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Abstract—A resource allocation task for the uplink of
OFDMA-based cognitive radio (CR) systems is considered. The
weighted sum-rate is maximized over subcarrier assignment
as well as over power loading per CR user, while protecting
primary user (PU) systems. However, due to the lack of explicit
support from PU systems, the channels from CR users to the
PU may not be accurately acquired. Thus, the PU interference
constraint is posed as a chance constraint, for which conservative
convex approximation is employed for tractability. In particular,
to mitigate the combinatorial complexity incurred for optimal
subcarrier assignment, a separable structure is pursued, and the
dual decomposition method is adopted to obtain near-optimal
solutions. Numerical tests verify that the proposed algorithms
yield higher weighted sum-rate at lower computational complexity than a benchmark algorithm.
Index Terms—Cognitive radios, resource allocation, orthogonal
frequency-division multiple access, channel uncertainty, chanceconstrained programming.

I. I NTRODUCTION
OGNITIVE radios (CRs) aim to mitigate the scarcity of
spectral resources by allowing opportunistic use of the
bands licensed to primary user (PU) systems. In an overlay
scenario, CRs target to transmit over unused parts of the
spectrum (called white space), which can be identified via,
e.g., spectrum sensing. In the underlay scenario, which is the
setting of interest in the present work, CRs share the same
band with the PUs by carefully controlling the interference
caused to the PU system. In this case, the channel gain
estimates between the CR transmitters and the PU receivers
are needed [1].
Since CRs do not receive explicit support from the PUs,
acquiring accurate channel estimates is often challenging.
Therefore, much research effort has been devoted to ensure
that the interference constraint is effected robustly against
channel uncertainty [2], [3], [4], [5]. Statistical knowledge
of the channel uncertainties was assumed in [2], [3], [4]. A
bounded region (e.g., an ellipsoid) in which the uncertainty
is confined was postulated in [5]. Multiple-antenna CRs with
channel uncertainty were treated in [6], [7].
Orthogonal frequency division multiple access (OFDMA)
is a natural candidate for CR systems due to its flexibility
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in controlling spectrum usage. A major resource allocation
(RA) task for OFDMA radios is to allocate subcarriers to
different users, and to load each subcarrier with proper power
levels. Extensive research results are available on this topic
including [8] and [9]. A heuristic algorithm based on the multidimensional knapsack problem was proposed for OFDM CRs
in [8]. A weighted sum-rate maximization problem was considered for OFDMA CRs and near-optimal algorithms were
proposed in [9]. However, very few works have addressed
the RA problem for OFDMA-based CRs under channel uncertainty. Moreover, most existing approaches focus on the
downlink scenario, which are not readily extendible to the
uplink [3], [10].
CR interference constraints under channel uncertainty can
be cast as chance constraints. However, chance constraints
are typically more difficult to handle than their deterministic
counterparts, as they may be either nonconvex, or tough to
verify as being convex. Moreover, it is sometimes difficult to
express these constraints in closed form. In such cases, convex
approximation of chance constraints is of practical merit, as
was exemplified in [11], where the Bernstein method was first
employed for a chance-constrained RA problem for wireless
systems.
The present paper addresses the RA task for OFDMA
uplink CRs with uncertain CR-to-PU channels. A weighted
sum-rate maximization problem is formulated under a probabilistic interference constraint and maximum transmit-power
constraints for the CR users. The Bernstein method is adopted
to approximate the probabilistic constraint by a convex constraint. Even after the approximation, the overall problem is
still nonconvex due to the combinatorial assignment of users
to each subcarrier. By employing appropriate bounds, the
approximation emerging from the interference constraint can
be further made separable across subcarriers. This opens the
door to the dual decomposition approach, which leads to a
near-optimal and computationally efficient solution [12].
A dual decomposition approach was taken in [3] for
OFDMA downlink CR problem with channel uncertainty.
Different challenges are associated with the downlink and
the uplink scenarios; see. Fig. 1. In the downlink setup,
the CR base station (BS) is the sole transmitter, and the
interference channel (depicted as the dashed arrow in Fig. 1)
between the CR BS and the PU does not depend on the CR
user assignment decision on each subcarrier. In the uplink,
however, the user assignment per subcarrier completely alters
the associated interference channel toward the PU. In [3], the
PU protection constraint was modeled as a second-order cone
constraint involving transmit-powers in different subcarriers,
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which was then tightly approximated by a polyhedral constraint for tractability. This technique cannot be applied to the
uplink because the relevant constraint depends not only on the
transmit-powers but also on the user assignment.
The rest of the paper is organized as follows. The problem is
formulated in Sec. II, and Bernstein’s approximation technique
tailored for chance constraints is outlined in Sec. III. The
RA algorithm is developed in Sec. IV. Numerical tests are
presented in Sec. V, followed by conclusions in Sec. VI.
A note on notations: Vector quantities are denoted as
bold letters, and the sets as calligraphic upper-case letters.
Superscript (n) as in p(n) denotes the quantities related to the
n-th subcarrier, while CR user indices are represented using
(n)
subscripts as in gk . Transposition is denoted by T and Pr{·}
represents the probability.
II. P ROBLEM S TATEMENT
Consider the uplink mode of a network comprising K CR
users communicating with their BS using OFDMA over N
(n)
subcarriers. The instantaneous channel gain g̃k between CR
user k ∈ K  {1, 2, . . . , K} and the CR BS on subcarrier
n ∈ N  {1, 2, . . . , N } is assumed to be acquired accurately
via conventional channel estimation techniques. It is further
assumed that during the spectrum sensing phase, the presence
of an active PU has been detected. It is straightforward to
handle multiple PUs in the framework to be proposed. In order
to limit the interference inflicted to the PU, the channels from
(n)
the CR users to the PU must be known. Let gk denote the
channel gain from the k-th CR to the PU receiver on subcarrier
n. Due to lack of cooperation from the PU system, it is difficult
(n)
(n)
to estimate gk precisely. To capture this uncertainty, gk is
modeled as a random variable.
A relevant RA problem is to maximize the weighted sum
of all CR throughputs under the transmit-power constraints
(one per CR), and the PU interference constraint. Let p(n)
denote the transmit-power loaded on subcarrier n, where 0 ≤
(n)
p(n) ≤ Pmax . Let p and Pmax be the vectorized versions of
(n)
(n)
{p } and {Pmax }, respectively. Also, let k(n) ∈ K represent
the index of the user served on subcarrier n, and define k 
[k(1), . . . , k(N )]T . With wk denoting the positive weight for
user k ∈ K, the following chance-constrained optimization
problem is of interest.



(n)
wk(n) log 1 + g̃k(n) p(n)
(P1)
max
0pPmax ,k∈KN

(1)



subject to

n∈N

p(n) ≤ Pk,max ,

n∈N :k(n)=k



Pr



(n)
gk(n) p(n)

k∈K

(2)

≥ 1−

(3)


< Imax

n∈N

where (2) is the per-CR power constraint, and (3) enforces
that the interference power at the PU stays below Imax with
probability no less than 1 −  with  ∈ (0, 1) denoting the
desired upper-bound on the probability that the interference
threshold is exceeded. In case of more than one PUs present,
multiple PU protection constraints analogous to (3) can be
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imposed. The widely accepted constraint is to control the “interference temperature” such that the interference experienced
by the PU system is below a certain threshold on the order of
the background noise and interference.
The feasible set of (3) can be either convex or nonconvex,
(n)
depending
on the distribution of gk [13]. For example,
 T
Pr a u < b ≥ 1− is convex for  < 1/2, if [aT bT ]T has
a symmetric logarithmically concave density [13]. However,
even if (3) is convex, it may not be straightforward to express it
in closed form, rendering the optimization problem intractable.
Moreover, the overall problem would be still nonconvex due
to the combinatorial search over k needed for the subcarrier
assignment to CR users.
In the following, a convex approximation of (3) is advocated. In particular, the approximation is made conservative in
the sense that the approximate constraint implies the original
constraint (3). This will be achieved by using the Bernstein
method [13], [14]. By judiciously choosing the form of the
approximation, one can also ensure that the approximate
constraint is separable in n. Then, an efficient near-optimal
solution will be obtained via dual decomposition [12], [15].
III. A PPROXIMATION OF C HANCE C ONSTRAINTS
A. Bernstein Approximation
A useful class of approximation techniques for chance constraints known as Bernstein approximations is briefly reviewed
in the present context [13], [14]. Consider a chance constraint
of the form


N

ζn fn (p) < 0 ≥ 1 − 
(4)
Pr f0 (p) +
n=1

where p is a deterministic parameter vector, and {ζn } are
random variables with marginal distributions denoted as {πn }.
Suppose that one desires to meet this constraint for a given
family of {ζn } distributions, under the following assumptions.
as1) {fn (p)} are affine in p for n = 0, 1, . . . , N ;
as2) {ζn } are independent of each other; and
as3) {πn } have a common bounded support of [−1, 1]; that
is, −1 ≤ ζn ≤ 1 for all n = 1, . . . , N .
Under these assumptions, the following constraint constitutes
a conservative substitute and thus implies (4)

N

1
−1
inf f0 (p) + ρ
Ωn ρ fn (p) + ρ log
≤ 0 (5)
ρ>0

n=1
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where Ωn (y)  max log exp(xy)dπn (x) . Moreover, it is
πn
guaranteed that (5) is convex [13], [14]. The approximation is
useful when {Ωn (y)} can be evaluated efficiently. In general,
one can consider an upper-bound for Ωn (y) given by
σn2 2
y , n = 1, . . . , N (6)
2
+
−
+
where μ−
n , μn with −1 ≤ μn ≤ μn ≤ 1 and σn ≥ 0
are constants that depend on the given families of probability
distributions. Some examples are given in [14, Table 1], where
the useful prior knowledge includes the support, unimodality
(with respect to the center of the support), and symmetry of the
distribution, as well as the ranges of the first- and the secondorder moments. Using more prior knowledge leads to tighter
approximation. Replacing Ωn (·) in (5) with this upper-bound,
and invoking the arithmetic-geometric inequality, yields
+
Ωn (y) ≤ max{μ−
n y, μn y} +

f0 (p) +

n=1


+

N


1
2 log


+
max{μ−
n fn (p), μn fn (p)}



N


 12
σn2 fn (p)2

≤0

(7)

n=1

as a convex conservative surrogate for (4).
(n)
Suppose now that the distributions of gk have bounded
(n) (n) 1
supports [ak , bk ]. The case with unbounded supports will
(n)
(n)
be treated in Sec. III-B. Introduce constants αk  12 (bk −
(n)
(n)
(n)
(n)
ak ) = 0 and βk  12 (bk +ak ) to normalize the supports
to [−1, 1] per as3); that is,
(n)

ζk

(n)



(n)

g k − βk

∈ [−1, 1].

(n)

αk

Then, letting f0 (p) = −Imax +

N

n=1

(n)

(8)

(n)

βk(n) p(n) and fn (p) =

αk(n) p(n) for n ∈ N , it follows that (4) is equivalent to (3).
Thus, substituting these into (7), and noting that p(n) ≥ 0, one
obtains
− Imax +

+

2 log

N


(n)

βk(n) p(n) +

n=1

1




N


N


(n)+ (n)

μk(n) αk(n) p(n)

n=1
(n)

(n)

2

(σk(n) αk(n) p(n) )

(1)

(N )

(N )

(n)

(n)+ (n)

(n)

where γk(n)  μk(n) αk(n) + βk(n) .
Alternatively, one can appeal to the fact that x2 ≤ x1
to obtain yet another substitute for (3) as

N
N

1  (n) (n) (n)
(n) (n)
γk(n) p + 2 log
|σ
α
p | ≤ Imax .
 n=1 k(n) k(n)
n=1
(11)
Both (10) and (11) are amenable to dual decomposition, as will
be discussed in Sec. IV. In the sequel, (P1) with (3) replaced
by (9), (10) and (11) will be referred to as the 2 -, ∞ -, and
1 -approximate problems, respectively.
Even when the channel distribution is known, if the corresponding chance constraint is nonconvex or hard to express analytically, it may be reasonable to apply Bernstein
approximation for tractability, as long as conditions as1)–
as3) are met, which include boundedness of the support of
the distribution. The case of distributions with an unbounded
support is discussed next.
B. Extensions to Channels with Unbounded Support
In the preceding discussion, Bernstein approximations were
applied to bounded channel gains. While this may be reasonable considering the finite dynamic ranges of the A/D
converters in the radios, presuming too large a range for the
uncertain parameters might lead to a very loose approximation
of the chance constraint. An alternative approach is developed
here when the channel distributions are known (as opposed to
the preceding case where the family of possible distributions
was assumed to be known.)
 (n)
Upon defining I  n gk(n) p(n) , it is possible to express
Pr {I < Imax } in (3) as
Pr {I < Imax |a ≤ g ≤ b} Pr {a ≤ g ≤ b}

 12
≤ 0.

(1)

of the vector [σk(1) αk(1) p(1) , . . . , σk(N ) αk(N ) p(N ) ],
√
and that x2 ≤ N x∞ for any x ∈ RN . Thus, the
constraint becomes

N

1
(n) (n)
(n)
(n)
γk(n) p + 2N log max σk(n) αk(n) p(n) ≤ Imax
n∈N

n=1
(10)
2 -norm

(9)

n=1

The overall RA problem corresponding to (P1) with (3)
replaced by (9) is still nonconvex due to the combinatorial
search for the optimal k over KN , which is a nonconvex set.
In fact, as the variables p(n) are coupled nonlinearly through
the last term in (9), the search complexity grows rapidly as
N increases. To mitigate these issues, we consider adopting
the dual decomposition method, which is applicable when
the problem has a separable structure; that is, after relaxing
coupling constraints through Lagrange relaxation, the problem
must decompose into subproblems that can be solved independently. To bring about such a separable structure, we further
approximate (9) by noting that the last term in (9) involves the
1 In practice, the channel estimation techniques often yield not only the
channel gain estimates, but also the associated confidence interval, from which
one can effectively bound the channel gains.

+ Pr {I < Imax |g < a or g > b} Pr {g < a or g > b}
(12)
(1)

(N )

(1)

(N )

where g  [gk(1) , ..., gk(N ) ]T , a  [ak(1) , ..., ak(N ) ]T and b 
(1)

(N )

[bk(1) , ..., bk(N ) ]T are appropriate constants determined such
that
δ  Pr {a ≤ g ≤ b} ∈ (1 − , 1).

(13)

Then, noting that the second term in (12) is no larger than
(1−δ), and thus neglecting this term, (3) can be approximated
conservatively as
1−
Pr{I < Imax |a ≤ g ≤ b} ≥
Pr{a ≤ g ≤ b}
1−
 1 − 
=
(14)
δ
which can now be approximated by (10) or (11) with 
replaced by  . For concreteness, consider the cases with and
without channel estimation over Rayleigh fading channels.
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1) Without Channel Estimation: Suppose first that channel
estimation is not attempted. Then, one has only the prior
(n)
knowledge that the probability density function (p.d.f.) of gk
(n)
is exponential with mean ḡk as


1
x
fg(n) (x) = (n) exp − (n) .
(15)
k
ḡk
ḡk

constraints are approximated conservatively. Proceeding under
the assumption, one obtains
Pr{a ≤ g ≤ b} =

=

N


⎡

⎣exp ⎝−

ak(n)
(n)
ḡk(n)

⎛

⎠ − exp ⎝−

(n)

bk(n)
(n)
ḡk(n)

⎞⎤
⎠⎦ = δ.

(16)

(n)

Since the peak of the p.d.f. of gk is located at the origin, it
is natural
as a = 0. To determine

 to choose the lower-bound
(n)
(n)
b, Pr 0 ≤ gk(n) ≤ bk(n) is enforced to be constant across
n. Then, b is obtained as
(n)

(n)

bk(n) = ḡk(n) log

1
1

1 − δN

,

n∈N .

(17)

2) With Channel Estimation: Consider now that OFDM
channel estimation is performed using the minimum meansquare error (MMSE) estimator under Rayleigh fading [16].
The complex channel coefficient vector of the k-th user,
(n)
hk = {hk }N
n=1 , can be modeled as
hk = ĥk + h̃k

(18)

where ĥk is the channel estimate, and h̃k zero-mean Gaussiandistributed estimation error. The covariance matrix of h̃k is
given by [16]
Σh̃k =

N σh2
FL FH
L
L+1

(19)

where (L+1) is the number of paths in the fading channel, σh2
is a parameter that depends on the system parameters including
Doppler spread and the noise variance at the receiver, and FL
is the N × (L + 1) DFT matrix with (n, )-th entry given by
2π
√1 e−j N (n−1)(−1) . Therefore, hk is distributed as circularly
N
symmetric complex Gaussian with mean ĥk and covariance
Σh̃k . It is assumed that hk is independent across k.
 (n) 2
(n)
(n)
Upon defining ĝk  ĥk  , the random variable gk =
 (n) 2
h  is non-central Chi-square with two degrees of freedom
k
(n)

and non-centrality parameter

2ĝk
2
σh



(n)
(n)
(n)
Pr ak(n) ≤ gk(n) ≤ bk(n)

#
⎛#
$ (n) $ (n)
$
$ 2ĝ
⎜% k(n) % 2bk(n)
−Q ⎝
,
2
σh
σh2



(n)
(n)
(n)
Pr ak(n) ≤ gk(n) ≤ bk(n)

n=1
⎞
(n)

⎛

n=1

N


N


n=1
#
⎡ ⎛#
$ (n) $ (n)
N
$
 ⎢ ⎜% 2ĝk(n) $
% 2ak(n)
=
,
⎣Q ⎝
2
σh
σh2
n=1

It then follows from the independence assumption that
Pr{a ≤ g ≤ b} =

1101

⎞
⎟
⎠

⎞⎤
⎟⎥
⎠⎦ = δ

(21)

where Q(·, ·) is Marcum’s Q-function. Similar to the case
without channel estimation, we choose to set the factors in
the product in (21) equal across n. Since the mode of the
(n)
(n)
distribution of gk(n) is tightly upper-bounded by ĝk(n) [17], it
(n)

(n)

(n)

(n)

(n)

(n)

is natural to set ak(n) = ĝk(n) −ǧk(n) and bk(n) = ĝk(n) +ǧk(n)
(n)

(n)

for 0 ≤ ǧk(n) ≤ ĝk(n) such that
#
⎞
⎛#
$ (n) $
$ 2(ĝ (n) − ǧ (n) )
$ 2ĝ
k(n) ⎟
⎜% k(n) % k(n)
,
Q⎝
⎠
σh2
σh2
#
⎞
⎛#
$ (n) $
$ 2(ĝ (n) + ǧ (n) )
$ 2ĝ
1
k(n) ⎟
⎜% k(n) % k(n)
−Q⎝
,
⎠ = δN
σh2
σh2

(22)
2ĝ

(n)

(n)

is satisfied. If such ǧk(n) does not exist due to small σk(n)
2
h
(or, equivalently, large channel uncertainty), it is prudent to
(n)
(n)
choose ak(n) = 0 and find bk(n) from
#
⎞
⎛#
$ (n) $ (n)
$ 2b
$ 2ĝ
1
⎜% k(n) % k(n) ⎟
,
(23)
Q⎝
⎠ = 1 − δN .
σh2
σh2
It is worth noting that even if the channel p.d.f.’s are known
to be either exponential or non-central Chi-square, it is not
straightforward to express the p.d.f. of I in closed form [18],
[19], which underlines the usefulness of the proposed approach.
Remark 1: It can be checked that when the channel estimation error vanishes, the approximated chance-constraints
(9)–(11) fall back 
to the desired deterministic interference
(n)
constraint, namely, n∈N ĝk(n) p(n) ≤ Imax . To see this, first
(n)

(n)

note that ǧk(n) → 0 as σh2 → 0 from (22). Thus, αk(n) and
(n)

(n)

βk(n) approach 0 and ĝk(n) , respectively. Substituting these
into (9)–(11) yields the desired result.

, with its p.d.f. given by



(n)
ĝk + x
1
I0
fg(n) (x) = 2 exp −
k
σh
σh2

2
σh2

(n)
ĝk x

. (20)

To apply Bernstein’s approximation, it is further assumed
(n)
here that {hk } are independent across n. This essentially
holds true when the number of subchannels is close to the
number of paths. However, even if this is not the case, the
numerical tests in Sec. 5 will verify that the interference

IV. R ESOURCE A LLOCATION A LGORITHMS
The OFDMA RA problems with separable structure can be
tackled efficiently in the dual domain. In this approach, the
overall problem is divided into multiple smaller per-subcarrier
subproblems, which can be solved separately, coordinated by
the range multipliers. Moreover, it can be shown that the
duality gap vanishes as the number of subcarriers increases.
This approach has been widely applied to the RA problems
for multi-carrier systems [12], [15], [20].
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The 1 -approximate problem is clearly separable in n. As
for the ∞ -approximate problem, by introducing auxiliary
variables u  [u1 , . . . , uN ]T , the following separable constraints can be shown to be equivalent to (10).

N
N

1
(n) (n)
γk(n) p + 2 log
un ≤ Imax
(24)
 n=1
n=1
N

√
(n)
(n)
N σk(n) αk(n) p(n) ≤
un ,

n∈N

If k(n) = k, the optimal power loading p∗(n) [k] can be shown
to be
(n)
Pmax
wk
1
∗(n)
[k] = (n) − (n)
, n∈N
(32)
p
tk
g̃k 0
where [·]ba  min{max{0, a}, b}. The optimal user allocation
k∗ is then given by

(25)

k ∗ (n) ∈ arg max Ln (p∗(n) [k], k),

n =1

k∈K

This can be seen from the following argument. Suppose that
(25) is slack for all n ∈ N at the optimum. Then, the sum

N
n =1 un can be decreased by small amount without any
penalty in the objective. However, this makes (24) less tight,
leading to net increase in the objective (unless the power
constraint (2) is already tight), which contradicts the initial
assumption of being at the optimum.
We continue the derivation of the RA algorithm using (24)
and (25). The case of the 1 -approximation will be discussed
briefly in Sec. IV-B.
A. Algorithm for the

∞ -Approximate

Problem

Introducing dual variables λ  [λ1 , λ2 , . . . , λN ]T ≥ 0, μ 
[μ1 , μ2 , . . . , μK ]T ≥ 0 and ν ≥ 0 to relax (25), (2), and (24),
respectively, one can write the Lagrangian as
( 


(n)
wk(n) log 1 + g̃k p(n)
L(p, u; λ, μ, ν) =
n∈N


√
(n)
(n)
(n)
− νγk(n) + μk(n) + λn N σk(n) αk(n) p(n)
 



1
un + νImax
+
λn − ν 2 log

n ∈N

+
μk Pk,max

(26)

Therefore, the dual function is
D(λ, μ) =
=
+

sup
0pPmax ,u,k∈KN



sup

0pPmax
n∈N
k∈KN



L(p, u; λ, μ, ν)

Ln (p(n) , k(n)) + νImax
(27)

μk Pk,max

k∈K

where



(n)
(n)
Ln (p(n) , k)  wk log 1 + g̃k p(n) − tk p(n)
√
(n)
(n)
(n) (n)
tk  νγk + μk + λn N σk αk

and ν := 2 log 1

− 12


n ∈N

inf

λ0,μ0

(28)
(29)

λn . The dual problem is thus
D(λ, μ) .

(30)

It can be seen from (27) that the optimization can be
decoupled to per-tone problems given by
max

(n)
0≤p(n) ≤Pmax ,k(n)∈K

Ln (p(n) , k(n)).

(31)

(33)

and the optimal power loading by
p∗(n) = p∗(n) [k ∗ (n)],

n∈N .

(34)

The dual problem (30) can be solved using, e.g., the
subgradient method, or the ellipsoid method, which require
the subgradient of D(·) w.r.t. [μT λT ]T . One such subgradient
is
⎡
⎤

p(n) − P1,max
n∈N :k(n)=1
⎢
⎥
⎢
⎥
..
⎢
⎥
.
⎢
⎥

⎢
⎥
(n)
p − PK,max
⎢
⎥
⎢
⎥
n∈N :k(n)=K
⎢
⎥
 (n) (n)
⎥ . (35)
γk(n) p
−Imax +
−⎢
√
⎢
⎥
(1)
(1)
√n∈N 1
⎢
+ N σk(n) αk(n) p(1) ⎥
⎢
⎥
2 log 
⎢
⎥
..
⎢
⎥
⎢
⎥
.
 (n) (n)
⎢
⎥
⎣ −Imax +n∈N γk(n) p
⎦
√
(N )
(N ) (N )
√
+ N σk(N ) αk(N ) p
1
2 log

k∈K

n∈N



The overall RA algorithm based on the ellipsoid method is
described in the following.
Algorithm 1:
1: Initialize Σ and θ  [μT λT ]T ;
and set V = N + K for the ∞ -approximation.
[Alternatively, θ  [μT ν]T , and set V = K + 1
for the 1 -approximation].
Set tolerance τ
2: Repeat
3: If θ < 0 for
 some entries i ∈ I
set d = i∈I ei (ei is the i-th canonical basis)
4:
Otherwise:
5: Find k∗ and p∗ from (32)–(33)
[Alternatively use (36)–(37)]
6: Set√d as (35) [Alternatively, use (38)]
7: If dT Σd < τ , stop.
8: Perform √
the ellipsoid update:
9: d ← d/ dT Σd
10: θ ← θ − Σd/(V
+ 1)


11: Σ ←

V2
V 2 −1

B. Algorithm for the

Σ−

2
T
V +1 Σdd Σ

1 -Approximate

Problem

The 1 -approximate problem can be similarly solved by
the dual method. Introduce (K + 1) dual variables μ and
(n)
ν to relax (2) and (11), respectively, and let sk

(n)

ν γk

+

(n) (n)

2 log 1 σk αk

+ μk . Then, one can obtain the
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optimal power loading as
wk
(n)
sk

3

−

(n)
Pmax

1
(n)
g̃k

,

n∈N

0

∗

and the optimal user allocation k as
(n)

(n)

k ∗ (n) ∈ arg max log(1 + g̃k p(n) ) − sk p∗(n) [k],
k∈K

n ∈ N.

2.5

(36)

(37)

A subgradient of the dual function w.r.t. [μT ν]T is given by
⎤
⎡

p(n) − P1,max
⎥
⎢
n∈N :k(n)=1
⎥
⎢
..
⎥
⎢
⎥
⎢
.

⎥ .
⎢
−⎢
⎥
p(n) − PK,max
⎥
⎢
n∈N :k(n)=K
⎥
⎢



⎦
⎣
(n)
(n)
(n)
−Imax +
γk(n) + 2 log 1 σk(n) αk(n) p(n)

Average weighted sum−rates

p∗(n) [k] =

1103

Gaussian approximation with l2
Gaussian approximation with l

∞

Gaussian approximation with l1

2

Proposed with l2
Proposed with l∞

1.5

Proposed with l1
Perfect channel knowledge

1

0.5

0
−2
10

Fig. 2.

−1

10

ε

Average weighted sum-rates without channel estimation.

n∈N

(38)
The overall algorithm is implemented by following the alternative steps in the brackets in Algorithm 1 presented in
Sec. IV-A.
Remark 2: A discussion on the complexity order of the
proposed algorithms is in order. One must consider the total
number of operations per iteration multiplied by the number of iterations required for convergence. The number of
iterations needed to obtain an -optimal solution using the
ellipsoid method with V variables is O V 2 log 1 [21]. In
the algorithm for the ∞ -approximation problem, the number
of variables is (N + K). At each iteration, (32) and (33) need
to be performed KN times, in addition to (N +K)2 operations
needed for the ellipsoid update. The overall complexity order
is thus O((N + K)4 ). On the other hand, the algorithm for
the 1 -approximate problem involves (K + 1) dual variables,
leading to a complexity order of O(K 3 N + K 4 ).

C. Suboptimal Algorithm
To obtain a performance benchmark, a suboptimal RA
algorithm based on alternating maximization is derived. A
suboptimal algorithm is a reasonable alternative used in a
number of works such as [22]. Note that the algorithm still
aims to solve the 2 -, ∞ -, and 1 -approximate problems that
result from applying the Bernstein method. The algorithm
involves the following steps.
1) Initialize the power loading; e.g., set p(n) :=
(n)
min{ N1 mink Pk,max , Pmax }, n ∈ N .
2) For each subcarrier n ∈ N , find the user k ∗ that maxi(n)
mizes wk log(1 + g̃k p(n) ) and allocate subcarrier n to
that user, i.e., k(n) := k ∗
3) For fixed k obtained from step (2), optimize over p by
solving the convex problem, using e.g., the interior-point
method or the subgradient method
4) Repeat steps (2)–(3) until convergence.
It can be shown easily that the objective function does not
decrease per iteration, thus guaranteeing convergence.

D. Algorithms Based on the Central Limit Theorem
A yet another set of algorithms are derived here to approximately solve (1)–(3) without resorting to Bernstein’s
(n)
(n)
approximation when the mean ĝk and the variance (vk )2
(n)
of the channel gains gk are known. They will be useful in
Sec. V to characterize the performance degradation due to the
conservatism introduced by Bernstein’s approximation. The
idea is to apply the central limit theorem to the interference

(n)
power n∈N gk(n) p(n) in (3) and approximate it as a Gaus
(n)
sian random variable with mean n∈N ĝk(n) p(n) and variance

(n) (n) 2
) (again assuming independence). Then, (3)
n∈N (vk(n) p
can be expressed as

 12
 (n)
 (n)
(n)
−1
(n) 2
ĝk(n) p + Q ()
(vk(n) p )
≤0
−Imax +
n∈N

n∈N

(39)
Note the resemblance of (39) and (9). In particular, they
(1)
(N )
both involve the 2 -norm of vector [vk(1) p(1) , . . . , vk(N ) p(N ) ].
Thus, one can readily derive separable surrogates based on the
∞ - and the 1 -norms, given by [cf. (10) and (11)]
 (n)
(n)
ĝk(n) p(n) + Q−1 () max vk(n) p(n) ≤ Imax
(40)
n∈N

n∈N



(n)

ĝk(n) p(n) + Q−1 ()

n∈N



(n)

|vk(n) p(n) | ≤ Imax

(41)

n∈N

respectively.
V. N UMERICAL T ESTS
The proposed RA algorithms were tested via numerical
(n)
(n)
experiments. The wideband channels g̃k and gk were
simulated as 4-path Rayleigh fading channels. The pathloss
exponent was set to α = 2. Since the pathloss exponent
in practice is usually larger than 2, this choice corresponds
to a worst-case scenario in terms of PU interference. The
(n)+
(n)−
(n)
and σk for the Bernstein approxiparameters μk , μk
mations were chosen from [14, Table 1] using the known first-
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Fig. 4.
Fig. 3.

−3
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Average weighted sum-rates with and without channel estimation.

2.
Average weighted sum-rates versus σh

3

Then, upon
 defining
(n)
ηk

(n)

(n)

gk −βk

E


 (n)
(n)
(n)
, and
ak ≤ gk ≤ bk

2

(n)

αk

qμ,η (t) 
⎧
t(μ−η2 )
2
2
−μ2 ) exp(t)
⎪
⎪log (1−μ) exp 1−μ +(η
⎨
1−2μ+η 2
⎪
⎪
⎩log

(1+μ)2 exp

the values of

σ 2=0.01
h

l1− approximation
Perfect channel knowledge

2

σ 2=0.1
h

1.5

1
σ 2=0.5
h

0.5

,

if t ≥ 0
0
0.01

t(μ+η2 )

+(η 2 −μ2 ) exp(−t)
1+2μ+η 2

1+μ

, otherwise
(43)

(n)
σk

l∞− approximation
2.5

Average weighted sum−rates

and second-order moments of the truncated channel gains.
(n)+
(n)−
Specifically, the values of μk
and μk
are set as (cf. (8))



(n)
(n)
gk − βk  (n)
(n)+
(n)−
(n)
(n)
μk
= μk
=E
.
 ak ≤ g k ≤ b k
(n)

αk
(42)

Fig. 5.

0.1

0.2

0.3

ε

0.4

0.5

0.6

0.7

Average weighted sum-rates versus .

are obtained from solving

(n)

=
.
c 2 t2
(n)+
, ∀t .
min c ≥ 0 : qμ(n)+ ,η(n) (t) ≤ μk t +
k
k
2

σk

(44)

Unless stated otherwise, the value of δ was set to 1−0.5, two
CR users were experimented with w1 = 0.2 and w2 = 0.8,
(n)
and the results were averaged over 80 realizations of g̃k . The
CR users were located equidistant from the CR BS throughout
the tests.
Fig. 2 depicts the average weighted sum-rates for different
values of  without channel estimation for both Bernstein
approximation-based and Gaussian approximation-based algorithms. The CR users are located equidistant from the PU.
(n)
The solid line without markers is for the case when {gk }
are perfectly known. In this case, the chance constraint (3)

(n)
boils down to a deterministic constraint n∈N gk(n) p(n) <
Imax , and thus the sum-rates do not depend on . The solid
and dashed lines with markers correspond to the Bernstein
approximation-based and the Gaussian approximation-based
algorithms, respectively. The curves marked with squares,

circles and diamonds were obtained by solving the 2 -, ∞ -,
and 1 -approximate problems, respectively. Note that in the
case of the 2 -approximate problem, exhaustive search over k
was performed, as the dual decomposition technique could not
be applied. It can be observed that the average weighted sumrates increase as  increases, since larger  renders the chance
constraint more lenient. Also, it can be seen that the curves
corresponding to the ∞ - or the 1 -approximate problems
are very close to the ones from the 2 -approximate problem,
underlining the usefulness of the dual decomposition-based
low-complexity solutions. Interestingly, the ∞ -approximation
seems to yield a slightly better performance than the 1 approximation with Bernstein approximation, while the performance differences are quite negligible in the Gaussian
approximation case. However, as discussed in Remark 2, the
1 -approximation incurs lower computational complexity than
the ∞ -approximation.
There is a large gap between the performance based on
perfect channel knowledge and the robust RA performance.
As can be seen, the Gaussian approximation yields much im-
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TABLE I
AVERAGE RUN TIMES .

0.01
0.1
0.5
Suboptimal algorithm
7.4782 sec 6.0122 sec 6.1220 sec
Dual method with ∞ -approximation 3.7597 sec 3.6138 sec 3.3216 sec
Dual method with 1 -approximation 0.7312 sec 0.7102 sec 0.7060 sec
TABLE II
S IMULATED VALUES OF Pr{I < Imax } FOR B ERNSTEIN AND THE G AUSSIAN APPROXIMATIONS .
1−
Bernstein approx. with 2 without channel est.
Bernstein approx. with ∞ without channel est.
Bernstein approx. with 1 without channel est.
2 = 0.5)
Bernstein approx. with 2 with channel est. (σh
2 = 0.5)
Bernstein approx. with ∞ with channel est. (σh
2 = 0.5)
Bernstein approx. with 1 with channel est. (σh
Gaussian approx. with 2 without channel est.
Gaussian approx. with ∞ without channel est.
Gaussian approx. with 1 without channel est.

0.5

0.9
0.9995
1
0.9988
0.9967
0.9998
0.9997
0.7785
0.8310
0.8575

0.5
0.9600
0.9720
0.9600
0.9155
0.9662
0.9655
0.6981
0.7266
0.7602

0.3
0.8925
0.9526
0.9201
0.8234
0.9226
0.8988
0.6718
0.6982
0.7217

2
2
h

0.45
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Average weighted sum-rates for K = 6 and N = 16.

(a) CR users equidistant from the PU
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Average weighted sum−rates
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ε=0.01
0
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0.2

0.3

0.4

0.5
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0.7

0.8

(1−δ)/ε

(b) CR user 1 twice farther from the PU than CR user 2
Fig. 6.

Average weighted sum-rates versus δ.

0.9

provement in the weighted sum-rates, compared to Bernstein
approximation. However, even the Gaussian approximation
can achieve only a small portion of what can be achieved under
perfect channel knowledge. This illustrates that the major
portion in the performance degradation may be attributed to
the uncertainty in the channel, rather than the conservatism in
Bernstein approximation.
The said gap can be alleviated by employing channel
estimation, as shown in Fig. 3 for σh2 = 0.5. The figure
depicts the case where user 1 is twice farther from the
PU than user 2. Among the curves obtained with channel
estimation, the performance-complexity trade-offs similar to
what appeared in the case without channel estimation are
observed.
Fig. 4 shows the average weighted sum-rate performance
as σh2 is varied when both CR users are in the same distance
from the PU. Two sets of curves corresponding to  = 0.1 and
 = 0.01 are presented. It is seen that as the channel estimation
accuracy improves (smaller σh2 ), the performance of the RA
algorithms also increases. As was discussed in Remark 1, the
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The case of unknown p.d.f.

gap will eventually close as σh2 vanishes. Similar trends are
observed in Fig. 5, where the sum-rate performance versus 
is plotted with different values of σh2 , all with user 1 located
twice farther away from the PU than user 2 is.
The sensitivity of the weighted sum-rate performance to the
choice of δ is examined in Fig. 6 for  = 0.01 and 0.1 for two
different network topologies. It is seen that the performance
is maximized at about δ = 1 − 0.5 and is quite robust to
the choice of δ. Interestingly, such an observation seems to
hold regardless of the experimented network topologies and
whether channel estimation is performed.
We also tested the case with K = 6 CR users with {wk } set
to [0.1, 0.2, 0.3, 0.2, 0.1, 0.1] using N = 16 subcarriers. Fig. 7
plots the weighted sum-rates averaged over 40 realizations of
(n)
g̃k . Due to the prohibitive complexity of exhaustive search
required for the 2 -approximate problem, only the results for
the ∞ - and the 1 -approximate problems are reported. The
overall trend remains unchanged from the two-user case.
To highlight the effectiveness of the dual decompositionbased approach, the performance of the suboptimal algorithm

is compared to the proposed algorithms under channel estimation with σh2 = 0.5 in Fig. 8 for the two-user case with CR
user 1 twice farther from the PU than CR user 2.
The suboptimal algorithm is seen to be inferior to the
proposed dual method-based algorithm both for the ∞ - and
the 1 -approximate problems, although the gaps are small.
On the other hand, the algorithms differ much in terms of
computational complexity. Table I presents the average run
times for the algorithms, where the experiments were done
using a 2.13-GHz Intel CPU with 2 GB of RAM. It can be
seen that the suboptimal algorithm takes much longer than the
proposed algorithms until convergence. In fact, the suboptimal
algorithm spent a lot of time to solve the convex subproblems,
while the number of iterations were actually small.
To confirm that the interference constraint (3) is satisfied
by the proposed methods, actual values of Pr{I < Imax }
are listed in Table II for the case with CR users equidistant
from the PU, for different target values 1 − . It is clearly
seen that the interference constraint is enforced conservatively
with Bernstein approximation. (Although the achieved values
of Pr{I < Imax } are often quite off from the prescribed target
(1 − ), this should not be interpreted as severe suboptimality
of the proposed algorithms, because the performance must be
ultimately gauged in terms of the weighted sum rates; see
Fig. 2 and the associated discussion in this section.) However,
it is seen that the Gaussian approximation approach does not
always yield a solution feasible for the chance constraint,
especially when  is small. Therefore, the modest performance
degradation as was seen in Fig. 2 may be thought of as
the price to pay for guaranteed feasibility while maintaining
tractability and accommodating a large class of distributions
for uncertain parameters.
To illustrate the performance obtained when the channel p.d.f. is bounded but not known precisely, the average
weighted sum-rate curves are plotted in Fig. 9 when the CRto-PU channel gains belong to a bounded interval [0, 7.38]
for both CR users. The curve with circle markers represents
the case where the support as well as the unimodality and
the symmetry information are used. The curve with the diamonds corresponds to the case where the information that
the mean lies in [0.9, 1.1] was used in addition to the support
information. The curve with the squares depicts the case of
using the known mean and variance in addition to the support
information. It can be seen that the performance is improved
by employing more prior knowledge on the distribution.
VI. C ONCLUSIONS
Weighted sum-rate maximization of an OFDMA CR uplink
was considered, where the power loading and the user assignment over individual subcarriers are performed while ensuring
that the interference power experienced at the PU location
is less than a prescribed threshold. Since the channel gains
between CR transmitters and PU receivers often cannot be
estimated accurately, the PU interference constraint was cast
as a chance constraint. As the resulting optimization problem
is intractable, two layers of approximations were introduced.
First, a convex conservative surrogate of the chance constraint
was employed using Bernstein approximation, to bypass the
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need to analytically represent the chance constraint, even
without precise knowledge of the distribution of uncertain
channel gains. Secondly, due to the combinatorial complexity
of searching for the optimal user assignment, approximation
involving the 1 - or the ∞ -norms were employed so that the
OFDMA RA problems possess separable structures, and can
be tackled in the dual domain. Although such approximations
indeed introduce conservatism, this is a side-effect often
shared by a broad class of robust optimization approaches, and
arguably constitutes the price paid to obtain guaranteed feasible solutions to chance-constrained OFDMA CR RA problems
at an affordable complexity. Algorithms based on the dual
decomposition method were developed for the cases with and
without channel estimation. Numerical tests showed that the
proposed algorithms outperformed a benchmark suboptimal
algorithm in terms of both weighted sum-rate performance
and computational complexity. It was also shown that the
performance degradation due to the approximation introduced
for enforcing the separability is rather insignificant.

[16] Y. Yao and G. B. Giannakis, “Rate-maximizing power allocation in
OFDM based on partial channel knowledge,” IEEE Trans. Wireless
Commun., vol. 4, no. 3, pp. 1073–1083, May 2005.
[17] P. K. Sen, “The mean-median-mode inequality and noncentral chi square
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