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Types for Parametric Probability Distributions

• A = finite alphabet, sequence or string xn = x1x2 . . . xn ∈ An ( n ≥ 0 ),
xk

j = xjxj+1 . . . xk sub-string

• Parametric family P = {PΘ } of distributions on An ,

PΘ : An→[0, 1], Θ ∈ D ⊆ RK

• Type class of xn with respect to P :

T Pxn = { yn ∈ An : PΘ(yn) = PΘ(xn) ∀Θ ∈ D }

we say that yn and xn are of the same type
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Types for Parametric Probability Distributions (cont.)

• Type class of xn with respect to P :

T Pxn = { yn ∈ An : PΘ(yn) = PΘ(xn) ∀Θ ∈ D }

Example: A = {0, 1}, P = {Bernoulli(θ) | 0 ≤ θ ≤ 1}
(1-parameter family):

xn and yn are of the same type ⇔ they have the same count of 1 ’s

010101010101 ↔ 000000111111

Example: k -th order binary Markov: 2k parameters P (xi = 1|xi−1
i−k)

... same k+1 st order joint empirical distributions (with appropriate initial
state assumptions)

• The method of types is classical in information theory
[Csiszár & Körner ’81, Csiszár ’98, ...]
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The Lempel-Ziv incremental parsing

• Parse xn into phrases
xn = p0 p1 p2 . . . pc−1 tx

p0 = λ , the null string

pi, i > 0, is the shortest substring of xn , starting at the position
following pi−1 , such that pi 6= pj, ∀j < i (all pi ’s are different)

every phrase pi , except p0 = λ , is an extension of another phrase

tx is the remaining tail of xn where parsing is truncated due to the
end of the sequence (must be equal to one of the pi ’s)

• LZ78 universal data compression algorithm [Ziv & Lempel, 1978] has
code length LLZ = c log c + O(c)

Example:
x

8
= 1 0 1 0 1 1 0 0

→ λ, 1, 0, 1 0, 1 1, 0 0

c = 6, tx = λ
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tree representation:
nodes ↔ phrasesT

3



Universal type classes

• Txn = {p0,p1, . . . ,pc−1} set of phrases of xn

• Universal (LZ) type class of xn :

Uxn = { yn ∈ An : Tyn = Txn }

all strings of length n that produce the same set of phrases as xn

• same phrases, generally in different order

• phrase permutation must respect prefix relation

• Example:
x8 = 10101100 → 1, 0, 10, 11, 00

→ 0, 00, 1, 11, 10 → 00011110 = y8
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Why are universal type classes interesting?

• N(uk, vm) ∆= number of (possibly overlapping) occurrences of uk in vm .

P̂
(k)
xn (uk) ∆= N(uk, xn)/(n− k + 1), uk ∈ Ak Empirical joint distribution

of order k ≤ n

Theorem. Let xn be an arbitrary sequence of length n , and k a fixed

positive integer. If yn ∈ Uxn , then, for all uk ∈ Ak ,

P̂
(k)
xn (uk)− P̂

(k)
yn (uk) → 0 as n →∞.

(empirical distributions of any order k converge in the variational sense)

• Asymptotics: an infinite sequence of sequences xn , not necessarily prefix-related
• Proof arguments:

any uk is either contained in a phrase, or spans a phrase boundary ( O(kc) places),
or contained in the tail (≤ |tx| places)
well known LZ properties: c ≤ n/(log n− o(log n)) , |pi| ≤

√
2n− o(

√
n)

• Convergence: O(1/ log n)
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Finite memory probability assignments

• A k th order (finite-memory) probability assignment on An is defined by

a set of conditional distributions Qk(uk+1|uk), uk+1∈Ak+1

a distribution Qk(uk) on the initial state
so that Qk(xn) = Qk(xk)

∏n
i=k+1 Qk(xi|xi−1

i−k)

• In particular, Qk could be defined by the k th order approximation of an
ergodic measure

Corollary. Let xn and yn be sequences of the same universal type. Then,
for any nonnegative integer k and any k -th order probability assignment
Qk s.t. Qk(xn), Qk(yn) 6= 0 , we have

1
n

log
Qk(xn)
Qk(yn)

→ 0 as n →∞
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Conventional vs. Universal types

Sequences of the same ...

conventional type T Pxn universal type Uxn

have identical have converging
empirical distributions empirical distributions
of a given structure of any finite order

are assigned identical are assigned probabilities
probabilities whose normalized logs converge,
by assignments from for finite-memory assignments
a given parametric class of any finite order

degree of “indistinguishability” vs. universality
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