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Figure 1: Discrete-time baseband equivalent MIMO model
with information symbols. In this paper, we design optimal PSAM schemes for linear minimum mean-square error
(LMMSE) estimation of MIMO frequency-selective fading
channels. Our design criteria jointly account for both channel estimation performance, and transmission rate. Due to
lack of space, we will summarize our major results; detailed proofs can be found in [7].
Notation: Upper (lower) bold face letters will be used
for matrices (column vectors). Superscript H will denote
Hermitian, ∗ conjugate, T transpose. We will reserve ⊗ for
the Kronecker product, E[·] for expectation, and tr[A] for
matrix trace. I N will denote the N × N identity matrix,
and [A]m,n will denote the (m, n)th entry of the matrix A.

Introduction

High rate wireless transmissions experience frequencyselective propagation effects. For channel state information (CSI) acquisition, three classes of methods are available: blind methods, which estimate CSI from the received
symbols; differential ones that bypass CSI estimation by
differential encoding; and input-output methods which rely
on training symbols that are known to the receiver. Although the insertion of training symbols can be suboptimal
and bandwidth consuming, training remains attractive especially when it decouples symbol from channel estimation and thus simplifies the receiver implementation, and
relaxes the required identifiability conditions.
Training symbols can be placed either at the beginning
of each burst (as a preamble), or, regularly throughout
the burst. In rapidly fading or quasi-static fading channels, preamble-based training may not work well. This
motivates embedding training symbols in each transmitted block, instead of concentrating them at the preamble.
The so termed pilot symbol aided modulation (PSAM)
originally developed for time-selective channels [2], has
recently been extended to single-antenna frequency- and
doubly-selective channels [6, 8], and also to MIMO flatfading channels [4].
Training sequences for frequency-selective channels
have been designed through exhaustive search for spacetime (ST) trellis codes [3]. (Semi-) blind channel estimators have also been reported [9]. Here, we start from a general model, in which training symbols are superimposed

2

System Model

Our multi-antenna system employs Nt transmit- and
Nr receive-antennas (see Fig. 1). The information bearing symbols are parsed into blocks of size Ns × 1:
[s(k)]n+1 := s(kNs + n), where k denotes block index.
At the transmitter, each block s(k) is first encoded
and/or multiplexed in space and time. The resulting Nt
t
blocks {cµ (k)}N
µ=1 have length Nc , and each is directed
to one transmit antenna. At each, e.g., the µ-th transmit antenna, cµ (k) is processed by a matrix Aµ of size
M × Nc , where M ≥ Nc . Training blocks b̄µ (k) of length
M , which are known to both transmitter and receiver, are
then superimposed to Aµ cµ (k) after the ST mapper to
form ūµ (k) := Aµ cµ (k) + b̄µ (k). Interblock interference
(IBI) can be removed by processing blocks ūµ (k) with the
N × M zero-padding matrix T := [I M 0M ×L ]T to form
blocks uµ (k) := T ūµ (k) of length N = M + L with
L denoting the maximum channel order across all antenna
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High data rates give rise to frequency-selective channel
effects. Space-time multiplexing and/or coding offer attractive means of combating fading, and boosting capacity of multi-antenna communications. As the number of
antennas increases, channel estimation becomes challenging because the number of unknowns increases, and the
power is split at the transmitter. In this paper, we design a low complexity optimal training scheme for block
transmissions over frequency-selective channels with multiple antennas. The optimality in designing our training
schemes consists of maximizing a lower bound on the average capacity that is shown to be equivalent to minimizing the mean-square error of the linear channel estimator.
Simulation results confirm our theoretical analysis.
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pairs. The blocks uµ (k) are then parallel-to-serial converted, pulse-shaped, carrier modulated, and transmitted
from the µ-th transmit antenna. With IBI being eliminated,
the ensuing channel estimator and symbol detectors operate on a block-by-block basis, we will hence forth omit the
block index k.
Let h(ν,µ) (l), l ∈ [0, L] denote the discrete-time baseband equivalent channel that includes transmit-receive filters as well as the frequency-selective propagation effects
between the µ-th transmit antenna and the ν-th receive antenna. The samples at the ν-th receive-antenna filter output
can be expressed as:
Nt

(ν,µ)
(ν,µ)
yν =
b̄µ ) + η ν ,
(H̄
Aµ cµ + H̄
(1)

Since c is unknown, we cannot obtain ĥ directly from
(3). To facilitate decoupling of channel estimation from
symbol detection, we then need:
H

(I Nr ⊗ B̄ )Φc = 0.

For (5) to hold true for all c, we need
Lemma 1 [Decoupling training from information] Pairs
(Aµ , b̄µ ) that guarantee decoupling of channel estimation
from symbol detection, ∀N , have the form:




Θ
0Nc +L
Aµ =
,
b̄µ =
, (6)
0(M −Nc )×Nc
bµ
where the (M − Nc − L) × 1 vector bµ contains all the
non-zero entries of b̄µ , and Θ is an Nc × Nc matrix that
optionally precodes (if Θ = I Nc ) cµ linearly.
It is worth emphasizing that we neither assumed insertion of training symbols a fortiori, nor we imposed timedivision multiplexing (TDM) of training with information
symbols at the outset. Lemma 1 revealed that in order
to separate channel estimation from symbol decoding, we
need to insert at least L zeros between the information
symbols and the non-zero training symbols, per antenna.
Since the information blocks cµ have been encoded, in
order to retain the structure of cµ and reduce decoding
complexity, we simply choose Nc = Nc , and Θ = I Nc .
For this design, we then have


0
B̄ := (Nc +L)×Nt (L+1) ,
(7)
B

µ=1
(ν,µ)

where H̄
is an N × M Toeplitz matrix with first column [h(ν,µ) (0), · · · , h(ν,µ) (L), 0, · · · , 0]T .
In the next section, we will design optimal pairs
(Aµ , b̄µ ), ∀µ ∈ [1, Nt ]. Using as criteria the conditional
mutual information, and the MIMO channel’s estimation
error, we will seek optimal designs for any block size.

3

Optimal training design

Recall that a convolution between two vectors can be
represented as the product of a Toeplitz matrix with a
vector. Because convolution is a commutative opera(ν,µ)
b̄µ = B̄ µ h(ν,µ) , where B̄ µ
tion, we deduce that H̄
is an N × (L + 1) Toeplitz matrix having first column
[b̄µ (1), . . . , b̄µ (M ), 0, . . . , 0]T with b̄µ (m) being the m-th
entry of b̄µ , and [h(ν,µ) ]l+1 := h(ν,µ) (l). Eq. (1) becomes:


(ν,1)
(ν,Nt )
y ν = H̄
A1 · · · H̄
ANt c + B̄hν + η ν , (2)

where B := [B 1 · · · B Nt ] is an (Nb+L)×Nt (L+1) matrix.
Using (6) and (7), we can split y ν in (2) into two parts:

  (ν)

y ν,c
H c c + η ν,c
yν =
=
,
(8)
y ν,b
Bhν + η ν,b

where hν := [(h(ν,1) )T , . . . , (h(ν,Nt ) )T ]T , c :=
[cT1 , . . . , cTNt ]T , and B̄ := [B̄ 1 , . . . , B̄ Nt ]. Concatenating the Nr received vectors into a single block y :=
[y T1 , · · · , y TNr ]T , we have
y = Φc + (I Nr ⊗ B̄)h + η,

(5)

t)
:= [H (ν,1)
, . . . , H (ν,N
], while H (ν,µ)
exwhere H (ν)
c
c
c
c
tracts the first (Nc + L) rows and Nc columns of the chan(ν,µ)
. Stacking y ν,b ’s from all receive antennel matrix H̄
nas into y b , we can now write the LMMSE channel estimator as:

−1
H
ĥ = σ 2 R−1
+
I
⊗
(B
B)
(I Nr ⊗ B H )y b . (9)
N
r
h

(3)

where h := [hT1 , . . . , hTNr ]T , and the Nr N × Nt Nc matrix
Φ is defined in terms of H̄’s and A’s accordingly. The
dependence of Φ on h, implies that estimating h and recovering c from y is a non-linear problem, whose joint
solution is complicated or even impossible. Therefore, our
first step is to judiciously design (Aµ , b̄µ ) in order to decouple channel estimation from symbol decoding.

It can be readily verified that (9) is equivalent to (4). Notice that as ĥ in (9) depends only on the training blocks
t
{bµ }N
µ=1 . Decoupling channel estimation from symbol detection offers flexibility in designing optimal training for
MIMO channels without modifying ST designs having desirable rate-performance-complexity tradeoffs.
Defining the channel estimation error as h̆ := h − ĥ,
we can express its correlation as:

−1
H
1
H
Rh̆ := E[h̆h̆ ] = R−1
B̄)
+
I
⊗
(
B̄
. (10)
N
h
σ2 r

3.1 Decoupling channel from symbol estimation
To estimate h from y, we resort to the linear MMSE
(LMMSE) estimator

−1
H
H
ĥ := σ 2 R−1
B̄)
+
I
⊗
(
B̄
(I Nr ⊗ B̄ )y, (4)
N
r
h
where Rh := E[hhH ] is the channel covariance matrix,
and σ 2 denotes the noise variance.
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The mean square error of ĥ is given by:

1
H
σh̆2 := E[h̆2 ] = tr R−1
h + 2 I Nr ⊗(B B)
σ

Recall that c is obtained by encoding the information
symbol block s in space and time. When s is Gaussian,
c will also be approximately Gaussian for many ST mappers, such as block codes [9], and BLAST-type multiplexers. Therefore, in the following, we assume that:
A2) The information bearing symbol block c is zero-mean
Gaussian with covariance Rc = P̄c I Nt Nc , where P̄c :=
Pc /(Nt Nc ) is the normalized power.
With A2), the capacity upper bound (15) becomes:



P̄c
1
H
C̄ = E log det I Nr (Nc +L) + 2 H c H c
. (16)
N
σ

−1

.(11)

Clearly, the design of training symbols across all transmit
antennas affects σh̆2 through B. To facilitate the ensuing
analysis on the design of B, we assume that:
A1) The channel coefficients h(ν,µ) (l) are independent and
the covariance matrices Rhν := E[hν hH
ν ] are the same
∀ν ∈ [1, Nr ]; i.e., Rh is diagonal and can be written as
Rh = I Nr ⊗ Rhν with trace tr[Rh ] = Nt Nr .
Note that A1) will not affect the optimality of our training design, simply because no CSI is assumed available
at the transmitter. It can then be shown that σh̆2 in (11) is
lower bounded by:
Nt (L+1)
−1

1
H
2
, (12)
[R−1
σh̆ ≥ Nr
h1 ]m,m + 2 [B B]m,m
σ
m=1

When the estimate ĥ is not perfect, we have [c.f. (13)]
y c = Ĥ c c + v, where v := H̆ c c + η c and H̆ c := H c −
Ĥ c . The correlation matrix of v is then given by
H

Rv := E[vv H ] = P̄c E[H̆ c H̆ c ] + σ 2 I Nr (Nc +L) . (17)


(1,µ)
Defining ψ̆l
:= E h̆(1,µ) (l)h̆(1,µ)∗ (l) , ∀l ∈ [0, L], we
2L:
can show that when Nc


σ2
H
E H̆ c H̆ c ≈ h̆ I Nr (Nc +L) .
Nr

where the equality holds if and only if B H B is a diagonal
matrix. Therefore, the following condition is required to
attain the minimum channel MSE:
C1) For fixed Nb and Nc , the training symbols are inserted
so that the matrix B H B is diagonal.
For single-input single-output (SISO) channels, C1) coincides with that in [1].

The resulting correlation matrix Rv in (17) is as follows:
Rv ≈

3.2 Average capacity bounds
Our criterion for optimal training will be a lower bound
of the average capacity, due to the difficulty associated
with deriving an exact average capacity formula facilitating
optimization. The optimal training parameters are those
that maximize a lower bound of the average capacity. We
will also invoke an upper bound of the average capacity to
serve as a benchmark. Collecting the Nr received symbol
blocks corresponding to all receive antennae, the information bearing part of (8) becomes:
yc

= H c c + ηc .




max I(y c ; c|ĥ) ,

pc (·), Pc

Nr

+ σ2

I Nr (Nc +L) ,

(18)

from which we deduce that as σh̆2 decreases, Rv decreases
accordingly.
By employing the LMMSE channel estimator and using
the channel Gaussian assumption, it has been shown in [6,
Lemma 2] that the capacity in (14) is lower bounded by:


H
1 
Ĥ
Ĥ
C := E log det I Nr (Nc +L) + P̄c R−1
. (19)
c
v
c
N
Our objective is to select training parameters so that C
is maximized. We have shown that [7]:
Lemma 2 Suppose C1), A1), and A2) hold true, the information power P̄c , and the training (information) block
lengths Nb (Nc ) are fixed. Then, maximizing C in (19) is
equivalent to minimizing Rv in (18), at high SNR.

(13)

Let Pc denote the power allocated to the information
part. For a fixed power Pc := E[c2 ], the mutual information between transmitted information symbols, and received symbols in (13) is given by I(y c ; c|ĥ). The channel
capacity averaged over the random channel h is defined as:
1
C := E
N

P̄c σh̆2

3.3

(14)

where pc (·) denotes the probability density function of c.
When the channel estimate is perfect, i.e., ĥ ≡ h, the
upper bound of the capacity can be obtained for a Gaussian
distributed c with Rc := E[ccH ] (see e.g. [1, 6]), as:



1
1
H
C̄ := E max log det I Nr (Nc +L) + 2 H c Rc H c
.(15)
N
σ
Rc
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Optimal training parameters

When B H B = (Pb /Nt )I Nt (L+1) , C1) is satisfied, and
the lower bound on the RHS of (11) is achieved:
Nt 
L 
−1

1 Pb
(1,µ) −1
) + 2
,
(20)
σh̆2 = Nr
(ψl
σ Nt
µ=1
l=0



(1,u)
where ψl
:= E h(1,µ) (l)h(1,µ)∗ (l) . Condition C1)
can now be modified as:
C1’) For fixed Nb and Nc , the training symbols are inserted
so that B H B = (Pb /Nt )I Nt (L+1) .

ū1

Nc
c1

L 1 L 1 L 1
01×L b 01×L 0 01×L 0

ū2

c2

01×L 0 01×L b 01×L 0

ū3

c3

01×L 0 01×L 0 01×L b

σ 2 ): In this case, (20) beCase A. Low SNR (P/Nt
2
comes σh̆ ≈ Nt Nr − Nr (1 − α)P/σ 2 . Plugging this result
into (23), and differentiating ρef f with respect to α, we
find that, at low SNR, the optimal power allocation factor
is α ≈ 1/2.
σ 2 ): In this case,
Case B. High SNR (P/Nt
√ the optimal power allocation factor is α = 1/(1 + λ), where
λ := Nt (L + 1)/Nc .
Case C. Identically distributed channel coefficients
(1,µ)
= 1/(L + 1)): In this case, the optimal power allo(ψl
cation factor is given by
√ 
γ − γ γ − (1 − λ)
α=
,
(24)
1−λ

Figure 2: Training scheme example (Nt = 3).
By the definition of B, the Toeplitz training matrices of
every transmit antenna pair should satisfy:
Pb
BH
I L+1 δ(µ1 − µ2 ), ∀µ1 , µ2 ∈ [1, Nt ]. (21)
µ1 B µ2 =
Nt
Since, according to C1’), B is an (Nb + L) × Nt (L + 1)
matrix with full column rank, the minimum possible number of training symbols is given by Nb = Nt (L + 1) − L,
which suggests only one non-zero entry for each transmit
antenna. In fact, for fixed Pc and Pb , as Nb increases beyond Nt (L + 1) − L, the average capacity bound C decreases. We summarize our results so far in the following:
Proposition 1 Suppose A1) and A2) hold true. For fixed
Pc and Pb , the optimal placement of each block from the
µ-th transmit antenna is [cTµ 0TL bTµ ]T , where bµ is selected
to satisfy (21) with length Nb = Nt (L + 1) − L.
One simple example of the design is bµ = [0T(µ−1)(L+1)
b 0T(Nt −µ)(L+1) ]T . With this structure, we have B µ =

P̄b [0(L+1)×(µ−1)(L+1) I L+1 0(L+1)×(Nt −µ)(L+1) ]T .
Although the proposed placement achieves the channel
MMSE and maximizes the average capacity’s lower bound
C, it is not unique for given Nt and
 L. H 
2
With the factor σĤ
:= tr E Ĥ c Ĥ c , we can norc
ˆ := Ĥ /σ .
malize the estimated channel matrix as: H̄
c

c

where γ := 1 + Nt (L + 1)σ 2 /P.
In fact, the optimal placement and design of training
symbols as illustrated in Fig. 2, are not unique. The structure of training blocks can be shuffled among the Nt transmit antennas without affecting either the channel MSE, or,
the capacity lower bound.

4

Ĥc

Substituting this and (18) into (19) yields the capacity
lower bound with optimal placement:



H
1
ˆ
ˆ
C = E log det I Nr (Nc +L) + ρef f H̄c H̄c
, (22)
N

4.1

2
Nr P̄c σĤ

c

P̄c σh̆2 + Nr σ 2

SISO frequency-selective fading channels

With one transmit and one receive antenna, the transmitted block u = T zp Ac + b̄ becomes u = [cT 0TL b 0TL ]T ,
where the subscript µ is removed. This design has the same
structure as the one in [1, Thm. 4]. In [8, Thm. 1], it was
stated that the optimal number of training pilots is equal
to the channel length L + 1. The apparent discrepancy
that requires 2L + 1 pilots comes from the fact that the redundancy of length L, which is needed to achieve IBI-free
block transmission, is included in our training sequence,
but is forgotten
√ SNR, our power allocation
√ in [8].
√ At high
factor α = Nc /( Nc + L + 1) coincides with the designs in [1, Thm. 5], and [8, Thm. 1].

where
ρef f :=

Special Cases

In the preceding section, we designed optimal training schemes for MIMO frequency-selective fading channels. The design leads to MIMO transmissions with TDM
between training and information symbols. It is optimal
in terms of minimizing channel MSE (without assuming
any CSI besides the channel order L), and maximizing the
lower bound on average capacity. The L guard symbols
that are needed to decouple channel estimation from symbol decoding can be shared and play instrumental role in
the ST code design of [9]; i.e., our optimal training designs
merge well with ST mappers. Now, we will consider two
special cases.

,

2
and it can be easily verified that σĤ
= Nc (Nt Nr − σh̆2 ).
c
Consider now the total power P = Pc + Pb , and define
the power allocation factor α := Pc /P ∈ (0, 1). Eq. (23)
can then be expressed as:
αPNr Nc (Nt Nr − σh̆2 )
.
(23)
ρef f =
αPσh̆2 + Nt Nr Nc σ 2

4.2

MIMO flat-fading channels

When the MIMO channel is flat-fading, we have L = 0
which implies that one needs only a single pilot per block,
per antenna. For such channels, the placement of training
blocks has no effect on either the MSE or the average capacity, as long as the orthogonality among the Nt antennas
is preserved. For this special case, a similar conclusion
was reached in [4] where training signals with so-called

(1,µ)

Since σh̆2 is dependent on ψl
, it is difficult to find an
optimal power allocation factor that does not depend on
any CSI directly from (23). Therefore, we will consider the
following three cases: low SNR, high SNR, and identically
distributed channel taps.
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Figure 3: (a) Average capacity bounds; (b) Average capacity bounds with increasing number of transmit antennas; (c) Channel MSE
comparison between optimal training and the scheme in ; (d) BER comparison.

design with ST codes, we plot in Fig. 3(d) the BER performance. Two power allocation schemes are used: one with
our optimal α, the other with P̄b = P̄c (equi-powered).
The ideal case corresponding to perfect channel estimates
is also plotted. We select (Nt , Nr , L, N ) = (2, 1, 2, 128).
The channel taps are independent complex Gaussian distributed with zero mean and variances with an exponential
power profile. We use the ST code of [9]. Information
symbols are estimated with zero-forcing estimators. We
observe that: i) our optimal scheme outperforms the “equipowered” scheme; ii) the penalty for inaccurate channel
estimation is about 2dB.

“orthonormal columns” is used.
our optimal
√ At high
√ SNR,√
power allocation factor α = Nc /( Nc + Nt ) is the
same as that in [4, Corollary 1].

5

Simulations

In this section, we present simulations to validate our
analyses and designs. The SNR is defined as the average
received symbol power to noise ratio at each receive antenna.
Test case 1: In this example, we depict the relationships
between the bounds on average capacity, and test the effect
on average capacity of several training parameters.
(a) We select (Nt , Nr , L, N ) = (2, 2, 6, 62). We plot average capacity bounds versus SNR in Fig. 3(a). The capacity
bounds increase monotonically as SNR increases.
(b) We depict the average capacity bounds versus the
number of transmit-antennas in Fig. 3(b). Here we fix
(Nr , L, N ) = (3, 6, 69), and the total power per block, P.
When 1 ≤ Nt ≤ 3, the average capacity increases with the
number of transmit antennas. However, when Nt > 3, the
average capacity starts decreasing. This is because training
symbols take over increasing portion of the whole transmitted block, leaving less to be used for information symbols.
Test case 2: We use as figure of merit the average channel
MSE defined as: E[ĥ − h2 ]. We compare our schemes
with the preamble training scheme proposed in [5]. The
training blocks for [5] are selected according to [5, (12)].
We plot the channel MSE for the two cases when the channel is slowly time-varying. Each channel tap is generated
by Jakes’ model with a terminal speed of 3 (or 5 or 10)
m/s, and a carrier frequency of 5.2 GHz. The variances
of channel taps satisfy the exponential power profile. To
equate the transmission rate, every training block is followed by four information blocks for the preamble scheme
of [5]. Fig. 3(c) shows the channel MSE vs. the number of
transmitted blocks at SNR= 10dB. Although the channel
is slowly time-varying, the MSE of our proposed schemes
remains invariant across blocks, while that of [5] increases
rapidly. Note that [5] yields smaller MSEs at the beginning of each re-training burst, because the total transmitted
power is used for training.
Test case 3: To illustrate the compatibility of our optimal
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