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Abstract—The location, number, and power of pilot symbols embedded
in multicarrier block transmissions over rapidly fading channels, are important design parameters affecting not only channel estimation performance, but also channel capacity. Considering orthogonal frequency-division multiplexing (OFDM) systems with decoupled information-bearing
symbols from pilot symbols transmitted over wireless frequency-selective
Rayleigh-fading channels, we show that equispaced and equipowered pilot
symbols are optimal in terms of minimizing the mean-square channel estimation error. We also design the number of pilots, and the power distributed between information bearing and pilot symbols, using as criterion
a lower bound on the average capacity. Numerical results corroborate our
theoretical findings.
Index Terms—Block transmissions, capacity, channel estimation, orthogonal frequency-division multiplexing (OFDM), pilot tones.

I. INTRODUCTION
Block transmissions relying on linear redundant precoding with
cyclic prefixed or zero padded blocks have gained increasing interest
recently for mitigating frequency-selective multipath effects (see, e.g.,
[4], [15], [25], [27], and references therein). Redundancy removes
interblock interference (IBI) and facilitates (even blind) acquisition of
channel state information (CSI) at the receiver. When CSI is available
at the transmitter (e.g., through a feedback channel) precoders and
decoders can be optimized under various criteria [25]. For example,
maximizing mutual information leads to a waterfilling-type transmission that invokes power and bit loading to approach the channel
capacity and control the average bit-error rate (BER) [24]. However,
rapid variations of the wireless channel render CSI feedback to the
transmitter outdated. On the other hand, when CSI is used at the
receiver for coherent detection, training sequences are needed to
acquire it.
Instead of long training sequences at the beginning of the transmitted
record, inserting training symbols during the transmission is known as
pilot symbol-aided modulation (PSAM). Since pilots are embedded in
each transmitted block, PSAM is suitable for rapidly fading time-selective channels. Known pilot symbols are used not only for channel estimation [6], [11], [12], [19], but also for timing- and frequency-offset
synchronization [15], [23]. PSAM is also useful for decision-feedback
(DF) equalization of block transmissions [13], with the optimum placement of pilots for DF equalization studied in [1]. Certainly, pilots reduce the information rate, and thus offset utilization of the channel’s
capacity.

The effect of imperfect CSI on channel capacity has been investigated for time-selective point-to-point channels [5], [16], [18], and
for multiple-antenna communication channels [10], [21], [22], [29].
Noncoherent channel capacity of multiple-antenna communication
channels with infinite transmit power was also studied in [30]. For a
given channel estimation accuracy, lower and upper bounds on channel
capacity are available [10], [16], [18], [21]. Based on a lower bound
on channel capacity, optimal training sequences for multiple-antenna
wireless communications over frequency-flat block-fading channels
were pursued in [10], while the generalized mutual information (GMI)
was utilized in [29] to design training sequences, where the optimality
of minimum mean-square error (MMSE) channel estimators in
terms of GMI was also proven. On the other hand, the accuracy of
frequency-selective channel estimators depends on the number, the
location, and the power of training symbols inserted per transmitted
block [2], [3], [20]. Relying on a capacity bound, the design of optimal
training sequences for transmissions over finite impulse response
(FIR) frequency-selective channels was dealt with in [2], [3], where
it is assumed that the channel taps are independent and identically
distributed (i.i.d.), and that the training symbols are taken a fortiori
to be equipowered.
This correspondence deals with linearly precoded block transmissions with each block containing superimposed training symbols for
random FIR channel estimation. We design the number, the location,
and the power of pilots. We first develop pilots to minimize the channel
estimation error and then maximize the lower bound on the capacity of
block Rayleigh multipath channels. After developing our block modeling framework, we review briefly the design constraints for IBI cancellation and low-complexity block-by-block reception in Section II,
to enable linear channel estimation that is decoupled from symbol recovery [20]. Relying on the optimality of MMSE estimators [29], we
derive pilots that minimize the channel’s mean-square error (MSE) in
Section III. Subsequently, to maximize the lower bound on channel capacity, we select the number of pilot tones, and determine the power
distribution between pilot and information-bearing symbols in Section IV. Simulations are presented in Section V, before concluding the
correspondence.
II. BACKGROUND AND PRELIMINARIES
We consider the following discrete-time baseband equivalent model
for block transmissions: the information-bearing sequence s(n) is
parsed into blocks of size M . Each M 2 1 block s(i) is precoded
 with complex-valued entries.
 2 M precoding matrix A
by a tall N
 > M introduces redundancy, which is known to be
Selecting N
beneficial for mitigating the effects of frequency-selective propagation
 2 1 block of training symbols b , which are also
[27], [28]. An N
known to the receiver, is added to the precoded information block to
obtain

 s(i) + b:
u
 (i) = A
Manuscript received April 30, 2001; revised March 2, 2004. This work was
supported by the National Science Foundation under Grant CCR-10105612. The
material in this correspondence was presented in part at the International Symposium on Signals, Systems and Electronics (ISSSF’01), Tokyo, Japan, July
2001.
S. Ohno is with the Department of Artificial Complex Systems Engineering, Hiroshima University, Higashi-Hiroshima, 739-8527, Japan (e-mail:
o.shuichi@ieee.org).
G. B. Giannakis is with the Department of Electrical and Computer Engineering, University of Minnesota, Minneapolis, MN 55455 USA (e-mail: georgios@ece.umn.edu).
Communicated by P. Narayan, Associate Editor for Shannon Theory.
Digital Object Identifier 10.1109/TIT.2004.833365

(1)

The channel is considered to be frequency-selective linear time-invariant over each received block, but is allowed to vary from block to
block. We will only consider block-by-block receiver processing; and
we will henceforth omit time dependence of the channel and express
the FIR of the discrete-time baseband equivalent channel as fh(n)g.
The order of the channel is assumed to be upper-bounded by
 noisy samples in an N
 21
L(< M ). At the receiver, we collect N
(i) that can be expressed as (see, e.g., [27])
received vector x
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 (i) + H 1 u
 (i 0 1) +  (i)
x(i) = H 0u

(2)
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where H 0 and H 1 are square Toeplitz channel convolution matrices
with first column [h(0); h(1); . . . ; h(L); 0; . . . ; 0]T and with first
row [0; . . . ; 0; h(L); h(L 0 1); . . . ; h(1)], respectively; and  (i) is
a zero-mean additive Gaussian noise (AGN) vector. Presence of two
(i) arises due
successive transmitted blocks in each received block x
 := L + 1. The second term in (2) is
to the channel that has length L
referred to as IBI.
To enable low-complexity block-by-block processing at the receiver,
we will eliminate IBI by inserting at the transmitter and removing at
the receiver the so-called cyclic prefix (CP), which is employed also by
orthogonal frequency division multiplexing (OFDM)—the basic multicarrier modulation that has been adopted by many standards; see e.g.,
[8]. To enable insertion and removal of the CP, and thus cancellation of
IBI, we select our general design in (1) to satisfy the following.
 and vector b are chosen to incorporate the CP; i.e.,
C1.
Matrix A
 = T cp A , b = T cp b , where A is an N (:= N
 0 L) 2 M
A
matrix, T cp := [[0L2(N 0L) ; I L ]T ; I TN ]T with I l being the
identity matrix of size l, and b := [b(0); . . . ; b(N 0 1)]T is
an N 2 1 vector.

we consider block-by-block processing, we omit the block indices in
(3), and re-express it as

x = H As + B h + w

B H H A = 0:

(3)

where u (i) = As(i) + b ; h := [h(0); h(1); . . . ; h(L)] ; and H is
hT ; 0; . . . ; 0]T . We will
an N 2 N circulant matrix with first column [h
further make the following assumptions.
A1.
The information symbol vector is zero-mean, stationary, with
correlation matrix E fs(i)ssH (i)g := Rs > 0, where H
denotes conjugated transposition.
A2.
The noise w (i) is zero-mean, Gaussian, with correlation ma2
I.
trix w
T

We model the channel to be a stochastic process in the following
way.
A3.
Each channel tap h(l) is complex Gaussian distributed
with zero-mean and variance h2 , denoted by CN (0; h2 ).
Channel taps are independent of each other.
A3 is well justified especially for wireless fading channels that are
rich in scattering. Notice that channel taps are not necessarily identically distributed; i.e., A3 allows for taps with, e.g., an exponential
power profile.
Let F be the N 2 N discrete fourier transform (DFT) matrix with
F ]m;n = N 0 W 0mn , where W := exp(j2=N ).
(m; n)th entry [F
h(n)z 0n . We
Define the channel transfer function as H(z) := L
n=0
can express the channel frequency response in vector form as

[H(1); H(W ); . . . ; H(W N 01 )]T = N F L h
 columns
where F L is a submatrix of F , corresponding to the first L
of F . It follows from A3 that H(W n ) for any n 2 [0; N 0 1] is
CN (0; H2 ), where
h2 :

(4)

l=0

This implies that the channel frequency response samples
n
are identically distributed, Gaussian, with
n
;N
2
. Notice that even though the channel taps
zero mean, and variance H
do not have the same variance, its frequency response samples at the
DFT grid have the same variance.
Since the channel varies from block to block and is unknown to the
receiver, we have to estimate it by using only one received block. As

fH(W )g 2[0 01]

(6)

Notice that if (6) holds true, then

B H x = B HH As + B HB h = B H B h

x(i) = H u(i) + w (i);

L

(5)

 column-wise circulant matrix with first column b ;
where B is an N 2 L
and in deriving (5) we used the commutativity of circular convolution
to obtain H b = B h .
The model (5) can be viewed as a virtual two-user model where one
user transmits s and the other one h through equivalent channels H A
and B , respectively. They interfere with each other, and thus it is desirable to decouple them, which in our single-user model amounts to
separating channel estimation from symbol recovery. We have established in [20] that in the absence of noise, s and h can be decoupled
for any FIR channel of order L if B has full column rank, and the following condition is satisfied for 8 H :

(i) leads to
Discarding the CP from x

2
H
:=
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which implies that one can isolate h.
b := F b , and denoting
Expressing the DFT of the training blocks as ~
its ik th entry as ~bi , let us define the set of K ordered integer indices

I ? := fi j~b 6= 0; i < i +1 ; k 2 [0; K 0 1]g
(7)
and its complement I containing M = N 0 K indices i for which
~b = 0. If we define the K 2 1 vector b to contain the K nonzero
k

i

k

k

i

entries of the DFT pilot vector ~
b so that bk = ~bi , then the time-domain
training vector can be written as

b = F H~b = F HP I
= F HP

I

0

b

0
(8)

b

P I ) is a permutation matrix collecting the K possibly diswhere P I (P
b at the top (bottom). Correspondingly, simpersed nonzero entries of ~
ilar to [20], we focus on linear precoding matrices that can be factored
as
A = F HP I

IM

0K 2M

:

(9)

With this transmitted block u = F HP I [ssT ; 
b ]T , the symbols s are
loaded on M subcarriers (the columns of F H in (9)) that are distinct
from the K subcarriers which correspond to the pilots used for channel
b are loaded separately in the frequency doestimation. Since s and 
A; b) satisfies (6).
main, it is easy to check that indeed (A
A; b) was designed in [20] to enable
For deterministic channels, (A
both optimal least squares (LS) channel estimation and minimization
of the symbol MSE. In this correspondence, we consider the stochastic
counterpart of [20], and design pilots under the following design constraint.
A; b) is selected from the class that satisfies (8)
C2.
The pair (A
and (9).
T

Since (8) and (9) suggest frequency-division multiple access
(FDMA)-like transmission of information symbols and pilots, we
will find it convenient to separate the received block in the frequency
domain. Toward this objective, recall that the circulant channel matrix
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H can be diagonalized by the DFT matrix F and its inverse (IDFT)
[9, p. 202], such that

F H F H = diag[H (W 0 ); H (W 1 ); . . . ; H (W N 01 )]:

and (9) into (5), and taking into account (9) and (10), we can express
P I F x as

P I F x :=

=

+ ww~~

s
b

(11)

b

diag(D

H;s

~ (~ )

; D H;b ) = P I

~

and w s w b denotes the DFT of the noise w corresponding to the information (training) part.
Relying on the decoupled subblocks x s and x b in (11), we will first
form the channel estimate h based on xb , and then recover the channel
frequency response as

^

~

~

~

[H^ (W ); H^ (W ); . . . ; H^ (W )] = N F  h^ (12)
 matrix with nth row equal to the i th row of F 
where F  is an M 2 L
i

i

n

L

L

~

III. OPTIMAL TRAINING FOR LMMSE CHANNEL ESTIMATION
The placement and power allocation of pilot symbols will be sought
in this section to minimize the channel MSE subject to a fixed transmitpower constraint. Equispaced and equipowered pilots will turn out to
be the optimal choice.
Let B z be the Z -transform of b defined as

()

B (z ) :=

N

01

=0

b(n)z 0n

1

1

h^ := 2 Rh01 + 2 B H B
w
w

(1=2 )

and D B a diagonal matrix defined as

:= diag[B(1); B(W ); . . . ; B(W

N

(13)

=

=

0 in (5), i.e., x
For simplicity, we temporarily assume that A
B h w . Since this is a linear regression model with h and w complex
normal and B known, the linear MMSE (LMMSE) estimator for h
coincides with the MMSE channel estimator.
h 0 h . For a
Let us define the channel estimation error as h
given B , the LMMSE channel estimator and the corresponding MMSE
are given by [14, Ch. 12]

1 :=

h^ := R hxR x01x
h

where R x

:= trace(66) = trace

^

H
R h 0 R hxRx01R hx

= EfxxH g, R = E fhxH g, R = E fhhHg, and
6 := E f1h1hHg:
hx

(18)

6= 0

01 H
B x
2
= (1= )(R01 + B HB =2 )01B H (B h + w ):
w

h

This shows that the information symbol block does not affect the
channel estimator, thanks to the decoupling imposed by (6). Thus, we
can conclude that h is the channel MMSE estimator even if A 6 0.
We also have from (11) and (13) that

^

=

x~s
x~b

B Hx = F H
 D BHF x = F H
 D BHP I
L
L



x~s
x~b

B
0 F L D

H H

=

= F H D Hx~
L

(19)

b

B

where D B denotes the K 2 K submatrix of D B with all nonzero diagonal entries, and F L is the K 2 L matrix formed by the K rows of F L
corresponding to the nonzero entries of equation D B . Equation (19)
shows that the MMSE channel estimator in (18) requires only equation
xb ; hence, h can be obtained via training based on pilot tones.
2 h subject
Now, we will design B (or, equivalently, b ) to minimize 1
H
2
LPb , i.e., we will
B B
Lkbk
to the power constraint
find the optimal B as





^

~

)= 

trace(

B opt = argB

B

B

=

01

1

Rh01 + 2 B HB
w

min =  P trace
trace
L

1

R h01 + 2 B HB
w

trace

01 )]:

B = F HD B F L :

2
1

B H x:

Rh01 + B HB =w2

Since B is a tall and column-wise circulant matrix, its DFT-based diagonalization yields

+

01

:

(20)
In Appendix I, we show that the channel MSE is lower-bounded as
follows:

n

DB

(17)

^

L

for in 2 I . Based on the estimated channel frequency response, we can
subsequently equalize x s in (11) to recover the information symbols s .

:

Also from the matrix inversion lemma, we can express h as

T

i

01

R h01 + 2 B HB
w

w

I

h

1

2 h = trace
1

w

where D H;s and D H;b are diagonal matrices satisfying

= R B H into (15),

+

From (18) and (6), we find that even for A

s

F H F HP

=

(10)

~ = F x,
Consider the DFT of the IBI-free received block, expressed as x
~ by P I , to rearrange its entries. Substituting (8)
and premultiply x
x~s
x~b
DH;s
0
DH;b
0

B Rh B H w2 I and Rhx
We substitute Rx
and apply the matrix inversion lemma to obtain

(14)
(15)

h

(16)

01



=

1

L

R h01 + B HB =w2 l;l
l=0
L
h2 w2
(21)
w2 + Pb h2
l=0

B H B =w2 is diagwhere the equality holds if and only if Rh01
onal. Since Rh01 is diagonal, and every diagonal entry of B HB is Pb ,
we infer that B HB has to be PbI . It readily follows from (13) that
B HB PbI if K  L pilot tones are equispaced and equipowered,
N Pb =K for i 2 I ? . Moreover, for K
L, we
i.e., jB W i j2
can show as in [20] that only equipowered and equispaced pilot tones
achieve this minimum channel MSE.
Notice that we did not impose any restriction on b except for constraining its power. This implies that among all training possibilities,
usage of equispaced and equipowered pilot tones is optimal in the
MMSE sense. In summary, we have established the following.

+

=
( )
( ) =

=

Theorem 1: Suppose that C1 and C2 hold true. Under A1-A4, the
minimum channel MSE for a fixed power constraint kbk2 Pb is always attained by K equispaced and equipowered pilot tones, provided
that K  L. The minimum channel MSE is given by (21).



=
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Prompted by Theorem 1, we will henceforth focus on equispaced
pilot tones that we formally introduce as

=

KJ for
The block size N is a multiple of K such that N
K  L, and for some positive integer J ; the pilots are chosen
to be equispaced and equipowered with the index set in (7)
fj Jkjk 2 ; K 0 g for some j 2 ; J 0 .
as I ?

C3.



:= +

[0

1]

[0

1]

Condition C3 implies that the nonzero entries of the DFT of b are
, equispaced should be understood in a cirequispaced. When j 6
cular sense; i.e., after periodically repeating b . It should be noted that
Theorem 1 only requires K  L and says nothing on: a) whether L is
the minimum number of pilots needed from a capacity perspective; and
b) how the overall power should be allocated to training and information-bearing symbols, which we will optimize in terms of the capacity
bound in the Section IV

=0

~
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Suppose that we fix the transmit power for pilot tones, and for
information-bearing symbols. We will find it convenient to work
with the normalized (unit-variance) LMMSE channel estimator g
H W i =E 1=2 fjH W i j2 g; note that g is not a function of i since
the normalized variates are identically distributed 8 i. Using the
orthogonality principle, we can express C in (24) as

H^ (W )j2 gjgj2
log 1 + E fj1EHfj(W
)j2g + M2 =P
2I
(2 0 E fj1H (W )j2 g)jgj2 : (25)
E log 1 +
E fj1H (W )j2 g + M2 =P
2I
2 8 i 2 I (see
Under C3, we can verify that E fj1H (W )j2 g = 1

1
N
= N1

C=

i

E

i

i

:= +

Cideal =

M
E
N

:=

log

=

1 + ideal jgj2

(22)

(0 1)

where the expectation is taken with respect to g  CN ; , and ideal
denotes the signal-to-noise ratio (SNR) that is defined as

ideal :=

2 Ps
H
:
Mw2

(23)

Under the assumption that the channel estimation step is perfect, it is
easy to see that Cideal will be maximized if we set all transmitted symbols to be information-bearing symbols, i.e., M
N and P Ps .
This confirms that Cideal does not account for channel estimation accuracy. We will incorporate the channel estimation error of equispaced
and equipowered pilots into the average channel capacity to find the
minimum number of pilots needed and the overall power allocated between training and information-bearing symbols.
Applying on a per-subcarrier basis the lower bound on average
channel capacity that is derived in [18, eq. (46)] and [5, eq. 3.3.55] for
serial transmissions over flat-fading channels, and summing across
subcarriers, we obtain the following:

=

C C

:= N1

i

i

2I

i

E

i

1 ( ) = ( ) ^( )

w

(24)
s

H W i 0 H W i . For MMSE estimators, the
where H W i
lower bound C coincides with the GMI, which is the maximum rate at
which the average probability of error converges to zero as the codeword length increases [16]. Although Gaussian codes of infinite block
size (and, hence, infinite N ) are required in theory to attain the channel
capacity, we will demonstrate by simulations that the results obtained
from our capacity analysis are beneficial even for a finite number of
symbols drawn from a finite alphabet.



w

s

h

Appendix B). This allows us to rewrite (25) as

where

M
E
N

log 1 + jgj2

(26)

2h
2 0 1
 := 2 H
:
1h + Mw2 =Ps

(27)

C=

A. Optimal Number of Pilots
Clearly, the number of pilots affects bandwidth efficiency that depends on the relative redundancy K=M , and is defined as

E (M; K ) := M=N = M=(M + K + L):

= 

For a fixed M , the minimum K , i.e., K
L, is optimal in terms
of bandwidth efficiency. The minimum K also minimizes complexity
and decoding delay at the receiver end. We will show that the minimum
K is also optimal in the sense of maximizing the lower bound on the
average channel capacity.
Suppose that the power Pb alloted for channel estimation is constant,
and that we fix the block size N . To obtain the optimal M (or, equivN 0 K ), we re-express M as , and treat 
alently, K since M
as a continuous variable, assuming that any  achieves the minimum
channel MSE. We differentiate C in (26) with respect to  to obtain

=

N

@C
@

2

@ jgj
= E log 1 + jgj2 +  @
1 +  jg j 2

:

(28)

2 h is found to be independent of . It
For a given Pb , the variance 1
follows from (27) that
@
@

2

2

2

= 0 (2 0+12 =P=P)2 = 0 2 = (21=P ) +  :
1
1
H

h

s

w

h

w

s

w

h

(29)

s

Substituting (29) into (28), we arrive at

2

= E log 1 + jgj2 0 1 +jgjjgj2 2 =(2=P ) + 
1

 jg j 2
 E 1 +  jg j 2 1 0  2 = (  2 = P ) + 
1
2 =( 2 =P )
 jg j 2
1
 E 1 +  jg j 2  2 = (  2 = P ) +  > 0
(30)
1
where in the second step, we used the inequality log(1 + jg j2 ) 
jgj2 =(1+ jgj2 ). Since @C=@ > 0, to achieve the minimum channel
,
MSE, we should take  as large as possible; that is,  = N 0 L
 . Moreover, for K = L , only equipowered
or equivalently, K = L
N

i

s

i

=

^ )j2
log 1 + E fj1H (WjH ()W
j2g + M2 =P

w

i

H

IV. DESIGNING PILOTS BASED ON A CAPACITY-BOUND CRITERION
We have developed the optimal MMSE pilot tones. But, there still
exist degrees of freedom in the number of pilots and the power allocation between pilot and information-bearing symbols. To enhance the
capacity of our system, we further design the number of pilots and the
power allocation, using a capacity-bound criterion.
Suppose first that the channel estimation step is perfect, and let the
Ps Pb with Ps E fksk2 g and Pb kbk2 .
transmit power be P
Under this transmit power constraint, and following standard steps (as
in [5], [7], [17], [26]), we have that the channel capacity (normalized per transmitted symbol) averaged over the random matrix D H;s
is given by

:=

^( )

^( )

@C
@

h

w

h

h

w

s

s

s

w

h

w

s

and equispaced pilot tones achieve the minimum channel MSE [20,
Theorem 1].
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We note that our result regarding optimality of the minimum number
of pilots, independent of the allocated power for training, differs
markedly from the corresponding result reported in [10, Theorem
3] for multiple-input multiple-output (MIMO) channels. The reason
is that we first optimize the number of pilots and then the allocated
power, while [10] optimizes first the allocated power and then the
number of pilots. We conjecture (and it will be interesting to prove)
that the minimum number of pilots for MIMO channels is independent
of the allocated training power, but this goes beyond the scope of this
correspondence.

2) Rayleigh Channels With equiPowered Taps: Here we consider that the channel taps are i.i.d., zero-mean, complex Gaussian
CN (0; h2 ). In this case, from (21), we obtain

2 = L
2 =(w2 + Pb h2 )
 h2 w
1h

and

2 = L Pb h4 =(w2 + Pb h2 ):
H2 0 1h
 , the SNR  can be re-exWe show in Appendix III that for M > L
pressed as

 = Msnr
M 0L

B. Optimal Power Allocation
The last question we wish to address pertains to the optimal distribution of the transmitted power between information and training symbols. We will denote the power allocated to information-bearing symbols and pilot symbols, respectively, as

E fksk2 g = Ps =

P;

kbk2 = Pb = (1 0 )P

(31)

for 0 < < 1, where represents the percentage of power allocated
to information symbols. Plugging (M; L) into (26), C becomes a function of only. Thus, we can find the optimal numerically. When the
2 can be explicitly expressed as a function , closed-form
MMSE 1h
expressions for the optimal become available. We discuss two such
cases next for a fixed (M; K ) pair with K  L.
1) High-SNR Regime: At high SNR, we have that

2 )
2
2 =P b :
2  L
 w
0 1h
= H and 1h =
From Ps = P and Pb = (1 0 )P , we obtain
H2
(1 0 )
=  2
= Msnr 
2
Lw =Pb + Mw =Ps
L + M (1 0
2
(H

)

(32)

where snr represents the output SNR defined as

2
snr = H P2 :
(33)
Mw
For a fixed pair (M; K ), the ratio M=N is constant. Since log(1) is
an increasing function, maximizing C with respect to is equivalent
to maximizing . Differentiating  with respect to , we find that  is
maximized at
1

:=

1
1+


L=M

(34)

(36)

where

:=

L
:
Msnr
)=( 0 )

M
M 0 L

1+

(37)

(1 0
Differentiating f ( ) :=
yields f 0 ( ) =
2
2
( 0 2 + )=( 0 ) , from which we find that  is maximized at

iid :=

1+

Substituting this into  leads to

iid :=

1
1 0 1=

snr

 (Msnr )
1 + L=

:

(38)

2iid :

(39)

The performance loss iid =ideal due to the channel estimation error
 (Msnr )]. Since is a decreasing function in
is given by iid =[1 + L=
SNR, iid is found from (38) to be an increasing function in SNR, and is

bounded such that iid  0:5. At snr = L=M
, we have iid =ideal 
0:25. Thus, for any M , the performance loss due to channel estimation

is no more than about 6.0 dB at snr = L=M
, and converges to 3.0 dB
at high SNR.
V. NUMERICAL EXAMPLES
To validate our analysis and design, we test uncoded OFDM transmissions with N = 64 subcarriers, and CP length (channel order)
 = L + 1 = 8 equispaced and
equal to L = 7. We also insert L
equipowered pilot tones. We deal with two cases: i) channels having
i.i.d. complex zero-mean Gaussian taps; and ii) channels with complex
zero-mean Gaussian taps, but with exponential power profile such that
h2 = exp(0l) for l 2 [0; L ].
A. Average Channel Capacity

and its maximum is given by

 := snr 2 :
1

(1 0 )
( 0 )

1

(35)

Interestingly, 1 coincides with the power allocation ratio in [20],
which was obtained by minimizing the symbol MSE assuming an underlying deterministic channel estimated based on the LS criterion.
For a fixed power of the information-bearing symbols, setting the
estimation error variance in C in (26) to be zero, we obtain the upper
bound of C , which is the ideal average capacity without channel estimation error. In this case,  equals to ideal defined by (23). We
can define the ratio snr =ideal to measure the performance loss due
to channel estimation. In this case, from ideal = 1 snr , we find
snr =ideal = 1 . Then, it follows from (34) that 1  0:5. We thus
deduce that optimally powered pilots incur an asymptotic (high-SNR)
performance loss of at most 10 log(0:5)  3.0 dB, due to the channel
estimation error. And this asymptotic performance loss converges to

decreases between the channel length and the inzero as the ratio L=M
formation-bearing block size increases. These observations also imply

! 0 at high SNR.
that the lower bound is tight for L=M

For channel taps with identical power profiles, Fig. 1 compares the
average channel capacity when: i) the channel is known to the receiver
and training is not required, i.e., M = N and = 1; ii) the upper
and lower bounds on the average capacity for the optimal power allocation, where the optimal is computed by (38); and iii) the fixed

= 1=(1 + L=M
) = 0:875, where all symbols have the same power
as considered in [6], [19].
The difference between the average channel capacity without
training and the upper bound can be considered as the price we have
to pay to acquire CSI. The difference between the lower and the upper
bound is the penalty resulting from the worst channel estimation error.
The optimally powered pilots have at most

 (Msnr )]  010 log 0:72  1.43 dB
010 log iid =[1 + L=
performance loss at 10 dB due to the channel estimation error, which
converges to

010 log

1

= 010 log 1=(1 +

1=7)  1.39 dB
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Fig. 1.

Channel capacity bounds versus SNR (identical power profile).

Fig. 2. Channel capacity bounds versus : identical power profile; exponential
power profile (with ).

2

as SNR increases. Recall that the actual average channel capacity lies
between the lower and the upper bound. Their small difference implies
the tightness of the lower bound, and hence validates our design of
training pilots.
Optimally powered pilots gain about 1 dB against the fixed powered
pilots. Even at low SNR, there is a small difference between them. This
is because the lower bound is a flat function around its maximum as illustrated in Fig. 2. It can also be observed that although channels with
exponential power profiles can be quite different from those with identical power profiles, their capacity bounds are almost the same. Fig. 3
depicts the optimal as a function of SNR. As expected by theory, for
, as SNR increases.
both cases, the optimal converges to

1

B. BER Performance
Although BER performance for a specific constellation may not relate directly to average channel capacity, we compare BER of the transmission schemes described above to justify our optimal design. We
computed MMSE channel estimators based on pilot tones, from which
we obtained maximum-likelihood (ML) symbol estimates. In every
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Fig. 3.

Optimal

Fig. 4.

Average BER versus

versus SNR.

(i.i.d. channel taps).

simulation, 1000 channel realizations were used, and the results were
averaged. The results for channels with exponential power profiles are
omitted because they are quite similar with those channels having identical power profiles.
Fig. 4 illustrates the BER as a function of the effective power
of information symbols. The dashed-dotted curves correspond to the
BER without estimation errors, i.e., when channel estimation is perfect. When is small, i.e., when we allocate much power for our pilots
to yield accurate channel estimates, the performance loss due to the
channel estimation error is small. As goes to 1, the difference diverges because without channel estimation error, the BER becomes an
increasing function of . It is observed that the minimum BER is attained around = 0:7, which almost equals the iid suggested by the
lower bound on the average channel capacity.
Fig. 5 reports the average BER as a function of SNR. Comparing
with the BER of the known CSI case, we infer that the total cost to acquire CSI with optimally powered pilots is about 1.5 dB. The penalty
of inaccurate CSI in BER is about 1.5 dB, and the optimally powered pilots have a slight performance gain over the fixed-power pilots.
These are quite similar conclusions with those obtained with average
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A > and d > , we find that
0 aH A0111 a. Because
0
1
H
.
We
also
have
A
a
a
A 0111 =d  . It follows that
N;N
11

where d = a
1=d  1=a

0

N;N

0

0

A0111 + 1 A0111aaHA0111 + 1
d
d
1
0
1
 trace A11 + a
where the equality holds if and only if a = 0. Repeating the argument

trace A01 = trace

N;N

above, we obtain (40).

APPENDIX II
PROOF OF E fj H W i j2 g

1 ( ) = 12

h

2 )01 is diagonal under C3 (cf. the arguments
Since (R h01 + B HB =w

following (21)), we have

E f1h1hH g
Fig. 5.

= diag

Average BER versus SNR (i.i.d. channel taps).

2

w

2 2
2 2
2 2
; 2
;...; 2
2
2
 + P 2
+P   +P 
w

h

b

w

h

b

w

h

h

It follows from
channel capacity and capacity bounds, which highlights the validity of
our lower bound on average channel capacity.

We considered wireless OFDM-like systems with decoupled information-bearing from pilot symbols transmitted over FIR Rayleigh
channels having independent taps with arbitrary power profiles. We
proved that placing pilots in an equispaced and equipowered manner
minimizes the mean-square channel estimation error. From the
capacity lower bound of our system with equispaced and equipowered
pilots, we determined the number of the pilots and, for a given transmit
power budget, we also derived the optimal percentages of power to be
distributed between information and pilot symbols. We found that in
non-i.i.d. Rayleigh-fading channels, channel estimation with optimal
power allocation incurs asymptotically (high SNR) at most 3 dB loss
in channel capacity; while in i.i.d. Rayleigh-fading channels, the loss
is at most 6 dB at high SNR.

Lemma 1: For an N 2 N positive-definite matrix A with
entry am;n , it holds that

=1 a

(m; n)th

1
n;n

h

)] = N F  1h
T

i

L

)j2 g = Nff H E f1h1hHgf 
2 2
= 2 + P 2 = 12
L;n

L;n

L

w

h

=0

b

w

l

h

h

where f H
 ;n is a row vector equal to the in th row of F L . This completes
L
the proof.
APPENDIX III
DERIVATION OF (36)
We substitute

12

h

and

2

= L 2 2 =(2 + P 2 )
h

w

b

w

h

0 12 = L P 4 =(2 + P 2 )
b

h

h

b

w

h

1)

(41)

b

h

w

h

b

s

h

w

h

s

s

b

h

b

w

h

w

w

h

b

b

snr

=

w

(43)
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(

1) 2 1

where A 11 is an N 0 2 N 0 matrix and a is an N 0
vector. Using matrix inversion of the partitioned matrix, we have

A0111 + A0111aaHA 0111 =d
0(A0111a=d)H

L P 4 =(2 + P 2 )
L2 2 =(2 + P 2 ) + M2 =P
 2
= L2 L P + MP(P2 =2 + P ) :
From definitions P =
P , P = (1 0 )P and
L 2 P =(M2 ), we arrive at
(1 0 )
 = snr 
L + M [L =(Msnr ) + 1 0 ]
=

which is clearly equivalent to (36).

N;N

A01 =

i

s

(40)

A11 a
A= H
a
a

1) (

E fj1H (W

w

where the equality is attained if and only if A is diagonal.
Proof: We partition A as

(

2I

b

into (27) to obtain

We will first prove the following lemma, from which (21) follows
immediately.

n

i

H

APPENDIX I
PROOF OF (21)

N

i

and (17) that for in

VI. CONCLUSION

trace(A01 ) 

[1H (W ); 1H (W ); . . . ; 1H (W

:

w

h

w

0A0111a=d
1=d

(42)
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Rate of Convergence to Poisson Law in Terms of
Information Divergence
Peter Harremoës, Member, IEEE, and Pavel S. Ruzankin
Abstract—The precise bounds on the information divergence from a binomial distribution to the accompanying Poisson law are obtained. As a
corollary, an upper bound for the total variation distance between the distributions is established, which in a large range of change of the parameters
of the distributions is better than those already known.
Index Terms—Binomial distribution, information divergence, Kullback–Leibler divergence, Poisson approximation, Stirling numbers.

I. INTRODUCTION AND THE MAIN RESULTS
Let Q be the binomial distribution with parameters n, p and P be
the Poisson law with parameter np. The information divergence (or
the Kullback–Leibler divergence or the relative entropy) from the distribution Q to the distribution P is

k

f g) log ((ff gg))

n

D (Q P )

=

Q( k

k=0

Q

k

P

k

and the total variation distance between Q and P is
n
V

(Q; P ) =

j (f g) 0 (f g)j
Q

k=0

k

P

k

:

These two quantities satisfy the Pinsker inequality (see [13] and [4])
1
2

2
(V (Q; P ))



k

D (Q P ):

(1)

For the means of the laws being fixed and equal, the information divergence from the binomial distribution to the Poisson distribution is
small [6]. Consider a statistical test for the null-hypothesis that a sample
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