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Abstract

While rapid variations of the fading channel cause in-
tercarrier interference (ICI) in OFDM, thereby degrading
its performance considerably, they also introduce tempo-
ral diversity, which can be exploited to improve the per-
formance. In this paper, we first derive a matched fil-
ter bound (MFB) for OFDM transmissions over doubly-
selective Rayleigh fading channels, which benchmarks
the best possible performance if ICI is completely can-
celled without noise enhancement. We then develop low-
complexity MMSE and DFE receivers for ICI suppres-
sion. Simulations show that the DFE receiver can collect
significant gains of ICI-impaired OFDM with affordable
complexity.

1 Introduction

In a wireless environment, the multipath channel of
a user is time-varying because of the user’s mobility.
Channel variations may also arise due to the presence
of an unknown carrier frequency offset (CFO). While
subcarriers in OFDM are orthogonal in the presence of
the time-invariant multipath channel, the rapid channel
variations in a symbol period destroy the orthogonality
among subcarriers, which results in intercarrier interfer-
ence (ICI) [7, 10]. In [1, 12], by mapping symbols to a
group of subcarriers, self-cancellation schemes render the
OFDM signal less sensitive to the CFO-induced ICI, at
the price of sacrificing some bandwidth. Since CFO can
be estimated accurately, the CFO-induced ICI can also
be canceled efficiently by compensating for CFO at the
receiver.

While suppression of the CFO-induced ICI is relatively
easy to implement, it is more challenging to cancel the
ICI resulted from Doppler spread of the time-varying fad-
ing channel. A linear MMSE equalizer and a successive
interference cancellation (SIC) scheme with the optimal
ordering were advocated in [4]. Since the number of sub-
carriers N is usually very large, e.g., N = 1512 or 6048
in digital video broadcasting (DVB) [11], even the lin-
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ear MMSE equalizer proposed in [4] demands very high
computation, and it may not be practically feasible.

In this paper, we first derive a matched filter bound

(MFB) for OFDM over doubly-selective channels. We
then show that the most of the symbol energy is dis-
tributed on a few subcarriers, and the ICI power on a
subcarrier mainly comes from several neighboring sub-
carriers. Based on this observation, we develop a low-
complexity MMSE equalizer for ICI suppression. While
the MMSE equalizer still exhibits an error floor on BER,
and loses the temporal diversity, a low-complexity deci-
sion feedback (DFE) equalizer will be derived to collect
the diversity, and bring the overall system performance
closer to the MFB.
Notation: Superscripts 7, * and " stand for transpose,
conjugate, Hermitian, respectively; and z = ymodx
yields the smallest z > 0 so that y = nx + 2z for a non-
negative integer m. Column vectors (matrices) are de-
noted by boldface lower (upper) case letters. We will use
D(x) to denote a diagonal matrix with x on its diago-
nal, A(m,n) to denote the (m,n)th entry of the matrix
A, x(m) to denote the mth entry of the vector x. The
matrix Fy(m,n) := N~Y2exp(—j2r(m — 1)(n — 1)/N)
stands for the N x N discrete Fourier transform (DFT)
matrix, and f,,, stands for the mth column of F . We will
use Matlab notation A(m : n,:) (A(:;,;m : n)) to extract
row (column) m to row (column) n, A(r,c) to extract a
submatrix within A defined by the index vector of de-
sired rows in r and the index vector of desired columns
in ¢, x(m : n) to extract entry m to entry n, and x(r) to
extract entries by the index vector r.

2 Signal Model and MFB
2.1 Signal Model

Suppose the symbol duration after serial-to-parallel
(S/P) conversion is Ts. The entire signal bandwidth is
covered by N subcarriers, and the space between two
neighboring subcarries is 1/7s. Denote the chip duration
by T. := Ts/N, and assume that the length of cyclic pre-
fix is IV, T, with a integer N,,. The duration of an OFDM
block is T} = (N + N,)T,. The discrete transmitted
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signal in a block with cyclic preﬁx is given by

Z Sk e]277kn/N (1)

where n € [-N,, N — 1], and sy, is the information bear-
ing symbol on the kth subcarrier. We assume that all
symbols have the same energy Es = E||si|?].

Let the impulse response of the time-varying mul-
tipath channel be h(t;7) = 2570 h(t;1T.)6(r — IT.).
The autocorrelation function of the channel is given by
E[h(t;m)h*(t+ At; 12)] = on(At;m1)0(m — T2) ]9, p.762).
In a rich-scattering environment, the autocorrelation
function is separable in time and delay [6]: &5 (At;7) =
Dt (At)p-(T), where ¢+(At) is the time-correlation func-
tion, and ¢, (7) is the delay power spectrum [9, p.762]. In
the Rayleigh fading channel, h(t,{T.) is complex Gaus-
sian with Zero-mean and variance o} := ¢,(IT.), and
{h(t,IT.)}}1=, are independent The channel is assumed
to be normahzed ie. Zl 0 O’l =1.

We assume that N > L, and hence interblock inter-
ference (IBI) is Cornpletely eliminated. The discrete re-
ceived signal without IBI is given by r(n) = z(n) +w(n),
ne[0,N —1], Where

Zhdnl (n—1), n

ha(n,l) = h(nTC,lTC), and w(n) is a complex Gaus-
sian random variable with zero-mean and variance N /2
per dimension. Let the channel frequency response
on the kth subcarrier, at time n7T., be H(n,k) :=
S o ha(n,1) exp(—j2nkl/N) = fTh(n), where f; =
VNf,(1 : L+ 1). Let x = [2(0),...,z(N — 1)]7T,
hy, = [H(0,k),...,H(N —1,k)]”. Substituting (1) into
(2), we obtain x = 2:01 D(f;)hgsk, and the received
signal vector r = [r(0),...,7(N — 1)]7 can be written as
r = x+w, where w = [w(0),...,w(N—1)]T. To demodu-
late the symbols on different subcarriers, we perform FFT
on r, and obtain y = Fyr = X + w, where x = Fyx,
and w is still white Gaussian noise since F is unitary.
Letting s := [s0,...,sx_1]7, A(m, k) := £LD(f})hy, we
have x = As; and y becomes

y=As+w. (3)
Since fLD(ff)1 = §(m —
if all entries of hy are equal, where 1 denotes the vector
with all 1 entries. Hence, if the channel is fixed in a block,
there is no ICL.

2.2 Matched Filter Bound

To derive an MFB, we suppose that there is only
one subcarrier, say subcarrier k, transmitting a sym-
bol si. The received block y in (3) becomes y =
FN’D(f,j)flksk +w. The matched filter output is written
asz = fl?’D(fk)F;\{,y = N_lfl?flnksk—}—z/, where v is Gaus-
sian noise with zero-mean and variance N _1I~1zfl~1kNo.

u(n) :=u(nte)

[Oa N — 1]) (2)

k), the matrix A is diagonal

Defining the time-correlation matrix ®:(m, n) := ¢¢(|m—
n|Te), we can write the covariance matrix of hy, as R;, =

E[flkﬁm = ®,. Suppose that the rank of ®,; is r, and
the r non-zero eigenvalues are \;, i € [1, r]. Then z
can be expressed as z = >_._ l'yz|h 25 + v, where hj,
i € [1, r] are zero-mean complex Gaussian random vari-
ables with unit variance, and v; = \;/N. If all eigenvalues
i, © € [1, r] are distinct, the BER for BPSK and QPSK
can be found as [8]

1 s
Pezii;m 1

where y1; = [[7_y ;.;7vi/(vi — ), By = Es for BPSK,
and E, = F,/2 for QPSK. When some eigenvalues are
identical, the BER can also be found as in [8].

Remark 1 If the channel is fixed in a symbol period,
entries of ®; are all 1’s, thus r = 1; but when the channel
is rapidly varying, the rank of the Hermitian matrix ®,
will be greater than 1, i.e., » > 1. Hence, the variations
of the channel introduce temporal diversity.

— VEyyi/(Eyyi + No) |, (4)

3 ICI Suppression
3.1 ICI and Symbol Energy Leakage

In [2], a universal upper bound on total ICI power P;
caused by continuous Doppler spectrum is found as

1 .
P(ubl) _ Es fO [1 — Slncz(desf)]th

! St = sinc®(f4To f))dt
where fg is the maximum Doppler frequency. If the ICT is
caused by an unknown CFO, foro, which can be viewed
as a random variable in [0, f4], the upper bound on Pr
can be written as

wb2) [ Es[1 —sinc®(f4Ty)], faTs <1
PI n { E37 des > 1. (6)

These bounds are much tighter than the bound in [7].
Comparing the universal bounds (5) and (6) reveals that
for a given maximum Doppler frequency f4, the largest
ICI power is caused by a deterministic carrier frequency
offset at fero = fa [2].

Let Pr g be the ICI power on the kth subcarrier from
the subcarriers k — 1 to k — Q and k+ 1 to k + @, where
Q is a positive integer. A universal lower bound on the
normalized partial ICI Py ¢ is given by [2]

Pro/Pr>9/(1+9), (7)

where ¥ = 25(Q)/[r%/3 - 5(Q —1) - S(Q +1)], and
S(Q) = Zqul 1/¢?. From this lower bound, we find that
more than 90% ICI power is from twelve neighboring sub-
carriers.

Denote by ¥q the energy of s;; containing in subcar-
riers k — @ to k+ Q. A universal lower bound on ¥ /E;
is expressed as [2]

()
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where (q(f) = m2sin®(n faTsf) [(ﬁszff2 + Zqul(fd
Tof +q) 2+ (faTsf — q)_Q]. From this lower bound,
we can find that when f;Ts = 0.1, more than 98% of the
si’s energy is distributed on the kth subcarrier and two
neighboring subcarriers. If f4Ts = 0.9, more than 95% of
the symbol energy is contained in nine subcarriers.

In the next subsections, based on the fact that most
of a symbol’s energy is distributed to a few subcarriers,
and the ICI on a subcarrier mainly comes from several

neighboring subcarriers, we will develop low-complexity
MMSE and DFE receivers.

3.2 Low Complexity MMSE Receiver

Suppose we are interested in detecting symbol sj. Let
K = 2Q + 1, and define a K x 1 vector p; (i) := (k —
Q—-1+i mod N+1,i=1,...,K. Let y, = y(py),
A, = A(py,:), and Wi, = W(p,,). From (3), we have

Vi = Ags + Wy. (9)

The MMSE receiver based on (9) is my = Ry 'py, where
Ry = E[yry]'] = EsAL A}l + Nolg, and pj. = Ag(:, k).
The parameter K can be chosen to tradeoff performance
for complexity. To detect N symbols, we should find NV
MMSE receivers my, k € [0, N —1]. The major computa-
tion on the MMSE receiver is to calculate the covariance
matrix Ry and its inverse. Since the first K — 1 rows
of Ry41 are the same as the last K — 1 rows of Ry, we
can recursively calculate the inverse of Ry, which greatly
reduces the computation.

If we partition Ay into Ay = [ag AkH]H, R can be

written as
0 0}
0, O |’

whe:re _Gk = ESaZ‘ak + Ny, 0, = E,Aiay, and O =
EsAp Al + NoIlg_;. Let the inverse of Ry, be

Ry, = { (10)

H
— Vg1V
R 1_ s k,21 :| , 11

k [ Vi1 V22 (11)

where vy, 11 is a scalar, v 12 is a (K — 1) x 1 vector, and
Va2 isa (K —1) x (K —1) matrix. In [2], we show that

O, ' =Via— Vi, 21 Vit /Vk.11- (12)
If we partition Ajy1 into Agiy = [A) apq]™, we
have o 5
k k41
Ripi=| - |, (13)
011 Okt

where 041 = Esé’]};ilék—kl + Ny, Op41 = ESAkék+1. Let

~ ~H 1= 1=
Bit1 = (Op41 — 0,105, 011)7", brr = =05 0511
In [2], we prove that

_ O, ' + by b B bii18
R = k +10p 4 1Pk+1 PR+ | gy
kot { |SYARRYC Y Brt1 (14)

Hence, R,;l_l can be computed from R,;l through @;1.

Calculating @,:1, bii1, and Bri1 requires O(K?),
O(K?), and O(K) operations, respectively; the compu-
tation of Ox4q1 is O(N), and 0441 is O(NK). Hence,
the major computation to obtain R,;l_l is in calculating
0)11. To find Ry, we need O(NK?) operations to cal-
culate Ro, and O(K?3) operations to invert Ry. There-
fore, the total computational complexity of detecting an
OFDM block is O(N2K). On the other hand, using an
MMSE receiver based on the whole block in (3) as sug-
gested in [4], requires O(N?3) operations. Since K < N,
the computational complexity reduces substantially.

In the simulations provided in Section 4, we observe
an error floor on BER for the MMSE receiver with small
K. To improve the BER performance while retaining the
low receiver complexity, we develop a DFE receiver in the
next subsection.

3.3 Decision Feedback ICI Cancellation

We first find the symbol with the largest energy by
ordering the norm of the columns of A. Suppose that
Sm has the largest symbol energy. Starting from the
mth subcarrier, we detect symbols consecutively, either
in the forward order or in the backward order. Sup-
pose we detect symbols in the forward order, then the
detection order is Sy, ..., SN—1,50,---,Sm—1. We use an
MMSE receiver based on the signal vector y,, given in
(9) to detect the symbol s,,. For detecting symbol sy,
k # m, we reconstruct the signal vectors of the previ-
ously detected symbols, and then subtract them from
the received signal vector yj. Letting 3, denote the de-
tected symbol of s,,, and g(i) := (m + i — 1)mod N,
i=1,...,N, wehave ¥ = yr—> % Ar(:, 0(1)+1)300:),
where k = 0(2),0(3),...,0(N), n, = k—m, k > m,
ornp = N —m+k, £k < m. Assume that all previ-
ous symbols are detected correctly, i.e., Spu) = Sg();
i € [1,ng], ¥ is found from (9) as y5 = A} S, + Wy, where
A = Ar(c,olng+1: N)+ 1), and 8§, = s(e(nr + 1 :
N) +1). If we also rearrange the columns of A, to ob-
tain A,, = A, (;,0+ 1), the first K — 1 rows of Agiq
are the same as the last K — 1 rows of Ay, except that
the first column of Ay, is removed. Based on this fact, we
can modify the recursive method in the last subsection
to find the MMSE DFE receiver for s.

We partition the matrix Ak in the same manner as
partitioning Aj. With slightly misusing notation, we
still denote the covariance matrix of yj as Ry which is
partitioned in (10). Now, we write Agi1 as Agy =
[B?j_H apy1), where By = Ag(:,2 : N —ny). Note
that the (K —1) X (N —nj — 1) matrix Byy; contains the
last N —nj — 1 columns of the (K —1) X (N —ny) matrix
Aj. The covariance matrix of Yi+1, Rik+1, is expressed
as

© 6
Rk+1 = |: éf{kl ék+1 :| ) (15)
k+1 k+1
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Figure 1: BER comparison, perfect CSI, f47s = 0.05

where O, = J~ESB;€+1B}}H + Nolg_1, Opp1 =
E55?+15k+1 + N, 9k+1 = FsBiyi1agy1. Letting oy =
Ai(:,1), we have O = O, — E,aza]t. The inverse of
©}.11 can be found using the matrix inversion lemma |5,
p. 19] as él;il = @;1 + (@;1ak)(®,;1ak)ﬂ/(Es—1 —
@ ). Let Brpa = (Bryr — ékHJ,-lél;l—lék—&-l)_la
by = 7é;ilék+1, then, R,;il can be computed from
(14) by replacing ©, ' with (:),Zil The major com-
putation to find R,;ll is on calculating ékﬂ, which
requires O((K — 1)(N — ng)), where & = p(n;) and
n =1,...,N = 1. Since ¥  n = N(N —1)/2, the
complexity of the DFE receiver is O(N2K), which is in
the same order as that of the MMSE receiver.

After the MMSE DFE receiver makes tentative deci-
sions on N symbols, we can use parallel interference can-
cellation (PIC) to improve the BER performance. Specif-
ically, let ¥, = yx — Zi;% A (:;m+1)5,,, then the deci-

7

sion variable for sy, is z = A¥(:,k+1)y%. This PIC pro-
cedure may run more than one iteration to enhance the
BER performance. Each PIC iteration requires O(N?)
operations, which does not increase the computation sig-
nificantly.

3.4 Channel Estimation

The MMSE and DFE receivers require channel state
information (CSI). If we use pilot tones to estimate the
time varying channel, the channel estimator itself suf-
fers from ICI. Here, we multiplex pilot symbols with the
OFDM blocks in the time domain, as proposed in [4].
If we insert a pilot symbol block of length T}, in every
Nps OFDM block, then we should choose Ny and T}, so
that NpsTp 4+ Tps < 1/(2f4) [3]. On the other hand, once
N, and T),, have been selected, the normalized Doppler
frequency should be fqTs < Ts/[2(NpsTp + Tps)]- If the
system is required to operate when fqTs > Ts/[2(NpsTp+

4
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Figure 2: BER comparison, perfect CSI, f37Ts = 0.1

Tps)] we need to consider alternative channel estimation
scheme; or, we should jointly design the transmitter and
receiver to collect the temporal diversity without suffer-
ing from the interference.

4 Simulations

In his section, we test the MMSE and DFE ICI sup-
pression schemes via computer simulations. The number
of the subcarriers is chosen to be N = 128, and the length
of the cyclic prefix is N, = N/8. The QPSK constella-
tion is adopted, and the bit energy is E}, = E,/2. We use
a 2-tap fading channel with an exponential delay power
spectrum, i.e., of = exp(—l/L)/ Y[ 02, L = 2, and
I = 0,1. Each channel tap is a complex Gaussian ran-
dom process independently generated with the classical
Doppler spectrum based on the Jakes’ model [6]. The de-
lay of the first tap is zero, and the delay of the second tap
is generated from the set {7, 2T,,..., N,T.} with equal
probability. In the DFE detection, we use two iterations.
Test Case 2 (perfect CSI): Figs. 1, 2, and 3 compare the
BER performance of the MMSE and DFE equalizers for
different Doppler frequencies. The theoretical BER for
the flat Rayleigh fading channel, the theoretical MFB
calculated from (4), and the simulated MFB are also dis-
played in these figures. From the MFB, we see that the
time variations of the channel introduce the temporal di-
versity which increases as the Doppler frequency becomes
large. While the BER performance of the MMSE equal-
izer improves as the number of the equalizer taps K in-
creases, it still exhibits an error floor at high Fy/Ny. The
DFE equalizer outperforms the MMSE equalizer with the
same number of taps. However, the 1-tap DFE still has
poor performance even when the Doppler frequency is as
low as fyTs = 0.05. The 5-tap DFE equalizer has sig-
nificant performance improvement over the 1-tap DFE
equalizer, and its BER curve is close to that of the 25-
tap equalizer. The small gap between the MFB and the
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Figure 3: BER comparison, perfect CSI, f;7s = 0.3

BER of 5-tap DFE equalizer shows that we can suppress
ICI effectively and improve the BER performance signif-
icantly with a low-complexity DFE equalizer.

Test Case 2 (estimated CSI): In this test, the channel is
estimated using the pilot symbols, and the BER is shown
in Fig. 4 with fqTs = 0.3. To ensure that the rate of the
pilot blocks is higher than f;/2, every OFDM block is
followed by a pilot block of length 27;,. A 10-tap MMSE
filter is used to estimate the channel [3]. If we compare
the BER curves displayed in Fig. 4 and Fig. 3, we see
that the channel estimation error results in slight BER
degradation.

5 Conclusions

We derived an MFB for OFDM in doubly-selective fad-
ing channels, and showed that the channel variations in-
troduce temporal diversity, which has the potential to
improve the BER performance if properly exploited. We
also studied the ICI and energy leakage that are caused by
the time varying channel. Our universal bounds showed
that the most of the symbol energy is distributed on a few
subcarriers, and the ICI power over a subcarrier mainly
comes from several neighboring subcarriers. Based on
these facts, we developed low-complexity MMSE and
DFE receivers. While the low-complexity MMSE receiver
exhibits an error floor, the DFE receiver can collect the
temporal diversity, and its BER performance comes close
to the MFB at relatively low f;T%.
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