transport interface exchange of variables between neighboring terminals is necessary. Multipliers  (t) ( (t)) are communicated from T ’s (T ’s) network-transport interface to T ’s (T ’s) network layer. Link rate
variables r (t) (r (t)) are sent from T ’s (T ’s) network layer to T ’s (T ’s) network-transport interface as represented by the circles (squares).

coming submissions depending on the model determining the
, (100) ranges from simple decomposfunction
able problems to provably intractable formulations. A preview
of these practical considerations is presented in the next section.
VII. POWER ALLOCATION AT THE PHYSICAL LAYER
In either the layered architecture of Fig. 4 or the layers and
interfaces architecture of Fig. 5 it is necessary to solve power
allocation problems respectively given by (62) and (100). Both
of these problems comprise a weighted sum rate maximization
minus a linear term and are further separable on the per-frequency subproblems
(105)
To obtain the problem in (62) replace
and . To obtain (100) substitute by

and in (105) by
and
.

Because the remaining operations required to find the optimal network are simple [cf. Figs. 4 and 5] it can be said that
the practical importance of Theorem 1 is to reduce the difficulty of solving (9)–(12) to that of solving (105). Most functions
used as physical layer models are not concave
and for that reason the problem in (105) may be difficult to solve.
Still the reduction in computational complexity is significant.
Consider, e.g., the network of Fig. 1 when all nodes are destinations of some flows and with 3 frequencies available. Considering
that there are 30 links in the network it is not difficult to see that
there are 56 admission control variables , 210 routing variables
, 30 link rates , 8 average powers and for each fading state
, the total number of powers
that needs to be determined
is 90. The complexity of a constrained optimization problem in
a space with thousands of variables [cf. (9)–(12)] is reduced to
a maximization in a space with 30 variables [cf. (105)].
Interestingly, (9)–(12) is also simpler to solve than its deterministic version obtained by removing the expected value operators from (10) and (11). Finding the optimal wireless network
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for the deterministic version of (9)–(12) implies solving a nonconvex constrained optimization problem with 394 variables. To
solve (9)–(12) the significant complexity is reduced to the solution of (105) which involves only 30 variables.
While this reduction in complexity is significant, from a practical perspective it is of interest in medium sized networks only.
In general, the problem is intractable in primal form and significantly less but still intractable in dual form. An interesting question is wether there exist problems that are intractable in primal
form, or equivalently, with intractable deterministic counterparts, but tractable in dual form.
An example where the deterministic version of (9)–(12) is
intractable but (105) is simple to solve is when terminals use
that maps reorthogonal channels but the function
adaptive
ceived power to capacities is not concave. If, e.g.,
modulation and coding (AMC) modes are used
is the
staircase function
(106)
where the -tm mode is used for received powers
with corresponding rate
. Under these assumptions the optimal power allocation problem in (105) reduces to
the solution of

(107)
The solution of (107) is easy to find by evaluating the argument
.
for the AMC transition powers
A more practical situation of wireless networks using FDMA
with spatial reuse as a physical layer is considered in [34]. In
these networks, terminals cannot share frequencies with neighbors but can share them with terminals sufficiently far apart. It is
possible to show that in some networks using FDMA with spatial reuse the resource allocation problem (105) is equivalent to
a linear program.
In scenarios where (105) cannot be reduced to a tractable optimization problem, approximate solutions are necessary. This is
the case, e.g., of interference limited physical layers. It is worth
noting that finding an approximate solution to (105) is not equivalent to relaxing the non-convex constraint in (10). Also, the
lack of duality gap implies that in a subgradient descent algorithm primal and dual values get close to each other. This property can be used to gauge the performance penalty of using approximate solutions of (105). A comprehensive development of
these observations is beyond the scope of this paper but is undertaken in [35], [36].
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coding, this result implies that separating wireless network designs in layers and per-fading state subproblems is optimal. Separability into layers and layer interfaces was further established
as a consequence of subgradient descent iterations for the dual
function.
It is important to clarify that no argument has been made
here on the computational tractability of optimal wireless network designs. It remains open for future research to delineate
which sub-classes of problems are intractable in primal form but
tractable in their dual formulations. Our preliminary research
suggests that certain classes of FDMA networks with spatial
reuse fall in this category.
APPENDIX
ON LYAPUNOV’S THEOREM AND BLACKWELL’S EXTENSION
The proof of Theorem 1 uses Lyapunov’s convexity Theorem
[29], which has been also invoked in [28] to prove the lack
of duality gap in non-convex DSL rate optimization problems.
Despite the apparent similarity, the proofs of Theorem 1 and
the corresponding [28, Theorem 7] use different methods. Even
though Lyapunov’s convexity theorem is cited in [28], the proof
that the duality gap is null presented by [28, Theorem 7] uses an
extension by Blackwell. Blackwell’s extension cannot be used
to prove Theorem 1 of our manuscript. Rather, our proof is actually based on Lyapunov’s theorem.
To elaborate the differences in the method of proof it is worth
noting that the problem in [28] is a particular case of (9)–(12)
and, as is often the case, tools used in the particular case cannot
be extrapolated verbatim to the more general formulation. Using
the notation introduced in our manuscript, DSL rate optimization can be written as

(108)
where denotes the communication rate of the -th user,
the average power budget and
the power allocation
across frequencies. In DSL, the number of frequencies available is infinite implying that the sums over frequencies in (10)
and (11) are replaced by the integrals in (108). While there is
no fading in DSL, the infinite number of frequencies plays an
analogous role.
or
in (108); the power does
There are no variables
not appear in the objective and can be removed from the problem
formulation; and there are no spectral mask constraints of the
. The first step in the proof of [28, Theorem
form
7] is to reformulate (108) as

VIII. CONCLUDING REMARKS
This work has shown that optimal wireless network designs
with random links adhering to a continuous fading distribution
exhibit zero duality gap, even if the underlying optimization
problems are generally nonconvex. Pretty much in the spirit of
Shannon’s separation principle of optimal source and channel

(109)
The proof proceeds to the use of Blackwell’s extension to show
that the perturbation function, with respect to a perturbation in
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the power constraint, is concave. The proof also exploits the
linearity of the constraint in (109) and the lack of constraints
. The substitution in going from
on individual values of
(108) to (109) cannot be used for the wireless networking
problem in (9)–(12). The linearity of the remaining constraints
cannot be exploited and as a consequence Blackwell’s extension is not directly applicable here.
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